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Foreword 


Question: “Can you tell me who can help me do some elliptic integrals?” 
Answer: “We’ ve tried to get rid of anyone like that.” 
—Exchange between a physics graduate student and a professor of 
mathematics! 


Shortly after my book Inside Interesting Integrals was published by Springer in 
August 2014, I began to receive e-mails from all over the world. They were from 
readers who were writing to show me how to do one or the other of the problems in 
my book in a way “easier,” or “more direct,’ than was the solution I gave. Almost 
all were fascinating reading, and those communications confirmed my belief that 
people who buy math books are quite different from those who don’t. 

One of those correspondents was the author of the book you now hold in your 
hands. Cornel, in fact, wrote to me (from his home in Romania) numerous times 
over the following months. One of his first e-mails was to take exception to my 
claim that a result attributed to the great Cauchy, himself, 
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would be “pretty darn tough [to do]” by means other than contour integration (which 
is how I do it in my book). Cornel’s clever solution, however, using just “routine 
methods” available to any undergraduate in math, physics, or engineering by the 
end of their second year, is indeed much easier, and later in this book, you’ll see 
just how he does it. I was impressed, yes, but soon put it aside and turned to other 
matters. 


'From an e-mail I received, after the publication of Inside Interesting Integrals, from Lawrence 
Glasser, Professor Emeritus of Physics at Clarkson University, Potsdam, New York, USA. Larry 
was the grad student. Ill explain the significance of this quote by the end of this essay. 
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Later communications from Cornel, however, increased my interest. But what 
really convinced me that Cornel wasn’t “just” a clever math aficionado but rather is 
a seriously talented mathematician was when he sent me the calculation of 
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where {x} denotes the fractional part of x and the integer n > 1. I had never seen 
anything like it before. It is, of course, immediately clear that the integral exists, as 
the integrand is always in the interval 0 to | over the entire finite region of integration 
(the volume of the unit cube). But how to do the triple integration completely baffled 
me. And then, turning to the final page of Cornel’s five-page derivation that he had 
mercifully included in his e-mail (else I would have gone mad with frustration), his 
answer was just too wonderful to simply be made-up: using his general result that 
is a function of n, he gave the explicit solutions for the first five values of , the first 
two of which [ll repeat here: 
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where ¢ denotes the famous Euler—Riemann zeta function, well-known to physicists 
and mathematicians alike. 

You'll see later in this book how he arrived at these amazing results (wait until 
you see the n = 5 case!), but one thing I could immediately do was a computer 
check. The first two theoretical results on the right-hand side of the equality signs 
are: 


(n = 1) 0.095850... and (nm = 2)0.023409... 
while a direct numerical evaluation of the integrals gives the values of 


(n = 1) 0.095844... and (n = 2) 0.023335... . 
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Here we have an agreement between Cornel’s theory and numerical calculations out 
to “only” three or four decimal places, but, when you consider how wild’ are the 
fluctuations of the integrand as we move from point to point in the unit cube, what 
impresses me is that we have even that much agreement. As I looked at these results, 
I knew I had a correspondent of real talent. 

My curiosity now fully engaged, I plunged into Cornel’s detailed derivation of the 
triple integral, and, for page after page, it was just one incredibly clever, occasionally 
devious, sly trick after another. I knew, as I staggered from one line to the next 
(often after scribbling away for half an hour or more before I caught on to what he 
was doing), that I was following the path of the most creative person. You’ll find 
that this entire book is like that, with one spectacular computation after another. I 
predict you'll have a hard time in putting this book down once you start. You’ ll find 
results in here that you have never seen before or, if you have, with an ingenious 
derivation that you haven’t seen before. I predict, if you love mathematics, that you 
are in for a great time. 

As you must surely now be wondering, just as I did, who is Cornel Ioan Valean? 
Not being a particularly subtle person, I simply asked him. Cornel revealed to me 
that he was 37 years old in 2015, holds a degree in financial accounting, and, while 
he has authored or co-authored several papers in various European math journals 
(including The Gazette of the Royal Spanish Mathematical Society and the Journal 
of Classical Analysis), he is not a professional mathematician in an academic post. 
Rather, in the words of the great French mathematician Henri Poincaré (1854— 
1912), he is a person blessed with a “special intuition [that allows someone] to 
perceive at a glance” the solution to a problem.’ Today, alas, more than a century 
later, not much more than that is known about how the mathematical mind works. In 
Cornel’s own words about this, words he wrote to me when I asked him specifically 
about how he works, “I have many ideas for research (I don’t know where they 
come from but it’s like a flood), maybe it’s simply the natural expression of a crazy 
passion.” 


?If you make a three-dimensional sketch of f = { y as x and y each vary over the interval 0 to 1, 
you'll quickly appreciate why I use the word wild. 

3From an address Poincaré gave in 1908, titled “Mathematical Creation,” to the Société de 
Psychologie in Paris. You can find an English translation reprinted in a collection of Poincaré’s 
works, The Foundations of Science (translation by G. B. Halstead), The Science Press 1929, pp. 
383-394. Some years later the famous French mathematician Jacques Hadamard (1865-1963) 
tried his hand, too, at answering the puzzle of mathematical creation, with a little book called The 
Psychology of Invention in the Mathematical Field, Princeton 1945, but I don’t believe he offered 
any new insights beyond Poincaré’s. 


X Foreword 


Encountering someone like Cornel, with what Poincaré called a “special intu- 
ition,” is an exciting experience. An illustration of such an experience was nicely 
described* a few years ago by Tulane University’s mathematics professor Victor 
Moll, in the story of how his book /rresistible Integrals, written in collaboration 
with the late George Boros, came to be.” Moll had actually been aware of Boros long 
before Boros came to be Moll’s doctoral student at Tulane. That is because Boros 
had a widespread reputation in the New Orleans math community as “the person 
who could do any integral.” Still, when Boros approached Moll about becoming a 
PhD student, Moll felt obligated to warn him: “George, nobody is going to give 
you a doctorate in mathematics for doing integrals.”® Boros said he understood that, 
and the two men eventually settled on a program that satisfied both themselves and 
the Tulane “math establishment.” But neither one forgot their mutual love of “doing 
integrals,” and so, along the way, they wrote their wonderful Irresistible Integrals. 
Sadly, Boros didn’t live to see its 2004 publication, having died in February 2003 of 
cancer at age 55. 

Clearly, Moll’s friendship with Boros, combined with the special talents each 
man could bring to a sharp focus on the challenges of “doing integrals,’ had a 
profound impact on Moll.’ As he relates at the end of his essay, when asked what he 
did in mathematics before Boros, he’d reply “classical analysis.” Now, when asked 
the same question, his answer is “I compute integrals for a living.”® 

That change in Moll, due in part to Boros, goes a long way in explaining the 
attraction books on definite integrals (and sums and series, too) have. It’s for the 
same reason for why you are reading this new one by Cornel—they are a lot of fun! 
Each new integral presents new difficulties, often ones never before encountered by 
anyone, and to succeed in finding the Excalibur that brings it to ground (perhaps 


4Victor Moll, “The Evaluation of Integrals: A Personal Story,” Notices of the American Mathemat- 
ical Society, March 2002, pp. 311-317. 

Reading Jrresistible Integrals (Cambridge 2004) was, in fact, the inspiration for my Inside 
Interesting Integrals, in which I told my readers where Moll and Boros almost certainly got their 
title: from a note written in 1926 by the great English mathematician G. H. Hardy (1877-1947) 
to a student at Trinity College, Cambridge, who had written Hardy to ask for help in doing some 
particularly tough integrals. A busy man, Hardy at first tried to ignore the request, but, in the end, 
he wrote to his correspondent, “I tried very hard not to spend time on your integrals, but to me the 
challenge of a definite integral is irresistible.” 

6This attitude toward “doing integrals” perhaps explains the dismissive quote that opens this 
Foreword. That attitude changes quickly, however, when someone needs the integral that has just 
appeared in their work evaluated. (I don’t think Moll shared that dismissive attitude when he 
warned Boros but rather was simply alerting him to the prevailing atmosphere he’d find in any 
university math department.) 

7The most famous such intellectual interaction in mathematics is, of course, that of Hardy and 
the Indian genius Srinivasa Ramanujan (1887-1920). In a talk Hardy gave in 1936 at Harvard 
University, long after Ramanujan’s premature death, he described the collaboration with his friend 
as “the only romantic incident in my life.” 

8 And, indeed, Moll’s latest books are Special Integrals in Gradshteyn and Ryzhik: The Proofs, 
volume | (2014) and volume 2 (2015), both published by CRC Press. Every serious student in 
physics, engineering, and mathematics will learn a lot from them. 
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even to be the first person to do that) is every bit as thrilling as being the first to 
climb Mount Everest or to break the 4-minute mile. The only difference is that you 
don’t have to risk falling off a cliff or having a heart attack while doing it! 

Okay, enough of my thoughts—off you go now, for lots of thrilling adventures 
with Cornel. 


Professor Emeritus of Electrical Engineering Paul J. Nahin 
University of New Hampshire 

Durham, NH, USA 

paul.nahin @unh.edu 

August 2018 


Preface 


Mathematical problems have the power to ignite passions, create dreams, and 
change destinies. The first encounter years ago with the splendid result, 


about which I was not aware at all at that time, is still alive today. Wow! This result 
looks amazing! Let’s give it a try!, was my first reaction, but I have to confess that 
my initial courage and desire to come up with a proof to the appealing result in front 
of my eyes were not enough. I was completely absorbed by the beauty of the result: 
How could the sum of the reciprocals of the positive square integers give such a 
beautiful result involving 1 ? 

I found that value counterintuitive and very charming, appealing at the same time. 
How is that connected to m ? The questions were coming one after another, but I had 
to wait a while until I found some answers. 

The series struck me so profoundly that things were never the same as before and 
the mathematical world seemed to me more amazing than at any time; I realized 
that behind the series there must be absolutely stunning mathematical connections, 
a magical world which I wanted to know so much. 

Some months after the encounter with this earth-shaking result, I finally found 

the story about the problem, called the Basel problem, and it took humanity almost 
a century until the problem was solved. Initially the problem was posed by Pietro 
Mengoli in 1650 and solved for the first time by Leonhard Euler in 1734 after 
the unsuccessful attempts of more leading mathematicians. I was finally fulfilled 
because I knew more about the series that apparently moved my world! 
Probably it’s more than that, more fantastic results have been waiting for me to 
amaze me, the thought that steadily came to mind after the fascinating encounter 
with the Basel problem. And so it happened, I was right! Another two such examples 
to mention are the quadratic series of Au- Yeung, 
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and its more advanced version, the cubic version, 
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where the harmonic number is defined by H, = )-;_, , and ¢ denotes the Riemann 
zeta function. What gorgeous results! I used to say to myself while I was admiring 
them. There are more challenges to take in front of me, which I took with such a 
great pleasure, and this life story has continued until today! 

Coming now to the book, why a book containing integrals, sums, and series and 
not only integrals, or sums, or series? A direct answer would be that they are simply 
strongly interrelated and we need to combine them to solve the problems given in the 
book. For instance, let’s use the power of the example to understand the importance 
of the connections between integrals and series. A good example from this category 
would be the calculation of the double integral, 


I : i 7/? Jog(sin® (x)) log(sin°)(y) 4 
0 ( 0 sin(x) + sin(y) — sin(x) sin(y) ") = 


How does the integral seem to you at first sight? Friendly to some extent or 
not really? The integral might create difficulties without a proper approach, but 
observing that behind the scene there is the quadratic series of Au-Yeung, which 
in this book we calculate elegantly, our task becomes easier. How do we actually 
reduce the integral to the calculation of the quadratic series of Au- Yeung? First, we 
make the changes of variable sin(x) = 1 — u and sin(y) = 1 — v which, if we 
combine with the geometric series and a special logarithmic integral we calculate in 


the book, lead to 
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that finally led us to the quadratic series of Au-Yeung and its value. Often turning 
the integrals into series makes everything easier! 
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In this book the reader will meet plenty of examples where one needs to know 
how to craftily use and combine the integrals, sums, and series for obtaining 
solutions to the proposed problems. 

To say a few words about the way I came to the title of the book, (Almost) 
Impossible Integrals, Sums, and Series, 1 tell you that some time ago, I found out 
about the release of a new book on integrals; it was Paul Nahin’s book entitled 
Inside Interesting Integrals. One of the first things that impressed me profoundly 
before reading the mathematical stuff in that book was exactly this thing Paul wrote 
in its Preface: “Despite all the math in it, this book has been written in the spirit of 
‘let’s have fun.”’ Doing mathematics, calculating all kind of integrals, some being 
pretty difficult, and at the same time having fun? I was amazed! The book was a 
journey that I took with much pleasure from cover to cover, and I remember that at 
that time in the Contour Integration chapter, I met the following integral: 
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about which Paul said “what I'll do next is use indents to derive a result that would 
be extremely difficult to get by other means.” That was a challenge to me, a lover of 
real methods! How to do it by real methods? Indeed, it looked like a wild merciless 
integral beast! After some work on it, I found a pretty simple way to do it, and then I 
was so glad to contact Paul and reveal to him my solution, which he enjoyed much, 
and since then we have kept talking about such problems. How did I do it? T'll give 
you a hint and then you can try it on your own, that is, arrange the integral such that 
you can use the integral representation of Digamma function, 
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together with one of the Digamma function properties, w(1—x)—w(x) = z 


tan(x)° 
I recall that at some point, I told Paul I plan to write a book, and the very 

nice surprise to me was that he had shown much interest in my publishing idea, 

encouraging and giving me support in this respect for which I want to simply say: 


Paul Nahin, you’re a wonderful person, writer, mathematician, physicist, thank you very 
much for all! It’s nothing short of a blessing to have known you, and especially your work 
exposed through excellent books! You really cared about my work and trusted me! 


If you did not write a book yet and plan to do it at some point, you might have 
the surprise to realize how hard finding the proper title for your book or writing a 
Preface is. I didn’t have a final formula, a variant about to say That’s the title!, but 
that lasted until the day I talked with Paul about the title and he asked me if I had 
a title. As you may anticipate, I owe Paul the inspiration for the present title which 
perfectly fits my attraction to the calculation of difficult integrals, sums, and series. 
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The present book represents the materialization of my burning passion and 
dedicated hard work, a book not written by a professional mathematician, I am 
licensed in economic sciences (programme Accounting and Business Informatics). 

Now, the book is structured in accordance with the title; it has two major 
areas, Integrals and Sums and Series, and within each area were considered those 
problems that had something special, I usually call wow elements, those kinds of 
fascinating problems and/or solutions that you don’t usually find in classical books 
and textbooks and that have the power to surprise you (profoundly) pleasantly and 
then possibly say something like Wow! That was (really) nice!; it’s also one of the 
main goals of the book, and the readers will decide if this goal has been reached. 
In the book the reader will find both classical and new, original problems and 
solutions coming from my personal research. In the case of most classical problems, 
the goal was to come up with new, surprising ways of solving them, possibly not 
known, or less known, from those problems at the contests level to those proposed 
by famous mathematicians like Srinivasa Ramanujan. Besides the Solution section 
where the reader can find solutions with detailed steps for the problems, without 
entering into the technical details a real mathematician would expect, often finding 
helpful comments between the lines of the solutions such that everything can be 
easily understood (which was another important goal of the book), I also added a 
section called Hints where the reader might find guiding information, clues on how 
to approach the problems. 

The book mainly addresses to all people with a good knowledge of calculus (from 
self-educated people, students, and undergraduate students to researchers, either 
used as an entertaining way, as part of the preparation for exams, or as research 
topics) and to all those that enjoy the world of integrals, sums, and series and that 
cannot resist them. As Hardy said, “I could never resist an integral.” 

Finally, I would like to thank all people I had beautiful discussions with about 
mathematics during the time, Paul Nahin, Rob Johnson, and Karl W. Heuer, who 
are excellent mathematicians, and the list continues. 

Many special thanks to the mathematical journals that published my work 
during the time: The American Mathematical Monthly (contact editors, Kelly 
Minnis, Doug Hensley, Daniel Ullman), La Gaceta de la RSME (contact editor, 
Oscar Ciaurri), MathProblems Journal (contact editors, Valmir Krasniqi, Omran 
Kouba), School Science and Mathematics Association Journal (contact editor, Ted 
Eisenberg), Journal of Classical Analysis (contact editor-in-chief, Tibor K. Pogany), 
and Mediterranean Journal of Mathematics (contact editor-in-chief, Francesco 
Altomare). 

I am very grateful to the publisher Springer, New York, for the acceptance of 
my book project, and to my editor Dr. Sam Harrison, his assistant editor Sanaa 
Ali-Virani, the project manager Lavanya Venkatesan and their colleagues for the 
outstanding work done during the publishing process of the book. Thank you 
everybody so much! 

I would like to express my thanks to the anonymous referees for their many 
insightful comments and suggestions that were very useful in shaping the finished 
manuscript. 


Preface Xvii 


I want to thank my parents for fully trusting me and for all the given support, and 
T also particularly dedicate this book to my special mother, Ileana Ursachi. 

I wrote and finalized the book from a beautiful place at the western border 
of Romania, commune Teremia Mare, where I presently live, and I sent the full 
manuscript to Springer in the first half of March, 2018. 

For the readers I have the last words of the Preface: Let’s start the journey in the 
fascinating world of integrals, sums, and series and have much fun! 


Teremia Mare, Timis County, Romania Cornel Ioan Valean 
2018 
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Chapter 1 ®) 
Integrals ete 


“For God has not given us a spirit of fear, but of power and of 
love and of a sound mind.”—2 Timothy 1:7 


1.1. A Powerful Elementary Integral 


Prove that 
! 1 arccos(y) 
dx = », ye(-l, 1). (1.1) 
I (1+ yx)V1 — x2 Jv1l—y? 


A challenging question: How would we solve the Basel problem using the 
integral result? 


1.2 A Pair of Elementary Logarithmic Integrals We Might 
Find Very Useful for Solving the Problems in the Book 


Let m,n be natural numbers. Prove that 


Nn. ; 
Gn a 


1 
0 f x”™ log" (x)dx = (—1)" 
0 


(continued) 
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2 1 Integrals 


a 4 m n _ om+1 zs = k n k! 
i f x" log” (x)dx = a di 1) @lers ca 
x log”“*(a), a > 0. (1.3) 


1.3. Four Logarithmic Integrals Strongly Connected with the 
League of Harmonic Series 


Let n be a positive integer. Then prove the following equalities hold 


1 a Hy, 
ln, = i; x” log(1 — x)dx = =a (1.4) 
1 n 2 (2) 

D} AH A A, 

hf =| yO tilos (le dy = - Se = ees ~ a (1.5) 
0 all 
1 n 2, (2) 
3 H;+H 
Ko = i Hoe log? (1 —x)dx = —— a IT ox 
0 n k 
cl 
H3+3H,H, +2H, 
iene ee ciao) (1.6) 
1 n 3 (2) (3) 
4 A 3H, HA, 2H, 
=|) x"! log*(1 — x)dx = — > Se 
0) n k 
[=i 

H4 + 6H2H® + 8H, HO +3 (1°) 24 6H” 
= sF ; (1.7) 
where H” = 1+ om eevee ar m > 1, is the nth generalized harmonic 


number of order m. 

A challenging question: Is it possible to do the calculations with the high 
school knowledge only (supposing we know and use the notation of the 
generalized harmonic numbers)? 


1.5 A Couple of Practical Definite Integrals Expressed in Terms of the... 


1.4 Two Very Useful Classical Logarithmic Integrals That 
May Arise in the Calculation of Some Tough Integrals 
and Series 


Show that 
x 2 ee 
» f log“ (1 ue 
0 t 
= log(x) log” (1—x)+2 log(1 —x)Liz (1 —x) — 2Li3 (1 —x) +2 (3); (1.8) 


Slee (ea 
ii) | eee, 
0 t 


2 1 1 
= log(x) log’(1+x)—3 log} (1+x)—2 log(1+x) Lin (; zi =)-2 Liz (=) 
+ 2¢(3), (1.9) 


where ¢ denotes the Riemann zeta function and Li, represents the Polyloga- 
rithm function. 


1.5 A Couple of Practical Definite Integrals Expressed in 
Terms of the Digamma Function 


Let s > 0 be a real number. Prove that 


i) i a=} (¥ (=) - 1 (5) =v -w (5) - eer 


(1.10) 
= ee ae Aer s4+2 a s 2 
i f tanh(x)e ax=5(v( - ) v (3) =). (1.11) 


where y(s) is the Digamma function. 


4 1 Integrals 


1.6 A Useful Special Generalized Integral Expressed in 
Terms of the Polylogarithm Function 


Let n be a positive integer and y € (—oo, 1) be a real number. Then, prove 
that 


1 los” 

Fey (ieee Cal ee cae ay eee eee aa (1.12) 

+ 
fe ae peel 


where Li, denotes the Polylogarithm function. 
A useful form during the calculations of various integrals: 


1 nN 
[i ge = aynttint 
0 


l—ux 


1.7. Two Little Tricky Classical Logarithmic Integrals 


Prove that 


1 2: 
5 / ee ay: (1.13) 
0 x 4 


1 
ii) i log — x) log(1 coe = Soy (1.14) 
0 Xx 8 


where ¢ denotes the Riemann zeta function. 
1.8 A Special Trio of Integrals with log?(1 — x) and 
log”(1 + x) 
Prove that 
1 
i) / log?(1 — x) log(1 + x)dx 
0 


= 24 — 8¢(2) — 8¢ (3) — ¢(4) + 8log(2)g (2) — 4 log”(2)¢ (2) + 8 log(2)¢ (3) 


(continued) 


1.9 A Darn Integral in Disguise (Possibly Harder Than It Seems to Be?), an... 5 


— 24 log(2) + 12 log” (2) — 41og3 (2) + log’ (2); (1.15) 


ey los- Glos (tee a) 
il) dx 
0 Xx 


eee Toast 22) (2421 212) (Qe (5) 
"qe Is 3 los’ (2)é z los (2s ze 


+ 4log(2) Lig (5) + 4Lis (5) : (1.16) 


! loe?(1 — x) log?(1 
ii) [ og” ( EEE ay 
0 SPF 


63 9 2 cee 
= pe = 7 oso) + 4log*(2)¢(3) — qos (2)¢(2) — 2¢(2)¢(3) 


Besa) 5(2) — 4Li : (1.17) 
= — 4Lis { = 5 
ai AOE 


where ¢ denotes the Riemann zeta function and Li, represents the Polyloga- 
rithm function. 


1.9 A Darn Integral in Disguise (Possibly Harder Than It 
Seems to Be?), an Integral with Two Squared Logarithms 
on the Half of the Unit Interval 


Prove that 


YW? loo (x ylop- (= x) 
dx 
I : 


1 Dae ae leas 
= gf) = 26 (2)6(3) — 3 ee ae) {5 [08 (2) 


+ 4log(2) Lig (5) + 4Lis (5) i (1.18) 


(continued) 
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where ¢ denotes the Riemann zeta function and Li, represents the Polyloga- 
rithm function. 
A challenging question: Prove the result by using entirely real methods. 


1.10 The Evaluation of a Class of Logarithmic Integrals 
Using a Slightly Modified Result from Table of Integrals, 
Series and Products by 1.S. Gradshteyn and I.M. Ryzhik 
Together with a Series Result Elementarily Proved by 
Guy Bastien 


Let n > 1 be a positive integer. Prove that 


i log(1 — x) log” (x) log(1 + x) 4 
X 
0 X 


2n 
1 1 
= 5 (2n)! (: = zat} x a: 1)¢(2n —k +2) 
=l 


1 
—(2n)!)° (1 = set) (2k)¢(2n — 2k + 3) 


k=1 
1 
+ aaaqg 2n + 3 — 27°) Qn)Ie Qn + 3), (1.19) 
where ¢ represents the Riemann zeta function. 
Examples: 
Forn = 1, 


3 27 
= 45 26@) ae 65) 


[ log(1 — x) log? (x) log(1 + =F 
x 
0 xX 


(continued) 


1.12 Two Appealing Integral Representations of ¢(4) and ¢(2)G 7 


For n = 2, 


1 es 4 
/ EE get OE ee yay EE) = 0): 
0 x 4 4 16 


For n = 3, 


i log(1 — x) log®(x) log(1 + *) ay 
0 Xx 


2835 22635 
= = re os ae 3c) si °? He) = Sar 


1.11 Logarithmic Integrals Containing an Infinite Series in 
the Integrand, Giving Values in Terms of Riemann Zeta 
Function 


Evaluate 


log?(x) 
x(1+ x) 


1 
a i (4x? 4 42x? 4.434?) 4 44g 4. -) de: (1.20) 
0 


1 1 
ii) / Ce -) ee keN. 
0 
(1.21) 


1.12 Two Appealing Integral Representations of ¢ (4) and 
¢(2)G 


Prove that 


' arctanh(x) Liz (x) ' log(1 — x) log(x) log(1 + x) 
(ia. ce eed dx 
0 x 0 x 


== (4); (1.22) 
= 


(continued) 
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' arctan(x) log(x) log(1 + x) ! arctan(x) Lig (—x) 
Je dx — dx 
0 Xx 0 x 


1 
= oo (1.23) 
where ¢ is the Riemann zeta function, G represents the Catalan’s constant, 
and Liz denotes the Dilogarithm function. 
A (super) challenging question: Prove both results without using harmonic 
series. 


1.13. A Special Pair of Logarithmic Integrals with 
Connections in the Area of the Alternating Harmonic 


Series 
Prove that 
' x log(1 — x) Ie ane 5 
I = [ ier dx = (108 (2) — 5802); (1.24) 
' x log(1 + x) Wien 1 
P =| ee dx = ; (108 (2)+ 5%) : (1.25) 


where ¢ denotes the Riemann zeta function. 
A (little) challenging question: How about calculating the integrals without 
using the differentiation under the integral sign, double integrals? 


1.14 Another Special Pair of Logarithmic Integrals with 
Connections in the Area of the Alternating Harmonic 


Series 
Show that 
_ fi xlogd—x)log(x), 1 (41 
an i 1+ x2 ie ( es 910¢(2)¢(2)) and20) 


(continued) 


1.15 A Class of Tricky and Useful Integrals with Consecutive Positive Integer. . . 


1.15 A Class of Tricky and Useful Integrals with Consecutive 
Positive Integer Powers for the Logarithms 


10 1 Integrals 


1.16 A Double Integral and a Triple Integral, Beautifully 
Connected with the Advanced Harmonic Series 


Calculate 
Uk xy + xy) a‘ | 
ii) ia ee Clie NOE ssa eee aa (1.30) 
Oo n0 (1 — xy)(1 — xyz) oF | 


1.17 Let’s Take Two Double Logarithmic Integrals with 
Beautiful Values Expressed in Terms of the Riemann 
Zeta Function 


Show that 


1 1 
yp e(5) —H8(5) 
i) / - us dee OO aD 
eee )) — log (108 


toe (+ toe (<) ; 
ye x) y 31¢(5)  7¢(3 
> ff 1 ayy | = isa ore" 
oe lx (oe (+) ~ 8 (108 (5) 
(1.32) 


where ¢ denotes the Riemann zeta function. 


1.18 Interesting Integrals Containing the Inverse Tangent 
Function and the Logarithmic Function 


Prove that 
1 
I =| arctan(x) log(1 — x)dx 
0 


(continued) 


1.19 Interesting Integrals Involving the Inverse Tangent Function and... 11 


= ; (4 log(2) — log?(2) + 502) — 27 + 7 log(2) — 86) : (1.33) 
1 
J =| arctan(x) log(1 + x)dx 
0 
= sn log(2) + 4log(2) — 55) = log?(2) — 2m), (1.34) 


where G denotes the Catalan’s constant and ¢ represents the Riemann zeta 
function. 


1.19 Interesting Integrals Involving the Inverse Tangent 
Function and Dilogarithm Function 


Prove that 
1 
v= arctan(x) Lio (x)dx 
0 
a ph Oke oe we 1 1, 5 
= 616 log(2 — log(2) — =| 2 
a G Ta ya Te aye eae esse) g los @) 
Dp) 
oA 23 
— — log(2) — —¢(3); 1.35 
DD og(2) gas 2) (1.35) 


1 
p= || arctan(x) Lig(—x)dx 
0 


3 D 


gee 3 
— log(2 
Tie ee og(2)z 


33 m2 a4 
ee se eh eee 
Go ag Os ag eee a 


1 1 
+ 5 log(2) — 3 log? (2), (1.36) 


where G is the Catalan’s constant, ¢ denotes the Riemann zeta function, and 
Liz represents the Dilogarithm function. 

A challenging question: Is it possible to calculate the integrals exclusively 
by real methods (without using complex numbers)? 
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12 


1.20 More Interesting Integrals Involving the Inverse 
Tangent Function and the Logarithmic Function: The 


First Part 


Prove that 


1 — 
arctan(x) log(1 ae = ; G log(2)¢(2) — 73) —1G 


f= 
0 1+ x? 


Has ir arctan(x) log(1 + ¥) ay z 1 (Fro i 3 log(2)¢Q) — 1G 
0 8\ 8 4 


(1.37) 


1+ x? 
(1.38) 


where G denotes the Catalan’s constant and ¢ represents the Riemann zeta 


function. 


More Interesting Integrals Involving the Inverse 


1.21 
Tangent Function and the Logarithmic Function: The 
Second Part 
Prove that 


mh arctan? (x) ale _ ae 
14+ x? 


sy) = + log2)= aa ace > £3); (1.39) 
= (536 4 ~ 192 32 6 


He arctan? (x) ae Bt sane neo mo(3) — Zt)G, 


1+ x? 384 =. 256 
(1.40) 


where G is the Catalan’s constant, ¢ denotes the Riemann zeta function, and 


w™ represents the Polygamma function. 


1.23 Two More Special Challenging Integrals Involving arctan(x), log(x),... 13 


1.22 Challenging Integrals Involving arctan(x), log(x), 
log(1 — x), Lin(x), and Liy(x”) 


Show that 


x log(x) arctan(x) 


1- x 


1 1 
i) i arctan(x) log(x) log(1 — x)dx — / 
0 0 


See ye ese eee CO ee ies eer 
= ee ate go Tune ee aes 


96 
(1.41) 
1 1 ] t 
ii) / arctan(x) log(x) Lio(x)dx — / ele aay) 
0 0 1-x 
1 1 41 nm 9 Sa. ere oe) 
= !oo=G — 6 ee yi 
A A reRpy SR gio aan eo) ne 
17 > 7 
+ — log(2)m~ — — log(2) — log(2); (1.42) 
96 4 
1 1 iT t 
iil) / arctan(x) log(x) Lip (x7)dx -2f zt = ae tore 
0 0 x 


z+ 


= SH 
1920 96 


9 5 5 
= 4G +log(2)G+ ne IO oy log(2)1* —2 log(2)x — at 


5 
+ 57 — Slog(2) + log’(2), (1.43) 


where G is the Catalan’s constant, ¢ denotes the Riemann zeta function, and 
Liz represents the Dilogarithm function. 


1.23. Two More Special Challenging Integrals Involving 
arctan(x), log(x), log + x), and Liz(—x) 


Show that 


1 
0 f arctan(x) log(x) log(1 + x)dx 
0 


(continued) 
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log(2) 7 et eo aa 
= G- Bylo pe lo. 
2 Gin ea ee an toe oo 
14 1 2 
+— + —log*(2) — log(2); (1.44) 


a %3 


1 
ii) [ arctan(x) log(x) Li2(—x)dx 
0 


lie area lop) Bee ee) 7 ee 
= - me —— log(2)1?—= log(2 
Fe Dao pe es 1 Oe ea 
oe 1 
+ 7m — 5 log(2) +7 log’ (2), (1.45) 


where G is the Catalan’s constant, ¢ denotes the Riemann zeta function, and 
Lig represents the Dilogarithm function. 


1.24 A Challenging Integral with the Inverse Tangent 
Function and an Excellent Generalization According to 
the Even Positive Powers of the Logarithm 


Show that 


' arct 1 log(2 : 
arctan(x) og) 4. ay og ( ee It 


aL |p l4x D 64" 


(1.46) 


where G represents the Catalan’s constant. 
Let n => | bea positive integer. Then, prove the generalization 


' arctan(x) log?” (x) 


ii) 
0 1l+x 


= = —2-2")¢(2n + 1)(2n)! 


1 w “ee 1S 3 Os 1 ss 
phen DONT, tsar (ZY (ga) #4a a) 


(continued) 


1.25  Let’s Tango with an Exciting Integral Involving the Inverse Tangent. . . 15 


+ sec =) (v (1 = =) = (5 = 3)) = Or ese(rs))). (1.47) 


where ¢€ represents the Riemann zeta function, y% denotes the Digamma 
function, and # designates the Dirichlet beta function. 


Examples: 
Forn = 1, 
1 t ] 2 n2 
i arctan(x) log“ (x) eee ee = jos) - G: 
0 iL 3b a 24 
For n = 2, 
! arctan(x) logt (x) 
————_—————dx 
0 1+x 
1395 Sy 5 n° 
= —_ — ee ee 
756 m&(5) at °¢(3) — G 1087 og( Ne oes 192 
2 
Se eC) ae 
1536 Al) * 
For n = 3, 
if ! arctan(x) log®(x) 
———__————dx 
0 1+x 
31g 360045 675 225 61 
= 7 5) —- —— 3) — —— log(2 
ce © me ps OS Op 


31 6 mr 1 
eee ya @) Gqens 
7688" © ~ Tage” ¥ € )- jo38a”  \ 


1.25 Let’s Tango with an Exciting Integral Involving the 
Inverse Tangent Integral, the Lerch Transcendent 
Function, and the Logarithm with Odd Positive Powers 


Let n > | be a positive integer. Then, prove that 


1 iT 2n—1 1 1 1 ] 2n—1 
/ Tiny Oye / @ (-» 2, 5) cee 
0 1 + Xx 4 0 Q: 1 + Xx 


(continued) 
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= =i == Ont ineny l= 5BOn -O)Qn— 1)! 


Tes gee" TS 1 
Se: (Sa (<( 2 ) (v G- i)- Ve G- :)) 
ms (On le eee Cree ee 
4 sec (= : ~ ) (v (5- 7) a (1 :)) 32G cse(rs)))). 
( 


oo 2n-1 
where Tin(x) = Yen! ae is the Inverse tangent integral, 


1.48) 


ee k 


& j 5 
@(z,8,a) = S Gib is the Lerch transcendent function, G represents 
k 


the Catalan’s constant, ¢ denotes the Riemann zeta function, Vv” is the 
Polygamma function, and 6 designates the Dirichlet beta function. 


Examples: 
Forn = 1, 
ip Tite jE gy = 2p a ees 1 yO) De 
0 eS 16 48 384 as 
For n = 3, 
| 
i Tio(x “ a; ae 
0 
29 a 1395 
im I yee ree eae coe) 
= Gog0" + Gag” O~ 356" $O + F5g SO) ay (3) 
2 1 
= Uae 
40960 (3): 
Forn = 5, 
lo 
f Tio(x ee og °@) ay 
0 ap de 
Ae oie 15 225 3 360045 
eS ee ay ene 7 
21504" * 256" ona” $O)— aqg* FO) + pag EO 


epee ayeee (6) op) 
mse YG - yt yp 4 - a” 


1.27 A Kind of Deviant Pair of Integrals with Logarithms and Polylogarithms,. .. 17 
1.26 A Superb Integral with Logarithms and the Inverse 


Tangent Function, and a Surprisingly Beautiful 
Generalization of It 


Show that 


1 t 1 2 3 
a i arctan(x) toe ( +x )ax = a (1.49) 
0 Xx ares 


ii) fe arctan(t) log(1 + t7) fe af arctan(xt) log(1 — ) 
0 0 


t if 


i) 2n—1 
= a Ix| <1. (1.50) 


n=1 


1.27. A Kind of Deviant Pair of Integrals with Logarithms 
and Polylogarithms, Using Symmetry 


Show that 


Xx 
, log(1 — x) Lio (5) 
5 x—-1 7 29 1 5 7 1 ree 
i) i ia Oke = 166) ar ii log~ (2)¢(2) : aes 


, Xx 
, log?(1 — x) Lig (5) 
ii) i} ' dx 
0 ap ae 


= au 6 = I 4 ve 3 5 5) x 581 
= 36 log’(2) 6 log’ (2)¢(2) + A log” (2)¢ (3) + 8 log" (2)¢(4) 28 (6) 


= & (2)¢(2)(3) — ie 263) (1.52) 
8 0g(2)¢(2)6 64° , : 


where ¢ represents the Riemann zeta function and Li, denotes the Polyloga- 
rithm function. 
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1.28 Wonderful Integrals Containing the Logarithm and the 
Polylogarithm, Involving Beautiful Ideas About 
Symmetry: The First Part 


1.30 Wonderful Integrals Containing the Logarithm and the Polylogarithm,. . . 19 


1.29 Wonderful Integrals Containing the Logarithm and the 
Polylogarithm, Involving Beautiful Ideas About 
Symmetry: The Second Part 


Show that 


! log” (x) Lina1(—x) eee 
[ [oe dx = (1) Sn + DAG +1) 


Se ee ae (1.55) 


where ¢ is the Riemann zeta function, 7 denotes the Dirichlet eta function, 
Li, represents the Polylogarithm function, and # designates the Dirichlet beta 


function. 
Examples: 
Forn = 1, 
' log(x) Lig(—x) i 
dx = —¢(2)G; 
I 1+ x? go ( ) 
For n = 2, 
' Jog? (x) Li3(—x) 3 
dx = — 07°63); 
[ cae ws 
For n = 3, 


og’(x)Lig(-x), 7 (1 (3) (1 
I 14x? ar = sag (GeO¥ (;) - 10560). 


1.30 Wonderful Integrals Containing the Logarithm and the 
Polylogarithm, Involving Beautiful Ideas About 
Symmetry: The Third Part 


Show that 


dx 


iE x log” (x) Lin41(x) 
0 1+ x? 


(continued) 


1 Integrals 


(continued) 


1.32 A Generalized Integral Beautifully Connected to a Spectacular (and... 21 


For the integral at ii), n = 3, 


dx 


i x log? (x) Lig(—x) 
0 14+ x? 


1 fl Py\> 2001 
(3) (OY) ff = pee pares 
— 3048 (1sceoy Gj )- 96 (v (z)) 16 s@)). 


1.31 Two Families of Special Polylogarithmic Integrals 
Expressed in Terms of Infinite Series with the 
Generalized Harmonic Number and the Tails of Some 


Functions 
Prove that 
\ x2 Sao ag 7 Sa may YN es 
Die = 
of im (a) Dea e ) Le 2k 
k 
(1.58) 
1 4g oo es n—-1 l 
yt fut Oe (emcee) ete eas 2 Ue ii eve ipa enon oe cea 1.59 
i f in (5) d 2 (Ioee > a] wee 


where H” =1+ st feee Ht an m > 1, denotes the nth generalized 


harmonic number of order m and Li, represents the Polylogarithm function. 


1.32 A Generalized Integral Beautifully Connected to a 
Spectacular (and Simultaneously Strange) Series 


Show that 


1 xen 
— ee 
: I d+nd¢x" 


(continued) 
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eae lea Ns ame ‘ 
=F og(2) + ans og(2) + me a dX, i2itl aD 4 2 


js ete De 
a (1.60) 


wherediy =o.) i is the nth harmonic number. 


1.33 A Special (and Possibly Slightly Daunting) Integral with 
Two Polylogarithms, Liz (. a =) and Lin ( 


x 
+1 


Prove that 


X 
X 


: x : x 
(= ales) 
0 
1 21 13 29 
= 7 log? (2) — 5 log? (2)§(2) + als ONG OO) aa) 


10 
Sf Beal 
+3 log(2) Lig (5) + 3 Lis (5) 5 


where ¢ denotes the Riemann zeta function and Li, represents the Polyloga- 
rithm function. 


1.34 Exciting Challenging Triple Integrals with the 


Dilogarithm 
Prove that 
L —xy—xz— 
i) i. i i in(xt+y+z—xy—xz SAMUELS 
ZEB PaO Pele ap Mie — 


(continued) 


1.35 A Curious Integral with Polylogarithms Connected to a Double Integral... 23 


1 (45 139 
eal (F log(2) (4) + 3¢(2)¢(3) — = 0) ; 


ii) Pre (EA Sa a Sr i E2) 
0 Jo XTYTZ-~XV—XZ— YZ XYZ 


65 7 
= Fo SOG CIES) 


where ¢ denotes the Riemann zeta function and Liz represents the Diloga- 
rithm function. 


1.35 A Curious Integral with Polylogarithms Connected to a 
Double Integral with a Symmetrical Exponential 
Integrand 


Let n > | be a positive integer. Then, prove that 


poe () Li (=) 
i Dev Kk — dx 


ee 
=2-nl(€(2)+ 63) +---+6@+4+)), 


where ¢ denotes the Riemann zeta function and Li, represents the Polyloga- 
rithm function. 


Examples: 
For n = 3, 
x A a 
1 (ti (5) + 4log( — x) Liz (5) 
x-1 x-1 
i 8 
0 Xx 
= 12(¢(2) + €(3) + 6A): 


(continued) 
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1.36 Double Integrals Expressed in Terms of the Exponential 
Function and the Polylogarithm (of Orders 2, 3, 4, 5, 
and 6) 


(continued) 


1.38 A Generalized Double Integral Involving a Symmetrical Exponential. .. 25 


17 
=3 (0 + 11¢(3)5(5) — 32°03) (1.63) 


ay ir fe log (1 — e*) (y*Liz (e*) — 24Li¢ Cos 
0 0 


l=ee-s 


19 15 : 
= 24 | 7¢(2)¢(7) — Be oe aes la) (1.64) 


where ¢ denotes the Riemann zeta function and Li, represents the Polyloga- 
rithm function. 


1.37 Exponential Double Integrals with an Appealing Look 


Calculate 


Ne eee ree) = 
aac e olen 


1.38 A Generalized Double Integral Involving a Symmetrical 
Exponential Integrand and a Limit Related to It 


Let n > | be an integer. Evaluate 


Lhe 


and then calculate the limit 


oe 
il) jim aG io [> vdirdy ~2n)). 
n! Coe 


dxdy, 


26 1 Integrals 
1.39 A Special Multiple Integral and a Limit of It Involving 


the Euler—Mascheroni Constant y, the Euler’s 
Number e, and the Famous z All at Once 


Evaluate the multiple integral 


2n 2 
sot ol = 6 tes eat ee 
i) I(n)= 
2n 4 2n__y2n 2 — 72" 
aa Sales Saas Xn42 ae Xn, 


xdx;dx2--- io 
and then calculate the limit 


ii) lim I(n). 
n—>0oo 


1.40 Some Curious Integrals Involving the Hyperbolic 
Tangent, Also Having Beautiful Connections with the 
Beta Function 


Show that 


rf tanh(x) (© - ayaa) ae = 2; 


00 1 r 1 
‘i tanh Pau Wie i 
i | ss oo aaa tee tee ) . 


Let n > | bea positive integer. Prove the general case 


1 anna x 5) 5 x= 2n nN 
3 0 xX i POs 
where H;, = y =i i is the nth harmonic number. 


(continued) 


1.42 Ramanujan’s Integrals with Beautiful Connections with the Digamma... 27 


Then, show that 


dx = 3(31¢(5) — 146 (2)¢(3)) 


iy) ie mx tanh(arx) + 3 tanh(arx) — 37x 
iv 
5 
0 Xx 


and 


dx 


) iP 2n?x? tanh(ax) + 12 tanh(zx) — 672x2csch(2mx) — 9x 
Vv 
5 
0 x 


= 12(31¢(5) — 16¢(2)¢(3)), 
where ¢ denotes the Riemann zeta function. 


A challenging question: How would you calculate the integral from the 
point iii) by using Beta function? 


1.41 A Little Integral-Beast from Inside Interesting Integrals 
Together with a Similar Version of It Tamed by Real 
Methods 


Show that 


oe te 
i) / sin(sin(®)) cost) q, = ae =i 
0 Xx D 


6S 22 r . 
ii) / SHES ea) Selah 
0 Xx oD) 


1.42 Ramanujan’s Integrals with Beautiful Connections with 
the Digamma Function and Frullani’s Integral 


Let a, b, p,q > 0. Prove that 


eo) ype a 
» | Unies Gad ee ax = W1q)—W() +108 (*.). (1.65) 


X a 


(continued) 
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Then, if a, b, c > 0, show that 


1 a-l b-1 
ii) / (— 2 —) dx = (2) —~la)+log(c), (1.66) 
o \l-x I1—-<x* c 


where (x) is Digamma function. 
A challenging question: Could we reduce each integral to a sum of two 
Digamma integrals and one Frullani’s integral? 


1.43 The Complete Elliptic Integral of the First Kind 
Ramanujan Is Asked to Calculate in the Movie The Man 
Who Knew Infinity Together with Another Question 
Originating from His Work 


Prove that 


ee do 
i) K(k) = i —=== 
0 1 — k? sin“ (6) 


1 ive besa 16355 
ee he (eee Ving er te oes 
BG) Ge) Grea 2 


where K (k) is the complete elliptic integral of the first kind. 
Using 7), show that 


r() 


Dee yeu a) cakolai 
Jem 6) “ey Ga) ass 


where I” represents the Gamma function. 


il) 


1.45 An Out-of-Order Integral with an Integrand Expressed in Terms of an... 29 


1.44 The First Double Integral I Published in La Gaceta de la 
RSME, Together with Another Integral Similar to It 


Prove that 


u ! 1 1 1 
dxdy = ~(G + —log(2— ¥V3)), 
: | ae Gap al Th og ( )) 


where G is the Catalan’s constant. 


Let c be equal to WAL i) =|? (v2 + 1). Then, show that 


2 
Ni faked ie 1 my? flog(v2+) 
of I ere) -( 2 : 


1.45 An Out-of-Order Integral with an Integrand Expressed 
in Terms of an Infinite Series and a Generalization of It 


Calculate 


lee) oo A _9n 
i) i - 9 (e's +1)" ~ (21x +1) : ) dx; 
0 n=1 


ea 7] 2 _gntl —@n 
i) f = G ae | = (67 1 Jar, 
i) f oD (o"x +1) (e"Hx+1) jax 


where 0 > | is areal number. 
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1.46 Pretty Charming Ramanujan-Like (Double) Integral 


Representations of the Riemann Zeta Function and Its 
Derivative 


Let s > 1/2 be a real number. Prove that 


j : l - ns : 
? I I cia daxdy = ¢(2s); 


log(xy) - 5 we ome’ 
ii) [ i oan Lae dxdy = = le (Fr). 


where ¢ denotes the Riemann zeta function, y denotes the Euler—Mascheroni 
constant, and A represents the Glaisher—Kinkelin constant. 


1.47 The Elementary Calculation of a Fractional Part 
Integral Naturally Arising in an Exotic Triple 
Fractional Part Integral 


Let p,q be positive integers with p > q. Prove that 


1 1 q 
/ |=} dx 
0 xX 


! —i+1)! 
= (n= a1 PM ep i42)-0). (1.67) 
l 2 l 


where {x} is the fractional part of x, |x] is the integer part of x, and ¢ 
represents the Riemann zeta function. 


1.49 The Calculation of a Generalized Triple Fractional Part Integral with. .. 


1.48 The Calculation of a Beautiful Triple Fractional Part 
Integral with a Cubic Power 


Prove that 


COA AGHallel oe 


= 1-3¢2)— 263) -2 4) 42266) + 2 c08) + = 223) + =e) 
a gS gf gS 320° 160° 40° 40° $ 


1 1 1 1 
FHS QEO) + TEEGEAD + SHE GEO) + 54S MSO), 


where {x} is the fractional part of x and ¢ represents the Riemann zeta 
function. 


1.49 The Calculation of a Generalized Triple Fractional Part 
Integral with Positive Integer Powers 


Let n > 1 be a natural number. Prove that 


=f LEED 


1 
So , — 
art) eet YG ED) 
‘ (> cG+ ») (6 +1EG+ >) 
i=l i=l 


where {x} is the fractional part of x and ¢ represents the Riemann zeta 
function. 
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1.50 A Pair of Cute Fractional Part Integrals Involving the 
Cotangent Function 


Calculate 


Sou = AcOEt 
) [ cot(x) oe 
m/2 
ii) | {cot(x)}dx, 
0 


where {x} represents the fractional part of x. 


1.51 Playing with a Resistant Classical Integral Family to the 
Real Methods That Responds to the Tricks Involving 
the Use of the Cauchy-Schlémilch Transformation 


Let a, b > 0. Prove that 


ae ie Cosas) e ab, ne i x sin(ax) pes a 
0 bt +x? 2b 0 b%+ x? 2 


°°  cos(ax) mw(1+ab) _ap 
ke— — ei SS SS a p 
i P+ aps“ 


; = eo 
(b? ee x?) 4b 


=i x sin(ax) ae wa 
0 


A challenging question: Is it possible to calculate the integrals exclusively 
by real methods? 


1.52 Calculating a Somewhat Strange-Looking Quartet of Integrals Involving... 33 


1.52 Calculating a Somewhat Strange-Looking Quartet of 
Integrals Involving the Trigonometric Functions 


Prove that 


m/2 
il= / x? tan(x) log(sin(x))dx 
0 
1 1 
=F log*(2) + = 5 log? (2)¢(2) — ed) + Lig (5): (1.68) 


a m/2 ; j > 1? 5 9 
ii) J =| x~ tan(x) log(sin(x))dx = =! og Se a 


m/2 
iii) K = i x7 log(sin(x)) log(cos(x))dx 
0 
a 1 
= aan ae Ok ?(2)—& log *@)—Fr log2e@)—F Lis (5) (1.70) 


m/2 
iv) L= / x? log(sin(x)) log(cos(x))dx 
0 


1449 45 3 27 
S ah ee z log” yA es ape ag ee 


512 
(1.71) 
z 2) Li : 


where ¢ denotes the Riemann zeta function and Li, represents the Polyloga- 
rithm function. 

A challenging question: How about calculating the integrals without 
making use of the Fourier series of log(sin(x)), log(cos(x))? 
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1.53 Two Beautiful Representations of Catalan’s Constant, 
Galahad ele 
a 32 5 52 72" 92 


Show that 


he » 
ee uo) n a ie log (cos ($)) log (cos (5)) 


dxdy; 
cos(x) — cos(y) es 


Py 0 ie ee ene ee ee oa 
age oe Sy Pe OE ae ake mw ose 


’ 


j ee, 
= xX 
0 1+ x? 


where G represents the Catalan’s constant and ¢ denotes the Riemann zeta 
function. 


1.54 Proving Two Equalities with Tough Integrals Involving 
Logarithms and Polylogarithms 


Prove, without calculating each integral, that 


m/2 
i) 3 / tan(x) log2(sin(x)) Lig (- cot?(x)) dx 
0 


nz 1 
a5 i, cot(x) log? ( ) Lig (- tan?(x)) dx: (1.72) 
0 cos(x) 


m/2 
ii) 3 / tan(x) log?(sin(x)) Lis (- cot”(x)) dx 
0 


cfd Be 
= / cot(x) log (cos(x))Li3 (- tan?(x)) dx, (1.73) 
0 


where Li, denotes the Polylogarithm function. 
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1.55 Tough Integrals with Logarithms, Polylogarithms, and 
Trigonometric and Hyperbolic Functions 


Prove that 


m/2 
i) if cot(x) log(cos(x)) log?(sin(x)) Lis (—tan*(x)) de 
0 
= a — Brera 4 Lea: 1.74 
= pg ap ON Seo): (1.74) 


log(1+V2) 
ii) / coth(x) log(sinh(x)) log (2 = cosh?(x)) Lid (tanh?(x)) dx 
0 


LE 


17 
= 1736 = Pa EN (1.75) 


where ¢ denotes the Riemann zeta function and Li, represents the Polyloga- 
rithm function. 


1.56 A Double Integral Hiding a Beautiful Idea About the 
Symmetry and (Possibly) an Unexpected Closed-Form 


Calculate 


m/4 pm/4 
i / arctan(cos(x) cot(y)) sec? (x) tan?(y) sec?(y)dxdy. 
0 0 


1.57 An Exciting Representation of Catalan’s Constant with 
Trigonometric Functions and Digamma Function 


Show that 


aff 2S n n+1 1 
= _apyerll a ee, wu . 
Gs if tan(x) y (-1) (v ‘-) w ( 5 ) SF -) sin(2nx)dx 


mdi 


(continued) 
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w/4 oo 
+f sD (v (“ 5 -) —w (5) — -) sin(2nx)dx, 


where G denotes the Catalan’s constant and y represents the Digamma 
function. 


1.58 Evaluating an Enjoyable Trigonometric Integral 
Involving the Complete Elliptic Integral of the First 
Kind at Its Roots 


Evaluate 


m/2 1 m/2 1 
dx = i dx. 
i (1 + sin*(x))V1 + sin?(x) 0 (1+cos*(x))/1 + cos2(x) 


A challenging question: How would you calculate the integral without using 
identities involving the elliptic integrals/hypergeometric functions? 


1.59 Integrating Over an Infinite Product with Factors 
Containing the Secant and the Hyperbolic Secant with 
Powers of 2 


Calculate 


1 2 3 
is 1+ sech (2) ‘ 1+ sech Ores : 1+ sech (25750) He 
o \1+sec(2-!x) 1 + sec (2-?x) 1 + sec (2-3x) ‘ 


1.60 Linking Two Generalized Integrals Involving the Polylogarithm Function... 


1.60 Linking Two Generalized Integrals Involving the 
Polylogarithm Function to Seductive Series 


Let m be a positive integer. Prove that 


rane ae x 
i) sin(@) sin(5) f T= (hen (f(m+1)—Lin41 (x))dx 


poe A+ . [kO\ . ((k+ 6 
= (=) es in () sin( 5 ) 


(2 ) (ee 
(oe) sin 5) sin 5) 
+(-1)"" OnE i $OD, ee tleio) 


(k dt 1ym—it2 i 


Pee (EU : x(cos(@) — x) ; 
ree (5) i C=O ee 


Se Hest. (k8 (k + be 
= (1) La in () cos 5 ) 


@ (es) 
love) sin >) COs >) 
+ (-1)"" Pic 1) BOD, (1.77) 


(k db Lym—it2 ? 


Where yas oe pay i is the nth harmonic number, ¢ denotes the Riemann 
zeta function, and Li, represents the Polylogarithm function. 
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2.1 A Powerful Elementary Integral 


To get the desired result, we use the substitution x = sin(t) combined with the 


1— 
trigonometric identity, arccos(@) = 2 arctan ( [= :) ,-l<a<l. 
a 


2.2 A Pair of Elementary Logarithmic Integrals We Might 
Find Very Useful for Solving the Problems in the Book 


For the integral from point 7) make use of the integration by parts to obtain a 
recurrence relation, and for the integral from the point ii) make the change of 
variable x/a = y and then use the integral from the point /). 


2.3 Four Logarithmic Integrals Strongly Connected 
with the League of Harmonic Series 


The four integrals are related to each other, and for deriving the squared log version 
we need the simple log version, then for deriving the cubic log version, we need 
the squared log version and so on. For an elementary approach, use wisely the 
integration by parts. 

Also, for the resulting harmonic sums we might need Abel’s summation (finite 


version) which states that if (@n)n>1, (bn)n>1 are two sequences of real numbers 
n 


with A, = ax, then we have 
k=1 
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n n 
So axbe = Andaz + > Ane = bess). (2.1) 
k=1 k=1 


A short, elementary proof of the Abel’s summation may be found in [1, Theo- 
rem 2.20, p. 55]. 

For a different strategy of calculating the resulting sums, we may wisely employ 
the relations between the complete homogeneous symmetric polynomials and the 
power sums. 


2.4 Two Very Useful Classical Logarithmic Integrals That 
May Arise in the Calculation of Some Tough Integrals 
and Series 


Simply make use of the integration by parts. 


2.5 A Couple of Practical Definite Integrals Expressed 
in Terms of the Digamma Function 


For the point 7) of the problem, use the series representation of Digamma function, 


[o,@) 
1 1 
=-ytr _ . Then, for the point ii), after making the 
w(x) Y pa ra —) p ii) g 
proper change of variable, employ the result from the point 7). 


2.6 A Useful Special Generalized Integral Expressed 
in Terms of the Polylogarithm Function 


Without loss of generality, assume that 0 < y < 1, and write the integral as 


1 ' log” (x) y 
dx. Then, make the change of variable x = ¢t and 
ad a a yal 


co 
apply repetitively the integration by parts. 


2.9 A Darn Integral in Disguise (Possibly Harder Than It Seems to Be?), an... 4l 
2.7 Two Little Tricky Classical Logarithmic Integrals 


For a first solution to the point 7), make use of the following integral representation 


1 yal 4: b=1 
of the Beta function, —_____ 
o (L+x)4+? 


1 
point i), we may use the algebraic identity 5 ((A + B)* + (A- B)* _ 2A?) = 


dx = B(a, b). For a second solution to the 


B’, where we set A = log(1 — x) and B = log(1 + x). Further, to get a third 


eee * log*(1 + t) 
solution, consider a generalized integral of the type eae To get a 
0 


solution to the point ii), consider the identity (A + B)* = A? +2AB + B?, where 
we set A = log(1 — x) and B = log(1 + x), together with the value of the integral 
from the point 7). 


2.8 A Special Trio of Integrals with log”(1 — x) 
and log” d+.) 


For a first approach of the part i) of the problem make use of the following integral 
1 

representation of the Beta function, / (haa 4 de Ho Bi, y). 
-1 

Then, to approach the parts iz) and iii), consider the algebraic identity A?B? = 


1 
= ((4 4+ B)* + (A— B)* —2A4 — 2B‘), where we set A = log(I — x) and 
B=logi+x). 


2.9 A Darn Integral in Disguise (Possibly Harder Than It 
Seems to Be?), an Integral with Two Squared Logarithms 
on the Half of the Unit Interval 


1 2 2 
1 2x) log“ (20. — 
Exploit the logarithmic integral, i og Vs)log CU = 2) dx. 
1/2 x 
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2.10 The Evaluation of a Class of Logarithmic Integrals 
Using a Slightly Modified Result from Table of Integrals, 
Series, and Products by 1.8. Gradshteyn and I.M. 
Ryzhik Together with a Series Result Elementarily 
Proved by Guy Bastien 


Employ the second equality in (4.3), 


[o.@) 
.Hy- HH, 1 
log(1 + x) log(1 — x) =—) ee 2k k ee 


2.11 Logarithmic Integrals Containing an Infinite Series 
in the Integrand, Giving Values in Terms of Riemann 
Zeta Function 


1 


1 
Make use of the identity in (1.10), / dx = w(s) —w (5) — log(2). 
0 


xe 

1+x 

2.12 Two Appealing Integral Representations of ¢(4) and 
g(2)G 

Use the integration by parts and reduce everything to more convenient integrals. 

2.13 A Special Pair of Logarithmic Integrals with 
Connections in the Area of the Alternating Harmonic 
Series 

Consider a system of relations with J + J and J — J. 

2.14 Another Special Pair of Logarithmic Integrals with 
Connections in the Area of the Alternating Harmonic 


Series 


Act as in the previous section. 


2.18 Interesting Integrals Containing the Inverse Tangent Function and the... 43 


2.15 A Class of Tricky and Useful Integrals with Consecutive 
Positive Integer Powers for the Logarithms 


Start with the integration by parts. 

2.16 A Double Integral and a Triple Integral, Beautifully 
Connected with the Advanced Harmonic Series 

Did you see the double trigonometric integral from my Preface? 

2.17 Let’s Take Two Double Logarithmic Integrals with 
Beautiful Values Expressed in Terms of the Riemann 


Zeta Function 


For both integrals, make use of the fact that 


] : it : 

! 1 1 BEN yp EN, 

/ log’ (<) log!~! ( Jar = 7 7 
0 Xx 1 


2.18 Interesting Integrals Containing the Inverse Tangent 
Function and the Logarithmic Function 


For a global solution, which means to attack both integrals at once, we consider 
calculating 7 + J and J — J. Then, for a second solution to 7 and J, carefully 
integrate by parts and reduce the calculations to the integrals given in (1.24) 
and (1.25) from Sect. 1.13. In order to get a third solution to J and J, we transform 
the integrals into series, and then reduce all to the calculation of the alternating 


Ea H. 1/5 ~ H. 
saree pa 1k! x =5 (Fea be) and DA pei =G 


7 tog(2) 
— 10 3 
8 g 


44 2 Hints 


2.19 Interesting Integrals Involving the Inverse Tangent 
Function and Dilogarithm Function 


A route to follow boils down to starting with the integration by parts and then 
considering the possibility of using double integrals with a symmetrical integrand 
where to exploit the symmetry. 


2.20 More Interesting Integrals Involving the Inverse 
Tangent Function and the Logarithmic Function: 
The First Part 


Make up a system of relations with J — J and/J + J. 


2.21 More Interesting Integrals Involving the Inverse 
Tangent Function and the Logarithmic Function: 
The Second Part 


Start with the integral J, integrate by parts, and then make the change of variable 


l-y ; " arctan? (x) log(1—x) 
x = —. To calculate the integral J, note and use that dx 
I+y 0 1+ x? 
! arctan? (x) log — x?) ! arctan? (x) log(1 + x) 
= 5 dx 4 dx. 
0 1+x 0 1+x 
J 


2.22 Challenging Integrals Involving arctan(x), log(x), 
log(1 — x), Lin(x), and Liy(x”) 


As a possible strategy to start with, for the results from the first two points of the 
problem, make use of the integration by parts, and for the result from the point 
iii), combine the use of the Dilogarithm function identity, Lig(x) + Li2(—x) = 


1 
5 Liz (x), with the integration by parts. 
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2.23 Two More Special Challenging Integrals Involving 
arctan(x), log(x), log( + x), and Liz(—x) 


Use the integration by parts. 


2.24 A Challenging Integral with the Inverse Tangent 
Function and an Excellent Generalization According to 
the Even Positive Powers of the Logarithm 


For the first part of the problem, one may initially show that the hard core of the 


1 y ] 
integral reduces to calculating i ( / meee 
0 Wo Q¥tz)(+2*) 
the symmetry. Next, for the second part of the problem prove and use that for —1 < 


s <0, we have the following result, 


az) dy, and then exploit 


—s 


i xs W ws\ y 
dx = ese ( ) 
o Cea l=p yee) 2 2/1+y? 


. ae Wt csc(ss) 


+55) ae l+y 


2.25 Let’s Tango with an Exciting Integral Involving the 
Inverse Tangent Integral, the Lerch Transcendent 
Function, and the Logarithm with Odd Positive Powers 


Make use of the following integral representation of the Inverse tangent integral, 


' x log(y) foe 

Ti(x) = — —— dy, combined with the relation in (3.131). 

ree 
o l+x-y 


2.26 A Superb Integral with Logarithms and the Inverse 
Tangent Function, and a Surprisingly Beautiful 
Generalization of It 


For a first solution to either of the two points, use the result in (4.4), and for a second 


ee tan(t) log(1 + 12 
solution use that 2 | og(*) die arctan(t) log(1 + ) : 
0 &w+)?4+r P 
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2.27 A Kind of Deviant Pair of Integrals with Logarithms 
and Polylogarithms, Using Symmetry 


Employ the result in (1.12) and exploit the symmetry. 


2.28 Wonderful Integrals Containing the Logarithm and the 
Polylogarithm, Involving Beautiful Ideas About 
Symmetry: The First Part 


Reduce the main integral to a double integral by using the integral in Sect. 1.6, and 
then calculate the double integral by exploiting the symmetry of the integrand. 


2.29 Wonderful Integrals Containing the Logarithm and the 
Polylogarithm, Involving Beautiful Ideas About 
Symmetry: The Second Part 


A similar approach as in the previous section. 


2.30 Wonderful Integrals Containing the Logarithm and the 
Polylogarithm, Involving Beautiful Ideas About 
Symmetry: The Third Part 


A similar approach as in the previous two sections. 


2.31 Two Families of Special Polylogarithmic Integrals 
Expressed in Terms of Infinite Series with the 
Generalized Harmonic Number and the Tails of Some 
Functions 


To establish the results, we may use the identities in (3.182) and (3.179) in the next 
section. 


2.36 Double Integrals Expressed in Terms of the Exponential Function and the. . . 47 


2.32 A Generalized Integral Beautifully Connected to a 
Spectacular (and Simultaneously Strange) Series 


Split wisely the integral and approach the resulting integrals by means of recurrence 
relations. 


2.33 A Special (and Possibly Slightly Daunting) Integral with 


Two Polylogarithms, Li: (—~— ) and Li. (—~— 
x-1 x+1 


Make use of the Landen’s identity and/or the generating function in (4.10). 


2.34 Exciting Challenging Triple Integrals with the 
Dilogarithm 


Reduce both triple integrals to the calculation of harmonic series. 


2.35 A Curious Integral with Polylogarithms Connected to a 
Double Integral with a Symmetrical Exponential 
Integrand 


Make use of the result in (1.12). 


2.36 Double Integrals Expressed in Terms of the Exponential 
Function and the Polylogarithm (of Orders 2, 3, 4, 5, 
and 6) 


For all four integrals, make use of the result in (4.6) and reduce all to the calculation 
of the resulting harmonic series (where one doesn’t need to know the values of each 
particular harmonic series involved). 
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2.37 Exponential Double Integrals with an Appealing Look 


For both integrals use that 


x =, 


1 
-< f a 
0 x —y 


2.38 A Generalized Double Integral Involving a Symmetrical 
Exponential Integrand and a Limit Related to It 


To get the generalization from the first part of the problem, start with splitting the 
oo y oo 
inner integral as i a ; + / and exploit the symmetry of the integrand. 
0 0 y 


2.39 A Special Multiple Integral and a Limit of It Involving 
the Euler—Mascheroni Constant y, the Euler’s 
Number e, and the Famous z All at Once 


Make use of the result in (3.205). 


2.40 Some Curious Integrals Involving the Hyperbolic 
Tangent, Also Having Beautiful Connections 
with the Beta Function 


Start with the point iii) of the problem (which represents the pivot for the rest 
of the points of the problem) that can be easily proved by using that tanh(zrx) = 
ox 1 

a 2 (2n — 1)? + (2x)2" 


n=1 


2.44 The First Double Integral I Published in La Gaceta de la RSME, Together. . . 49 


2.41 A Little Integral-Beast from Inside Interesting Integrals 
Together with a Similar Version of It Tamed by Real 
Methods 


oO 7. 
sin 
Make use of the result, a ees = eP 8) sin(p sin(x)). 
n! 


n=1 


2.42 Ramanujan’s Integrals with Beautiful Connections with 
the Digamma Function and Frullani’s Integral 


For the integral from the point 7), rearrange it and make use of the Digamma 
1 ys 
x*-—1 


x-1 
Then, for the integral from the point ii), rearrange it and make use of 
the following integral representation of the Digamma function, w(x) = 


(oe) —t —xt 
f (e-se)« 
0 t l-—e 


2.43. The Complete Elliptic Integral of the First Kind 
Ramanujan Is Asked to Calculate in the Movie The Man 
Who Knew Infinity Together with Another Question 
Originating from His Work 


dx. 


function integral representation, w(s + 1) = —y + / 
0 


m/2 
For the point i) of the problem, start by using the auxiliary result, / 
0 


dx xz ol ae 
— As regards the point ii) of the problem, use the 


1 — asin*(x) 2a 


result from the point 7). 


2.44 The First Double Integral I Published in La Gaceta de la 
RSME, Together with Another Integral Similar to It 


1- 1- 
For both integrals, make the changes of variable x = ad and y = E 
l+u l+uv 
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2.45 An Out-of-Order Integral with an Integrand Expressed 
in Terms of an Infinite Series and a Generalization of It 


Recall and use Ramanujan’s result in (1.65). 
2.46 Pretty Charming Ramanujan-Like (Double) Integral 


Representations of the Riemann Zeta Function 
and Its Derivative 


CO 
1— 
For the beginning start with the fact that either —————————_ = aie u 
a- 0 —xy) & 
1 [o.@) 
Be 1 k-1 
Taw 2 x)y) 


2.47 The Elementary Calculation of a Fractional Part 
Integral Naturally Arising in an Exotic Triple 
Fractional Part Integral 


Start out with the change of variable x = 1/y, and then integrate by parts to establish 
a recurrence relation. 


2.48 The Calculation of a Beautiful Triple Fractional Part 
Integral with a Cubic Power 


One of the starting ways is to make the proper variable changes such that one brings 


I/y pl/y 
the integration limits of the initial integral to the form / / / and then apply 


0 
the integration by parts by means of the Leibniz integral rule. 
One also needs particular cases of the fractional part integral from the previous 
section. 


2.51 Playing with a Resistant Classical Integral Family to the Real Methods... 51 


2.49 The Calculation of a Generalized Triple Fractional Part 
Integral with Positive Integer Powers 


For a first solution, use the same strategy as the one described in the previous 


n 
section. In the calculations one will need to use that J,,, = / x =| dx =1- 
0 XxX 


I. =< | 1)" 1 1 ” 
i+ 1) and J =f gee ee i+ 
apa and Intin = f 2 Ge aw DA 


1)¢@ + 2), where n > 1, which can be derived from the generalization in (1.67). 
The first integral also appears in [2, 2.21, p. 103]. 

For another solution, exploit the symmetry to reduce the main integral to the 
calculation of two simpler integrals. 


2.50 A Pair of Cute Fractional Part Integrals Involving the 
Cotangent Function 


For both integrals use the fact that {x} = x — |x], where {x} denotes the 
fractional part of x and |x] represents the integer part of x, and reduce all to the 
calculation of the corresponding series. The corresponding series from the point 7) 
of the problem might require the well-known Euler’s infinite product for the sine, 


0° 2 
sin(x) = x I] (1 - =). and the corresponding series from the point i7) of the 
ier nn 


CO 
problem might require the use of the classical result, = c (rr! =—-wW(1-t)-y. 
k=2 


2.51 Playing with a Resistant Classical Integral Family to the 
Real Methods That Responds to the Tricks Involving 
the Use of the Cauchy—-Schlémilch Transformation 


. 1 SO _pax2yy : . 
Start by using that Poe = / gerry dy, and later in the calculations use 
x 0 


[o,@) 
: ‘ ~yx2 
the integration by parts to calculate / xe dy. 
0 
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2.52 Calculating a Somewhat Strange-Looking Quartet 
of Integrals Involving the Trigonometric Functions 


For all four points we might want to prove and use that 


dX (v (" : *) ¥ ) *) sin(2nx) = — tan(x) log(sin(x)). 


n=1 


2.53 Two Beautiful Representations of Catalan’s Constant, 
Gate tat 2 2 peek 
~ 32 5 52 7 S92 


For the first part of the problem, rearrange the integral properly to make use of the 


1 
Uu v 
fact that log(1 — log(1 = — —— ] dt 
act that log(1 + uw) — log(1 + v) i Ces =.) 


Then, for the second part of the problem, one might start with the following 
' log(x) 
14 x2 


dx =G. 


integral representation of the Catalan’s constant, — / 
0 


2.54 Proving Two Equalities with Tough Integrals Involving 
Logarithms and Polylogarithms 


Exploit the result in (1.12). 
2.55 Tough Integrals with Logarithms, Polylogarithms, 
Trigonometric, and Hyperbolic Functions 


For the point i) of the problem let the variable change sin*(x) = y, and for the point 
ii) of the problem make the change of variable sinh?(x) = y. 


2.56 A Double Integral Hiding a Beautiful Idea About the 
Symmetry and (Possibly) an Unexpected Closed-Form 


Properly arrange the integral and then switch from polar to Cartesian coordinates. 
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2.57 An Exciting Representation of Catalan’s Constant with 
Trigonometric Functions and Digamma Function 


Start with the calculation of the inner series. 


2.58 Evaluating an Enjoyable Trigonometric Integral 
Involving the Complete Elliptic Integral of the First 
Kind at Its Roots 


Check the possibility of using a double integral with a symmetrical integrand, and 
then exploit the symmetry to reduce the calculations to simpler integrals. 


2.59 Integrating Over an Infinite Product with Factors 
Containing the Secant and the Hyperbolic Secant 
with Powers of 2 


P d exploit the result 3 ! ! th (>) 
rove and exploit the result, = coth{—) — 
‘ sin (2-#x) sinh (2-7) 2: 
n=1 
x 
cot (5) : 
2 


2.60 Linking Two Generalized Integrals Involving the 
Polylogarithm Function to Seductive Series 


Consider the relaxed version (the second version) of The Master Theorem of Series. 
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Chapter 3 Mm) 
Solutions Cheek for 


3.1 A Powerful Elementary Integral 


Solution Let’s start out with a powerful elementary integral that in the present 
book will allow us to solve the Basel problem (I mentioned a few things about it 
in the Preface), or calculate a beautiful double integral we’ll meet in one of the next 
sections, and at the same time, if properly tweaked, it will also help us to derive a 
useful classical inverse sine series which appears in the fourth chapter. 


Now, to calculate the integral and prove the stated result, we start with the change 
of variable x = sin(t), and we get 


1 1 m/2 1 
dx = ———_——dr 
i (1+ yx)V1 — x? o 1+ysin(t) 


t / 
tan | = 
= 2 | z dt a 2 f —>————— du 
0 0 


t t 2 
tan? (5) + 2y tan (5)+1 u>+2yu+1 


u+y=t 


y+l 


; 1 
2 | dt 
y+ Gay) 


1 1 
=2 | du 
0 uty) +G/1—y?)? 
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56 3 Solutions 


1— 
{ the trigonometric identity, arccos(a@) = 2 arctan ( = =) | 


_ arccos(y) 
JV1l—y? 


and the solution is complete. 

The indefinite integral form of the main integral in sine may also be found in [68, 
p. 181]. 

To answer the proposed challenging question about solving the Basel problem, 
let’s first integrate with respect to y, from —1 to 1, both sides of the identity above, 
and then we have 


: ! 1 ! arccos(y) 
dx J}dy = ————dy 
-1\Jo (+ yx)v1— x? taf 1 = 32 
y=l 12 
=—. Gl 
5 (3.1) 


1 2 
= —-—arccos*(y) 
2 4 


On the other hand, reversing the integration order, the double integral in (3.1) can 
be written as 


1 1 1 1 1 1 
dx J dy = ———_______dy Jd. 
[ (/ (1+ yx)V1 — x? *) i (/, (1+ yx)V1 — x2 ») 


l1-—x 
] nae 
_ 2f arctanh(x) _ [ oz (; + ). (1-x)/tx)=y? -4f log(y) ay 
0 0 0 


xV1 — x2 xVJ/1 — x2 1-y~ 


1 oo 1 ioe) l 
=-4 i doy"? log(y)dy = -4 97 : y" log(y)dy = 4) a. 
0 n=1 n=1 0 n=1 ( —— ) 
(3.2) 
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[e.e) 


ix : 1 mr 
Combining the results in (3.1) and (3.2), we get = 
n=1 


@n—D? = > and since we 


(ee) 


ite that > ==) mag t = we , 
can write tha d “2 d (ny > Qn—1)2 4 d n2 d (2n — 1)? 


n=1 


we are immediately led to 


a | x 

> 2 ee (2), 
n=1 

and the solution to the challenging question is complete. 

If you’re interested in more solutions to the Basel problem, then you may find an 
exciting collection of proofs in [17, Chapter 11, pp. 225-227] and [21]. Or if you 
enjoyed a creative way involving the Fourier series, you might also like to see [63, 
Chapter 4, pp. 150-153]. Lastly, one might also try to calculate the series by the 
summation techniques of the contour integration (see [12, pp. 151—153]). 

In a more general view, the series in the Basel problem is a particular case of the 
celebrated Riemann zeta function (see [118], [18, Chapter 4, pp. 39-46], [26], [62, 
Chapter 2, pp. 15—24]), defined as 


a ae 
=) ae a os 


and particular values of it we'll find spread throughout the book since the major part 
of the integrals and series we’ll meet have values expressed in terms of it. 

I’ve considered this problem to be the first to add to the present book since my 
first 2015 book proposal at Springer. 


3.2 A Pair of Elementary Logarithmic Integrals We Might 
Find Very Useful for Solving the Problems in the Book 


Solution It’s not hard to guess in this section we have to deal with two integrals of 
high school level, strongly related to each other, and (as you’ll see) that are proving 
to be very useful in our journey. 


We’|l find particular cases of the given logarithmic integrals, and especially cases 
of the integral from the point 7), in many places in the book. 


1 
For the part i) of the problem, we start by denoting Im.) = / x” log” (x)dx, 
0 


and upon integrating by parts, we get 


1 x=1 1 
1 n 
x” log" (x)dx = log” (x —_—__ x" lov" —!(x)dx, 
[ g(x) ms Bl eee g(x) 
- eee TO - 
Inn) 0 Tan.n-1) 


xt 
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‘ bee P Iun.n n 
which we can rewrite in terms of a recurrence relation, ON or 


Ton,n—1) m+1 


Tonk) k 
Tm,k-1) m+. 


(3.3) 


Giving values to k in (3.3), from k = 1 ton, and then multiplying out all these 
relations, we obtain 


Tim) Mim.) amu) =~’ n! 
Tim,0) Tony Tanyn—1) (m+ 1)”” 


and after simplifications, we arrive at 


n! 


T(n,0) = (—1)" (m4 yl’ 


1 
Tm.n) =f x™ log" (x)dx = (— Yo 


and the part i) of the problem is finalized. 
Next, for the part i7) of the problem, we make the change of variable x/a = y, 
and then we obtain 


a 1 1 
/ x" log (x)dx = a"! / y" log" (ay)dy = a"! / y" (log(y) +log(a))"dy 
0 0 0 


1 n 
=qmt! / y™ (;) log‘ (y) log” *(a)dy 
9 k=0 


{reverse the order of summation and integration} 


n 1 
a » (1) log"~* (a) [ y™ log’ (y)dy 
k=0 


{make use of the first part of the problem} 


k! 
qntl De v'(; ) a = “are og” * (a), 


and the part ii) of the problem is finalized. 

Alternatively, both points can be approached with the variable change x = e~', 
and then it’s easy to see that for the first point of the problem we recognize the 
Gamma function (see [10, 107], [78, Chapter 1, pp. 1-4]), which is the Paul’s way 
to calculate this integral in Inside Interesting Integrals (see [64, p. 146, p. 380]). 
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The special case, a = 1/2, of the integral from the point ii) plays an important 
part in the derivation of a bunch of key series relations from the chapter Sums and 
Series which will allow us to obtain the values of some harmonic series involving 
the powers of 2 in denominator. 

The integral from the point 7) also appears in [64, Chapter 4, p. 146] and [66, 
p. 441]. 


3.3. Four Logarithmic Integrals Strongly Connected with the 
League of Harmonic Series 


Solution It is worth mentioning that the origin of such integrals dates back to the 
time of the English mathematician Joseph Wolstenholme (1829-1891), and the first 
proposed integral appeared in his appreciated book! with mathematical problems. 
We’ll want to keep the present logarithmic integrals, like the ones from the previous 
section, close to us in our toolbox as we advance through the book, and we’ll find 
them particularly useful in the problems involving the harmonic numbers. The next 
solutions also aim to answer the proposed challenging question. 


Considering the integration by parts, we have 


; n—-1 1 7 n / 
i= x log. — x)dx = — (x" — 1) log(1 — x)dx 
0 n JO 


x=1 


1 
“(x" — 1) log(1 — x) 
n x=0 


ee 
0 


1 1 1—x” 1 1 1 a 1 
/ 2 dx = i ) x*ldy = —— ) 1 x*-lay 
njJgo 1-x njo — ne 40 


_ Byers H, 
on k n° 


k=1 


and the calculation to the first logarithmic integral is finalized. 


' Amongst the wonderful collection of problems Joseph Wolstenholme gathered in his book A Book 
of Mathematical Problems, on subjects included in Cambridge course published in 1867, one can 
also find the integral J, at the page 214, the problem 1031, and the original statement is: Prove that, 


a 1 1 1 1 1 
if n be a positive integer, (1 — x)" log dx 14 5 + 3 ts . It’s easy to 
n g n 
see that letting the variable change l-x=y, en multiplying both sides by (—1) and using the 
1 1 1 
notation H, = 14 5 } 3 + +-+-+ —, we obtain the form in which /,, is proposed in the present 
n 


book. 
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Now, let’s pass to the second integral, J,, and using the integration by parts as in 
the first integral, we get 


1 1 
1 
us =} x" log? (1 — x)dx = - { (x” — 1) log*(1 — x)dx 
0 n JO 


1 x=1 
SG" = 1) lee (=a) 
n x=0 


0 


/ ae a ee oi apie 
* log(1 xjdx = == | Y > x* Hog — x)dx 
nJjJgo 1l-x | 


a A H+ HO 
=i fs loath be = 2 k= “> 4 =— = iar 


= 1 
To see the last equality holds, we exploit the symmetry, and we write 


MaPy tay (yy | e-Paaae yap 


i=l j= i? i=l \j=1 j=i i=l i=1 j=1 


".H;  H2+H, 
whence we obtain that —= a a (see [31, p. 280]), and the calculation 
i 


i=l 
to the second logarithmic integral is finalized. 
Next, for calculating the integral K,, we use again the integration by parts, and 
we obtain 


1 1 1 
K; = x"—ogh(1 — x)dx = - f (x” — 1)/log?(1 — x)dx 
0 n JO 


1 x=1 
= —(x" — 1) log’(1 — x) 
n x=0 
0 
3 Pye n 3 1 # 
ah — log’(1 nar = —= [ yx‘! log*(d = x)dx 


k=1 
H2 zi H 


3 n 1 3 n 3 n 

k-1 2 k k 
=--)> 1 1—x)d =--) It = Y : 3.4 
rh? os" ae now n k em) 


k=1 
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Using Abel’s summation (see (2.1)) with a, = 1/k and by = H; + HH), we have 


Hy? + HY? (2) H; Ak 
—__* =H, H, —2 
2 k Hist + Ant) x ea 
n 2 
2 (2) (Akai —A/(kK+1))° Aes —- 1/(kK +1) 
= An (Any + A 41) ~ 25, ( k+1 (K+ 1)2 


{reindex the sum, expand it and then leave out the term for k = n + 1} 


H2 H, 
=. 2 (2) n+l n+l 
= H,(H;,, + A, 2-23 ELE pee oe (3.5) 


n 
A 
Then, we apply Abel’s summation (see (2.1)) for > a and we get 
k=1 


n (2) n (2) 1 


A H, Ae — Gap 
pales (2) _ —_— (2) (k+1) 
3 gn a ales dX rel 


{reindex the sum, expand it, and then leave out the term fork = n+ 1} 


1 
= Hn Hy” ; BN OY fo 3.6 
n+14fy » k n+1 n Gs D3 (3.6) 

Now, we plug the result from (3.6) in (3.5) that gives 

H2 a H® n y2 Jt. H 42 
k k k k (2) ; 2) 
» k S 72 i + A, (A, * + A} +) +2Hnst Hy? 2 

7 Fret An+1 

42H 4 i 


(n+ 13 “n+1 “(n+1)? 


{se that Ho = = Hm + and then expand 


+ H3+3H,H© 4+ 2H®, 
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from which we get 


"AR + HO 1 
Ss = Hn + 3H Hy” +2H,.?), (3.7) 
k=l 


Lastly, plugging the result from (3.7) in (3.4), we obtain that 


1 M24 p72) 3 (2) G3) 
3 4H +H HH} +3H,H,” + 2H, 
K,= | x"! log’(1—x)dx = -— )° 4—_4_ = a ee, 
0 k n 


k=1 
and the calculation to the third logarithmic integral is finalized. 


Finally, for the integral L,, we proceed as in the previous cases and carefully 
apply the integration by parts that leads to 


1 1 1 
Ly =) x" log*(1 — x)dx = ~ | (x” — 1)'log*(1 — x)dx 
0 n JO 


x=] 


1 
(47 = Dilee (1x) 
n 


x=0 


0 


n 


4 1 J— x" 4 1 . 
; * 1og3(1 — x)dx = =| Sx og? (1 — x)dx 
nJjJo 1l-x n Jo 


i=l 


4 n 1 a 4 n 4 n HB ite 3H; HO te aH®) 
=—- og? (1—-x)dx =-- 4 K; = a 
n a i. Os Ue) n Dy ‘ n a i 
i=] i=) t=] 
(3.8) 
For the last sum in (3.8) we can use again Abel’s summation to get the desired result, 
as at the previous points of the problem, but this time we might prefer to recall 
and use the complete homogeneous symmetric polynomial, hx (x1, x2,...,X%n) = 
<i <in<..-<ip<n i Xin ++ +Xiz, Which we'll want to further express in terms of 
power sums, px (x1, X2,..-,Xn) = ae + toot cen using the recursive relation, 
n 
nhy = y Pkhn—x (see [45, p. 23]). Inspecting the small cases, we easily observe 
k=1 
we have that hy = pi, hz = (pj + p2)/2,h3 = (pj + 3p1p2+2p3)/6, ha = (pi + 
6p{ P2+8pip3s+3p3+6pa)/24, hs = (pp +10p; p2+15 pi p3 +20} p3+20p2p3+ 
30p1p4 + 24ps)/120. Alternatively, to get hy expressed in terms of px, we may 


3.3. Four Logarithmic Integrals Strongly Connected with the League of... 63 


[o,@) [o,@) 
inspect the coefficients of the generating function, > th. = exp (> e m), 


k=0 k=1 k 
[o,e) [o,@) 1 
hich be derived by using th ting function, th, = . 
which Can be derive y using the generating function 2 k I] 1 — 
— = 


If we take a look at the sums from the previous points, we notice immediately we 
are interested in h4 expressed in terms of power sums, and write that 


me PEL anne t{(Sn) +6(Sx) (Se) 


i=1 j=1 


n n n 2 n 
ay » n) (> “| 43 (> “| as 6x). (3.9) 
k=1 k=1 k=1 k=1 


Now, it’s easy to see (already knowing the sums from the previous points) that 


2. 
yi H3+3HjHO+2HO |S e 


appa =-y yt Se 


l 
i=1 i=1 ja ee © 


575 tht 4 6H HO B43 (7 (4) 
=6 ag tae + 6H. + 8H, HO +3(H?)?+6H), 
i=l j=1 k=1 l=1 
(3.10) 
where for getting the last equality I set x, = 1/k in (3.9). Thus, by plugging the 
result from (3.10) in (3.8), we conclude that 


; n 773 (2) (3) 
_ 4. H3+3H,.H® +2H, 
Ly = [ x” Mogt( x) _ 7 y k a k 


k=1 


_ AA + OHH + 8H, HO + 3(HOY + 6H” 


’ 


n 


and the calculation to the fourth logarithmic integral is finalized. 

More generally, after checking the small cases, the curious reader might observe 
the general case involving log” (1 — x), with m a positive integer, may be expressed 
in terms of the complete homogeneous symmetric polynomial, 


: —1)"m! 1 1 
[toga = 9dr = 5 in (1 ae ). 3.11) 
0 n n 
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We want to prove the result in (3.11) by induction on m, and assuming that 


1 m—1 
-1 — 1)! 1 1 
/ xo log”! —x)dx = Gest Aa a @ xe ~), and using 
n n 
the integration by parts, we have 


1 1 fi 
i x"! log™ (1 — x)dx = a (x” — 1)‘ log” (1 — x)dx 
0 n Jo 


1 n n 1 
= 
= "| ~ jog (1 —x)dx = -= 5 mi x*log™ 1 — x)dx 
0 x—1 ae 


n 


n 


(-1y"m! 1 1 1 (—1)"m! 1 1 
= ——— —hm_ {1 ee = hm \1 oe 
- > k m—1 , os , k ms m , 2’ , ra , 


k=1 


and the result in (3.11) is proved. Also, we may observe that every integral can 
1 

be viewed as a particular case of the Beta function, B(x, y) = / i _ 
0 


u)'du, R(x) > 0, RO) > O (see [94], [61, Chapter 6, pp. 53-70], and [78, 
Chapter 1, pp. 9-11]), which we can use to derive the results differently. 

The first two integrals, 7, and J,, also appear in two of the papers I published 
(in one as co-author) in [93] and [86], where they were successfully used for the 
derivation of two harmonic series, or in [28]. The integral J, may also be found in 
4,293.8 from [30]. 


3.4 Two Very Useful Classical Logarithmic Integrals That 
May Arise in the Calculation of Some Tough Integrals 
and Series 


Solution Both integrals appear in the precious book Polylogarithms and associated 
functions by Leonard Lewin (pp. 159-160), so well described in the Foreword of his 
book prepared by the Professor of Mathematics, A.J. van der Poorten, Macquarie 
University, Australia, This is a delightful book filled with extraordinary identities 
and wonderful formulas. In general, you'll find in there all you need about the 
Polylogarithm function, from definitions to sophisticated identities, formulas of 
great help in the calculations with integrals and series. It’s a truly extraordinary 
work on the Polylogarithms we’ll want to return to in our journey through the 
book. Also, one may find both integrals in the famous series of books Integrals and 
Series by A.P. Prudnikov, Yu.A. Brychkov, and O.I. Marichev (see [68, Chapter 1, 
pp. 251-252)). 
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The solutions below follow the same simple idea presented in Lewin’s book 
which is mainly based upon applications of the integration by parts. Then, for the 
integral from the point 7) we start with the integration by parts that yields 


*log*(1—t me * Jog(t)log(1 — t 
/ ENED esis o +2 log() log — 4) 
0 t t=0 0 1-t 


* log(t) log(1 —t 
= log(x) log?(1 —x)+ 2 | Se a 
0 = 


= log(x) log?(1 — x) + 2f (Lin(1 — 1)’ log(1 — n)dt 
0 


t=x x : 
Lin —t 
9 if both =) a 
t=0 0 


1-t 
t=x 
i.) 


= log(x) log?(1 — x) + 2log(1 — x) Lip(1 — x) — 2Li3(1 — x) + 2¢(3), 


= log(x) log?(1 —x)+2Lin(1 —1#)logd —1r) 


= log(x) log?(1 — x) + 2log(1 — x) Lip(1 — x) +2 (- iB eva Ree 2 


and the solution to the first logarithmic integral result is finalized. 
To calculate the integral from the point 77), we start with the integration by parts 
as we did in the previous integral, and we get 


*log*(1+t 
[oa = ogy oe +0 
0 


arg * log(t) log(1 + t 
2 | og(t) log + 4) 4 
1=0 1+t 


* log(t) log(1 + ft) 
1+t 


dt 


= log(x) log?(1 + x) 2 f 
0 


log(1 + t) + log (5) log(1 +t) 


1+t 


dt 


= log(x) log?(1 + x) ai ( 
0 


, log (15) log(1 +f) 
1+tf 


dt 


*loo2(1+t 
= log(x) log2(1 +x) 2 f et aaaey a} 
0 +t 0 


2 1 : 
= log(x) log?(1 +x)- 3 log? (1 +x)- 2 f (i (5) log(. + t)dt 
0 


66 3 Solutions 
t=x 
1 +t _) 
+2 an ee er 
——=—= 1 ———|, 
Ge Maer Nee 
2 2,3 : 1 
= log(x) log*(1 + x) — 3 log? + x) — 2log( + x) Lig = 


+x 
1 t=x 
2{ — Lis | —— 
+2(-10(55)|_,) 


2 1 
= log(x) log?(1 + x) — = log3(1 + x) — 2log(1 + x) Lin ( —— 
3 1+x 


= log(x) log?(1 + x) — ; log’(1 + x) — 2( Li (=) log(1 +t) 


1 
—2Li3 (5) + 2¢(3), 


and the solution to the second logarithmic integral result is finalized. 

For instance, the integral result from the point 7) appears in the derivation of the 
last two generating functions from Sect. 4.10, and we will want to have it ready in 
hand at the right time. 


3.5 A Couple of Practical Definite Integrals Expressed 
in Terms of the Digamma Function 


Solution Both integrals prepare us for an introduction to the terrific Digamma 
function since they are expressed in terms of the mentioned function, and let’s 


remember that Digamma function is defined as the logarithmic derivative of the 

d I'(x) 
G function, = — log(l’ = 
amma function, w(x) Te og(I"(x)) FQ) 


. Since in the book we’ll have 
to deal a lot with the harmonic numbers, one might also like to know that the 
n 
extension of the harmonic number, H, = yw —, for the non-integer values of n, is 
k= 
achieved through the Digamma function relation, H, = (n+ 1)+y, which is very 
useful in many cases. If you’re interested to learn more about Digamma function, 
a beautiful introduction together with various, superb integral representations of it 
may be found in [61, Chapter 10, pp. 119-143]. Also, both the integral from the 
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point 7), with the first equality, and the integral from the point i7) appear in the same 
book in [61, Chapter 11, p. 146, p. 153]. 


As regards the point i) of the problem, to prove the first equality, we 


make use of the series representation of Digamma function, W(x) = —y + 
CO 
1 1 
> ( -— —) , and then we write 
San Xe +1 n+x 


1 xsl 1& ee 
d = =| n— STn— d 
[ Es x [ pa yx x 


n=1 


{change the order of summation and integration} 


oo 1 lone) 1 
= -] ea xo tn—2qy =: _] n—-1 
By vty EN Si 


n=1 


{rearrange the sum considering n odd and even} 


ays 1 l 
ire 2nt+s—2 2n+s-1 


{add and subtract 1/(2n) under the sum} 


1 1 1 1 1 
=5>(- n+(s—1)/2 (- <)) 


Pea 2 i cae \ 
OG =a Be =m) 


{reindex both series and start from n = 0} 


ip em 1 1 =p 1 
-3(S(4 saa) ae +n) 


n=0 


{make use of the series representation of the Digamma function stated above} 


1 l+s Ss 
=5(¥( 2 ) ¥(5)). 
and the first equality is proved. 
To prove the second equality, 
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1 (¥ ($2) -¥(8)) =e ¥ (8) tee 


we make use of the formula in [1], pp. 258-259, 


1 1 1 
wQx) = 7 ¥@) + av (: + 5) + log(2), (3.12) 


where upon replacing x by s/2, we obtain that 


1 Ss 1 l+s 
vor =50(5) +54 ; ) +1080, 


and the second equality is proved. 

A first fast way of proving the result in (3.12) relies on the use of the Legendre 
2-Ireyr (z+4) 
Wha 
(e.g., it can be proved by combining Beta function and Gamma function as shown 
in [112]), where if we take log of both sides and differentiate, we obtain the desired 

formula. 
Now, to prove the result in (3.12) differently, we start with (2x), and we write 
that 


duplication formula in [1], p. 256, which states that "(2z) = 


= 1 1 
vane) (ay- oe 
n=0 


{split the series according to n even and odd} 


= 1 1 uae 1 1 
Sat + 
f PB em nem) 3 Cae ae) 


= 1 1 1 1 
ala Ga In +2 M42 nem) 


[ee 


1 1 
+ 
pa Cee Tian) 


{split the first series} 
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CO [o.@) 
1 1 1 1 1 
= ( ) 7+ =| ) 
4 2n+1 2n+2 2 2 n+l n+x 


n=0 
ee) 1/20) 
Y 1 = 1 1 _ 1 : ; 
ead rei) =e + 5we + ou(x +5), 
1/2W(x + 1/2) 


and the point 7) of the problem is finalized. 

This second equality is not immediately obvious, but it is important to be aware 
of it, and we might like to keep it close to us when passing to the next sections 
(where we’ll find it very useful for a particular section). 

Next, for the point ii) of the problem, letting the change of variable x = 
—log(./t), we obtain 


oo 1 fit 1 1 py/2-1 1 9/2 
ik tanh(x)e*dx = = i gdp / dt / dt 
0 2 0 1+t 2 0 1+tf 0 1+t 
{both integrals are cases of the integral from the point i)} 
1 y+2 1 y 1 y 
- 1 *) 
oC Gera ard Co ri ae 
; : . 1 
{fo the last Digamma function, use the recurrence relation, w(x + 1) = w(x) + -— 
x 
1 y+2 y 2 
=7(¥( 4 ) ¥(Z) s): 


and the point ii) of the problem is finalized. 
Alternatively, to calculate the integral we may use the result? in 3.311.11 from 


[30], 


?To point out an idea of proving the result, one might note that r — s > 0, and writing that 


OO pPxX _ 9qX oo o(p—r)x _ e(I-")x ; : ; , 
/ ey AX = ij i Tne dx, and then using the geometric series combined 
0 er er 0 =eEevrres 


p-r ©O oPX _ IX 
xe*“du, we arrive at / ————_dx = 
0 


with the fact that e?—-"* — eG@-* = ‘ — ; 
q elx ae esx 


= _ 


oo © p-r G0 p-r co 
/ pe es (/ rea) dx = y} (/ eG) du = 
0 q-r n=0?d-T 0 


n=0 


— 1 1 1 r—q r—p 
Yes ws) ~ — (v(=*) v(=*)), 


n=0 
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OO BPX _ pgXx 1 = = 
/ e e dies i r—q ij r—p 
o ee et r—s r—s r—s 
wherer >s,r > p,andr > q. 
The integral from the point ii) might be preferred instead of the integral from the 


point 7) in some calculations, and in one of the next sections we’ll be convinced of 
its usefulness during the derivation of a curious helpful series. 


3.6 A Useful Special Generalized Integral Expressed 
in Terms of the Polylogarithm Function 


Solution Why to take into consideration such an integral? Where is it useful?, a 
couple of questions one might immediately ask. On the other hand, physicists might 
react saying This looks like a disguised form of the integrals of the Bose-Einstein 
and Fermi-Dirac distributions. And, yes, to see this we might simply let the variable 
change x = e~ in the main integral and then compare it with the integrals (3) and 
(4) that appear in [117]. In fact, we have in front of our eyes a formidable integral 
which plays an important part in the derivation of some very useful results we'll 
want to employ for some of the problems in the book. 


Without loss of generality, we assume that 0 < y < 1, and then we write that 


Jog” (x) 1 ' log” (x) 
dx = dx 
o Lo—y+ yx ae a oe 


y-1 


ia 
n 
oa log ( . 

0 


y 1-t 


1 s9/0-D —1 
& ~ | (log(1 — 1))' log” (2 ) dt 
y Jo y 


{apply the integration by parts} 


where the last equality is obtained by using the Digamma function series definition, 


=f 1 
¥@)= 4D Ces =) 
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1 _] t=y/(y-)) 
= = log(1 — 1) log” (=) 
y y 


0 


y/Y¥-) Joo(1 — t =] 
"| log(1 — 1) log’! (=) dt 
y Jo t y 
y/(y-)) _] 
Sam / (Lin(t))' log"! (1) dt 
y Jo y 


{apply again the integration by parts} 


= 
=" Lin(t) log"! (1) 
y y 


0 


—~1) 73/9-) Litt =A 
_n(n—1) [ ia gyn? € ) " 
y 0 t y 


es y/Q-)) aA 
eae i (Li3(t))’ log”? (1) dt 
y Jo y 


{apply the integration by parts for another n — 2 times} 


t=0 


t=y/(y-l) 


t=0 


= (-1)"" 


n(n — 1) — 2)-++1 fo Lin) 4, 
y 0 t 
t=y/(y-)) 


= (pe (t) 
= y n+l 


t=0 


Ling (4) 
= (-1)"'n! 2 
y 


’ 


and the solution is complete. 


Alternatively, when working with y © (—oo,0), we note that 0 < 


ee < 1, and we can use the geometric series for the calculation of 


1 i log” (x) 
dx. 
se a eee 


y-1 
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The use of the generalized integral in the present book is essential for expressing 


x : é ' : 
:) in terms of series involving the 


the Polylogarithms of the type Li, ( 


harmonic numbers as we’ll see in the chapter Sums and Series. To have an idea 
on how these series would look like, before arriving to the dedicated section from 
the next chapter where I treat such series representations, it is enough to recall the 
well-known Landen’s identity (see [44, Chapter 1, p. 5], [78, Chapter 2, p. 107]), 


1 
Lip (x) + Lin ( a :) = 5 log? (1 x), together with the series representations 
t= 


ntt_Hn _ 1g ay Li 
De: yet oes x) an 2 12(x). 


3.7. Two Little Tricky Classical Logarithmic Integrals 


Solution The first encounter of a newcomer, a less experienced one with such 
a pair of integrals could be a memorable one, and probably being very satisfied 
at the moment of finding a solution since they might appear pretty challenging. 
Then, once a solution has been found, one shouldn’t be much surprised to see other 
challenges around the same integrals like How would you calculate them without 
using Polylogarithms? or How would you calculate them without using special 
functions at all, no use of Polylogarithm, Beta function? and so on. 


For a first solution to the point i) of the problem, let’s recollect the integral? 
representation of the Beta function given in 3.216.1 from [30], 


1 ya-l 4+ x57! 


Differentiating both sides of (3.13) with respect to a (once) and b (once) and then 
letting a, b — 0, we get 


1 ya-l 4 yb-l 
3If we denote the integral by J = i dx = B(a,b) and then make the change 
o (t+ xjatb 
co ya-1 4 yb-l 
of variable x = 1/y, we arrive at J = ; dx. Adding up the two integrals, 
y (itxyere 


1 foo) xe! + xo! 1 oo xa! foo) xo! 
we get J = i dx = / dx + / dx) = 
% 0 el + xjarh 2 0 el + xjarh 0 d+ xyarb 


1 
3 (B(a, b) + B(b, a)) = B(a,b), where I used that B(a, b) = B(b,a), due to symmetry, and 


xe! 


d+ xjarb 


= y in the last integral, we obtain the definition of the Beta function, 


oO 
the integral representation of the Beta function, / dx = B(a,b). If we make the 
0 


change of variable : 
1+x 


1 
B(a, b) -|/ td =n?" de. 
0 
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(es +x) log(x) log(1 +2) 
ay dx 
0 


XxX Xx 


=f log +x) of log(x) log(1 +) a? 
0 0 


= x = lim 
x x a—>0 
1 
{use the integral representation of Beta function, B(a, b) = / Fae ad —x)P-lax} 
0 


hl log(x) log(1 — X) ay 2 [ log(x) log(1 — *) ay +f log(x) log(1 — *) ay 
0 x(l—x) do 0 1—x 


x 


{the two integrals in the right-hand side are equal, and to see} 


{that use the change of variable | — x = y in either of them} 


fa a log(x) log(1 — #) ae 
0 


Xx 


from which we extract the value of the desired integral, 


[ log +x) 5 [ log(x) log(l = x), xtey | i log(y) log — ¥) 4 
0 x 0 x 4 Jo y 


n—1 


Ah Pia (ak gt 
=—- log(y)dy = -- ) = / y""! log(y)dy 
if d n 423; 0 


gesagt (a | 
=7 a =O: 


n= 


a 


which finalizes the first solution to the point 7). 

For a second solution, we might like to use a powerful (and easy to apply) 
technique based on the use of the elementary algebraic identities, exceptionally 
efficient when dealing with some logarithmic integrals. 

Let’s start with the well-known algebraic identities (A + B)* = A? +2AB + B? 
and (A—B)* = A*—2AB- B? that if we add up, we get that (A+ B)?+(A—B)? = 


1 
2A? + 2B? or 5 ((4 SB Aa Bye 2A?) = B”. Setting in the last identity 


A = log(1 — x) and B = log(1 + x), dividing both side by x, and then considering 
the integration over both sides, from x = 0 to x = 1, we get 


[ log? (1 +x) 
——_——dx 
0 


Xx 
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1 f! log? — x? 1pid 1- 1 Joe? — 

= / og ( arts f log? * ) dx i Ge) Ge, 
2 Jo x 2/0 x 1l+x 0 x 
——————— ——_—__ OS i” 


x Y 


: : : (3.14) 
For the integral X in (3.14), we obtain 


1 52 2 1 152 1 x 
log*(1—x7) | 1-=y f log*(y) ff 4. 3 
[ = x ar a : > y’ log*(y)dy 


Tey n=l 
=. "1 Io9?(y)d ee (3) (3.15) 
=5 ; y B O)dy = 2 a = SQ). : 
n=1 n=1 


Then, for the integral Y in (3.14), we get 


1 1-x 1 2 1& 
1 l—x btay log*(y) = 
Y= | 2 d 1x2 2f d =o} 2(n Dy 2 d 
[ og (=) x | awe : du? og’ (y)dy 


x 


oo) 1 00 
1 7 
=) i y2@-) Jo 2( )dy =4 ———_— = =F (3), (3.16) 


Lastly, for the integral Z in (3.14), we have 


lata if Las idre a2 
at log (=x) Para f logs 2 < Yay = 2203), (3.17) 


x 0 


since Z = 2X, and X is the integral in (3.15). 
Collecting the values of the integrals X, Y, Z from (3.15), (3.16), and (3.17) in 
(3.14), we obtain that 


1 2 
/ Ce ee (3.18) 
’ 4 


x 


and the second solution to the point 7) is finalized. 

Historically, as I have recently found, we could say that such ways exploiting 
the algebraic identities have been used for successfully defeating the logarithmic 
integrals at least since PJ. De Doelder published the article On some series 
containing W(x) — Wy) and (w(x) -— w(y))? for certain values of x and y (1991), 
and we shouldn’t be surprised if finding even older sources with such strategies, 
considering the simplicity of the method. 

For a third solution, the value of the integral is obtained by considering the more 
general integral in (1.9) which leads to 
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1 Joe?(1 
/ og” ( +*) 4 
XxX 


= 26 (3) — = 1og3(2) —2log(2) Li (5) 2Lis (=~) = 2203) 
0 eee ge daa ©) a eee 


and the third solution to the point 7) is finalized. In the calculations I used the special 
value of Dilogarithm function, 


Li ee 2) — loe?(2 3.19 
in| 5 = 56) — log’), (3.19) 


and the special value of Trilogarithm function, 


Lig (;) = 77) = *@) log(2) + oe3(2), (3.20) 
2 8 2 6 


you may also find in [78, Chapter 2, p. 114]. How do we derive them? We need the 
relations, 


Lip(x) + Lin(1 — x) = £(2) — log(x) log(1 — x) (3.21) 


and 


is (=) + Li3(1 — x) + Lis(x) 


= ¢(3) + €(2) log(1 — x) — 5 log(x) los? x)+ = log x), (3.22) 


we find in [44, Chapter 1, p. 5], [78, Chapter 2, p. 107], and [44, Chapter 6, p. 155], 
[78, Chapter 2, p. 113]. Setting x = 1/2 in (3.21) and (3.22), we get the special 
values mentioned above. In Lewin’s book one can also find a derivation of the 
relations I used. 

In order to calculate the value of the integral from the point i7), we may take 
benefit of the value of the integral from the point i), and returning to the identity 
(A+ B)* = A* + 2AB + B? where we set A = log(1 — x) and B = log(1 + x), 
we get 


log?(1 — x”) = log?(1 — x) + 2log(1 — x) log(1 + x) + log’(1 + x), 


and if dividing both sides by x and then integrating from x = 0 to x = 1, we obtain 


Xx 


1 ' Jog?(1 — x?) 'Jog*(1 — x) 'og7(1 + x) 
= dx dx dx 
2 0 x 0 x 0 Xx 


{the value of the first two integrals are given in (3.15) and (3.17)} 


[ log(1 — x) log(1 +x) 
0 
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5 


= —35@) 


and the point i7) of the problem is finalized. 
Also, if we use algebraic identities in the last integral, it’s easy to note 


! 11,2 2 

log(1 — x) log(1 1 f} log2a — 
we can write that / eee aD as = if si Sa ) ax 
0 x 0 


x 


i ina | 1- 
i; log? s dx, which offers an easy alternative way of making the 
4 Jo x 1+x 


calculations without using the value of the integral from the point 7). 

As a final note of the section, the integral calculation technique involving the 
manipulation of the algebraic identities is good to be kept in our toolbox before 
passing to the next sections. Also keep in mind that Beta function can be very useful 
in many calculations (if we are inspired to choose the right representation of it). 

Other different ways of evaluating the integral from the point 7) may be found in 
[51] and [52]. 


3.8 A Special Trio of Integrals with log”(1 — x) 
and log” (1+ x) 


Solution If you followed the solutions from the previous section, I guess you might 

propose immediately the use of the algebraic identities technique employed there 

to deal with the integral from the point 7), and eventually this will lead you to 

the desired answer. In the integrand we have squared logarithms, but how about 

if having, say, 5 or higher integer values instead of 2 for both logarithms, like 
1 


7 log? (1 — x) log?(1 + x)dx? Is there a shortcut? 
0 


For the part i) of the problem, we can start with the following integral 
representation of the Beta function, 


1 
/ d—2) 1a +2) 1dt = 27-1 Ba, y), (3.23) 
-1 


1 
which is derived from the Beta function definition, B(x, y) = / u*—!d—u)?~!du, 


by making the change of variable | — 2u = f, and at the same "tae it can be viewed 
as a particular case of the result in 3.196.3 from [30], i =a =x)" de = 
(b — a)“*"—! Buu, v). Then, by differentiation, we bial 

4 


C) 
ax2dy2 


(2B, y)) 
(3.24) 


1 
i (1 —1)"~! log?(1 — 1)(1 +8)?! log? (1 + dt = 
= 
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Therefore, considering the result in (3.24), we have 


1 4 

log2(1 — t) log2(1 + dt = li ers ) 

i og’ (1 — t) log*(1 + ¢) el ax2ay2 (x, y)), 
y> 


1 1 

and if we use that f log?(1 — t) log?(1 + t)dt = 2 | log?(1 — t) log?(1 + r)dr, 
-1 0 

due to symmetry, we get 


1 4 

= hi 

4 xo ax2dye 
y>l 


1 
/ log?(1 — t) log?(1 +. t)dt = ("7 BG y)). (3.25) 
0 


For the right-hand side of (3.25), we might prefer to use Mathematica to accomplish 
the calculations and conclude that 


1 
/ log?(1 — x) log?(1 + x)dx 
0 


= 24 — 8¢ (2) — 8¢(3) — ¢(4) + 8log(2)g (2) — 4 log” (2)g (2) + 8 log(2)¢(3) 


—24 log(2) + 12 log?(2) — 41og>(2) + log*(2), 


which is the desired result. 
More generally, we can use the same strategy employed above to calculate the 
1 


generalized integral, i log”(1 — x) log”(1 + x)dx, n > 1, that can be expressed 
0 


as 


a 2n 


1 
1 ' 
/ log”(1 — t)log”(1 + t)dt = — 1 (2° B(x, y)). 
0 


im ——— 
4 x31 Ox"dy"” 
yl . 


Once again, we have seen that by a creative use of the Beta function, we manage 
to arrive at beautiful, (and often) simpler solutions. 

Alternatively, we might start by considering the following algebraic identities 
(A+B)* = A*4+4A? B+6A?B?+4A B34 B4 and (A—B)* = A*—4A? B+6A?B?— 
4A B? + B* that if we add up lead to (A+ B)*+(A—B)* = 2A*+2B4+12A?B? or 
A*B* = 5 ((A ey (A= By a 24" = 2B‘), where we set A = log(1 — x) 
and B = log(1 + x) and then consider the integration from x = 0 tox = 1. 

For the point ii), we use the identity suggested for the alternative way above, 
where if setting A = log(1 — x) and B = log(1 + x), then dividing both sides of the 
identity above by x and integrating from x = O and x = I, we get 
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[ log? (1 — x) log?(1 + x) 
dx 
0 


x 


1 fs! log*( — x2 1 fii _ 1 sf! logtd — 
= [= uae / log4 * ) dx [= Avie 
12 Jo x 12 Jo x 1+x 6 Jo x 
™" —>_ ee 


ee 
qi bh I 
1 f! log*d 
/ Oe ae. (3.26) 
6 0 Xx 
I4 


For the integral /, in (3.26), we have 


1 4 2 1 4 1& 
1 1- —2=y 1 1 1 
i / og" ( x dae 1—x*=y / og O) ay =f yi log*(y)dy 
0 0 0 


. : I y n=1 
1S! 1)..4 ll 
— oe —= _ 
=5 Di), y" log*(y)dy = Da =z = 12565). (3.27) 
a n= 


Then, for the integral /> in (3.26), we get 


1 l—x 1 4 1 @& 
1 1-—x Tray log’ (y) = 
b= {| —log* dx t= 2 | dy =2 2™—D logt(y)d 
2 [ Pe (=) ie tae F du) g (y)dy 


CO foe) [oe 
1 1 1 93 1 93 
4 = 48 = = 2) 
» (2n — 1)5 (> 5 De as) 2: 2 2 £(5) 
1 n=1 n=1 n= 
(3.28) 
Further, for the integral J; in (3.26), we have 
Mogt( — =y? f)log*(1 — y? 
bes / log'—*) 4. *= 2 | a = 24¢(5), (3.29) 
0 x 0 y 


since 13 = 2/;, and J, is the integral in (3.27). 
Lastly, for the integral /4 in (3.26), we have 


1 ined 1 1 4 1 net 1 ino4 
it 1 m= ] 1 it 
n= f og +) 4 HE a. og"(y) re =| og Pays | og Way 
0 x 12 yd —y) 2 sy 2 1-y 


7 jog! Oa : * 08") ay = 1 top) + / " 7 y" log(o)dy 
5 ae by 2 1/2 


n=1 
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= Flog 52)40 [> "log (y)dy 


n=1 


1 1 1 
5 4 
= 5 log? (2) + 24 ) x log"(2) ) mn 


n=1 n=1 


CO 


fore) [o,@) 
1 I I 
2 
—12log*(2) 5 ion 9K) > apn 240 2H 
n=l n=1 


n=1 


4 3 Pe 2 _ fl 
= 24¢(5) — 5 log? (2) — 4 log? (2) Lia ( 5 } — 1210g7(2) Lis ( 5 


1 1 
—24 log(2) Lig | = ) — 24Lis | = 
og(2) Lig (;) is (5) 


= 4 log? (2)¢(2) — = log? (2)¢(3) + 24¢(5) — = 5 log’ (2) — 24log(2) Lig (5) 


1 
= Ali (5) 


where in the calculations I used the special values in (3.19) and (3.20). 
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(3.30) 


Collecting the values of the integrals 1), I2, 13, and J4 from (3.27), (3.28), (3.29), 


and (3.30) in (3.26), we conclude that 


[ log?(1 — x) log?(1 + x) 
dx 
0 


x 


15 


1 
4Lis { — ), 
+ is(5) 


and the point ii) of the problem is finalized. 


2 7 25 1 
= = log? (2) — 5 log" (Dea +7 7 os” (2)¢(3) — |Z sO) + 4log@) Lig (5) 


A different approach based upon a reduction to the calculation of the harmonic 


series may be found in [122]. 


The integral from the point iii) is a special integral which naturally arises in 


the calculation strategy for what is called A darn integral in disguise from the next 
section. It seems to be a resistant integral, it also appeared in [47], and at the moment 


of finalizing the book was still without a full solution for some years. 
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1 
Using the same algebraic identity, A7B* = 6) ((4 + B)*+(A—B)*—2A* 


—2B*), setting A = log(1 — x) and B = log(1 + x), then dividing both sides of the 
result above by | + x and integrating from x = 0 to x = 1, we get 


ih log?(1 — x) log?(1 + x) 
dx 
0 1l+x 


1 f! loge*( — x? 1p 1- 1 sf! logtd — 
= / pee Megs / log’ * ) dx / og ( ie 

12 Jo 1l+x 12 Jo 1+x 1+x 6 Jo 1+x 
ee ee, ns 


Ji Jo J3 


3.31 
6 1+x ( ) 
—————— 


J4 


1 [ logt(1 +x) 
dx 
0 


From all the resulting integrals, the integral J is by far the trickiest one, and 
what we would like to do is to reduce it to a Beta function form, and then we write 


l oet(1 — x? log*(1 — 
eal “a x a= fu-» a 2s 
0 


o Manes. 


2Jo JY Ly 
1 Pye 

=-— Y (log5(1— y)) ay 
10Jy Vy 


{apply the integration by parts} 


1s yl 1 fr! log5( — y) 
= “10 oe! (_—y) 5) i 3/2 dy 
0 
1 a 
= lim B(x, y) 
~ 20 = Ae ays 
yol 


= © los® (2) — 16 log? (2)¢(2) + 48 log? (2)¢(3) — 54 log(2)¢(4) — 24¢(2)¢(3) 
+72¢(5), (3.32) 


where we might prefer to use Mathematica to accomplish the calculations. 
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3.8 A Special Trio of Integrals with log?(1 — x) and log?(1 + x) 


At this point, the careful reader may worry that the Beta function 
PxX)r(y) 


1 
Bix n= f em dary a= Tasty) 


is not defined for x < 0. However, its derivative with respect to y, 


1 
5, BU, y) [eta 9 Noga = pat = Be HO) Ww + y)) 


is defined for x > —1, so this is not an issue 


Further, for the integral Jz, we get 
1—x)\, a-»sd+n=y [! log*(y) 
) dx = / ——d 
o ity 


k= pa log’ 

r= f fen. = = 
1 

-{ Ye 1y1y" Hogl(gydy = SC)" tf 9" Mogt ody 


n=l 
452.1 45 
)- eer 


n=1 
(3.33) 


=4e Des som 2 ; oe 
n=1 


Then, for the integral J3, we obtain 
% -[ log'( =x). I-x=y [ log*(y) 4 a4 log") 4, 
0 1 +x 0 2: —y 2. 0 1 ae y/2 


“5 [SEY veo 


{reverse the order of summation and integration} 
(3.34) 


= » n—1 4+ _ y = 
For the last integral, J4, since we have an elementary antiderivative, we get 
(3.35) 


1 


11,4 

log’*(1 + x) 5 
Ig = dx = =1 2). 
4 [ ica 5 les @) 
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Upon collecting the values of the integrals J), J2, J3, and Ja from (3.32), (3.33), 
(3.34), and (3.35) in (3.31), we conclude that 


[ log?(1 — x) log?(1 + x) 
dx 
0 1+x 


63 9 : 4 4 
= 3 f°) — 5 log(2)o(4) + 4 log" (2)¢ (3) — 3 es (2)§ (2) — 26(2)6 (3) 
T i932) = ais ( = 
Tage is(5), 


and the solution is finalized. 
With the last result in hand, we are ready to confront a truly challenging 
logarithmic integral, the integral from the next section. 


3.9 A Darn Integral in Disguise (Possibly Harder Than It 
Seems to Be?), an Integral with Two Squared Logarithms 
on the Half of the Unit Interval 


[o,@) 
H, 
Solution If it happened to play with the series y = you possibly arrived at 
n Qn 
a= 


some point at the integral we want to calculate, and maybe you also realized soon 
it’s a hard nut to crack. Now, it’s worth mentioning (especially if you didn’t meet 


En En WO A, 
. n n n . 
them before) that the series of the type > an a “aon” ~ 739R together with 
n=1 n=1 n=1 
the one mentioned above (and there are also other variations) are very useful in the 


calculation of many integrals. In fact, the integral we want to calculate now will help 
us to obtain a critical relation that if combined with other relations, we’ll manage to 
extract the first series mentioned above. 


The first step is to reduce the integral to the calculation of the integral version 
from x = 1/2 to x = 1, and we write 


, log? (x) log?(1 -*), ([ [ ) log? (x) log?(1 -*), 
x = X 
0 x 0 1/2 x 


! Jog? (x) log?(1 — x) ' log?(x) log?(1 — x) 
= dx dx 
0 x 1/2 x 


I 
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d Hy 
=2} ya | Hn tog aya —1 = 2 ae log? (x)dx — I 


n=1 n= ie 


wn nt — Wn +1) 
~4U Gap aaa (n+ 1)4 


n=1 


{reindex both series} 


[o.@) H, [o.@) 
= aD oe ae =f = 8t(5) =4t@2)tG) = 1. (3.36) 


' Jog? (2x) log? (2(1—x)) eo 


The second step is to express the integral J using J= : 
x 


1/2 
But why? you might curiously wonder. It may not be immediately obvious, but with 


1 
the change of variable x = =, the integral J becomes 


’ 


(3.37) 
which is precisely the integral from the previous section I already calculated. 
By expanding the first integral in (3.37), we obtain 


' log?(2x) log?(2(1 — x)) ' Jog*(1 + y) log?(1 — y) 
J — dx => d 
1/2 x 0 l+y 


i. log? (2(1—x)) log? (2x) ‘ ' dog(2) + log(1—x))? (log(2) + log(x))? 4 
x= xX 
1/2 x 1/2 x 


ly aa" 
log) 4. 4 log? (2) log"@) ay 
x 


1 
1 
= log*(2) / —dx + 21og?(2) 
1/2 x 1/2 1/2 Xx 


' log — 14 oe 
2 1og3(2) if 080 =) 4 4 410g2(2) i loge) lop) 
Me e 1/2 


x 


log? c _ ¥) ae 


' Jog?(x) log(1 — x) 
x 


+2l080) | dx + log 2a f 


ly log?(1 — ! Jog*(x) log2(1 — 
4210802) [ og(x) log“ ( art f og” (x) log*( *) a 
1/2 1 


X /2 X 


84 3 Solutions 


log(1 ae log(1 — 
= 5 log’ (2) + 21og3(2) i: eax +4 log? (2) i Z0e\H) WED) 5 
1/2 x 
Na” 
Ji Jo 
' log?(x) log(1 — x) ' log? ODay 
+2108(2) | dx + log 2 f ——_— 
1/2 x 
ee 
J3 J4 
ry log?(1 — l. Ieee tl = 
21082) | og(x) log*( Part [ og* (x) log*( *) ae (3.38) 
1/2 x 1/2 x 
Js I 
For the integral J) in (3.38), by using the Dilogarithm function, we have 
' log(1 — x) ia fl 
Ji = dx = Lig (x) = Lip = — Lip (1) 
1/2 x x=1/2 2 
{use the special value of Dilogarithm function in (3.19)} 
1 2 
= —5 (52) +log"@2)). (3.39) 


Then, for the integral Jz in (3.38) we apply the integration by parts, and we get 


1] log(1 — 
b =p og(x) log( *) a = 
1 


/2 * 


1 
i log(x) (Liz (x))'dx 
1/2 


x=1 


= — log(x) Lix(x) 


Xx 


= — log(2) Lip (5) =iiy (5) + Li3(1) 


{use the special values of Dilogarithm and Trilogarithm functions in (3.19) and 
(3.20)} 


x=1/2 


=  Lio(x) ny aa ee 
+ ——_ dx = — log(2) Lin | = ] + L(x) 
x=1/2 1/2 2 


- 3424 20) (3.40) 
= 3° 3 og ; . 
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For the integral J3 in (3.38), we have 


1 Jog*(x) log(1 — 
n= og’ (x) log( *) ty = 
1 


/2 a 


1 
J cincy tog*anay 
1/2 
{make use of the integration by parts} 


= ig [ Li(x) log(x) | 
x=1/2 1/2 x 


= — Lig(x) log*(x) 


= log? (2) Lin(5 )+ af (Li3(x))’ log(x)dx 


x=1 1 : 
L 1 
= 2f ies (5) 
x=1/2 1/2 * 2 


+2 log(2) Li3 (5 ) a) i: (Lig(x))/'dx = log? (2) Lin (5) + 2log(2) Lis (;) 


= log?(2) Lin (5) + 2Li3(x) log(x) 


42 Lig (5) ~ 2¢(4) 


7 ey Te on ap (1 
= 7 log(2)¢(3) — 5 log”(2)¢(2) — 2¢(4) — -log*(2) + 2Lig( 5). 41) 


Further, for the integral J4 in (3.38), we write 


: log*(1 — x) (=x), -( 1/2\ Jog? ae =). 
a= ie oe 
1/2 x 


V 1657 (1 —#) 1/2 Jog*(1 — x) 
= dx dx 
0 x 0 x 


{for the remaining integrals, make use of the result in (1.8) with x = 1 and x = 1/2} 


3 . (il {il 7 1 3 
= log? (2) + 2 log(2) Lig 5 + 2Li3 5) = 462) + 3 log? (2). (3.42) 
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Next, we calculate the integral Js in (3.38), and we have 


j [ log(x) log? (1 4) 4 bas be pe log(1 — y) log? ay 
5= = 
1/2 x 0 iy 


{employ the result in (1.28), the case p = 1} 
1 4 
= —; (54) + log*(2)). (3.43) 


Collecting the values of the integrals J), Jo, J3, J4, and Js5 from (3.39), (3.40), 
(3.41), (3.42), and (3.43) in (3.38), we get 


1 2 _ 2 
| ae ax = log? (2) — 2 log? (2)¢ (2) + = log”(2)¢(3) 
1/2 x 6 4 


-< log(2)¢ (4) + 4log(2) Lig (5) +1, 


whence we arrive at 


rf wee I Dy. f log*(2U. = x) log*(2x) | 
1 


1/2 x /2 x 
1 23 9 . (1 
“% log? (2) + 2 log3(2)¢(2) — Flos” (2)6(2) = 5 loss (4) — 4log(2) Lig (5) 
{combine and employ the results in (3.37) and (1.17)} 


1 63 
= — log?(2)+ 5 = log? (2)¢(2) — "tog? (2)5 (3) — 26(2)53) + SO) 


15 
4 log(2) Li : 4Li : 3.44 
— 4log(2) is(5) - is(5). (3.44) 


Finally, by combining the results in (3.36) and (3.44), we obtain that 


i log? (x) log?(1 — x) 4 
X 
0 


Xx 


1 
= = 5808) — 26(2)6(3) — 5 log’ (Dé) +7 " tog? (2)¢(3) — ag Oe (2) 


1 1 
+4 log(2) Lig (5) + 4Lis (5) , 


and the solution is complete. 
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The present solution also answers the proposed challenging question of calcu- 
lating the integral by real methods. In a more recent paper, in [122], you may find 
[o,@) 


Hy 


a different derivation where one needs first the value of yoep to get the 


n=1 


n4 
Hn a 
value of y “aon” and then, with this, to extract the value of the integral. Note that 
n 


n=1 
in my solution one needs none of the mentioned challenging series. 


3.10 The Evaluation of a Class of Logarithmic Integrals 
Using a Slightly Modified Result from Table of Integrals, 
Series and Products by 1.S. Gradshteyn and I.M. Ryzhik 
Together with a Series Result Elementarily Proved by 
Guy Bastien 


Solution In the previous section we have dealt with an integral about I said it would 
help us to derive a certain harmonic series, but this time we’ll use the harmonic 


series to calculate the given integral. The calculation of the series involving the 
n 


generalized harmonic number of order m, H™ = > —,m>l1,meN, 
km 
k=1 
has old roots in the history of mathematics, and I may mention here at least the 
exchange of letters between the famous mathematicians Christian Goldbach (1690- 


1764) and Leonhard Euler (1707 -1783), back in 1742-1743, on the series of the 
oo k 
1 1 
type > = > im where m,n are positive integers with n > 2, and then the 
k=1 j=l 


success of Euler in proving that 


lee) n—2 
os a = (n+2)¢(n+ 1) ~ 25m —kt(k+1),neEN,n>2, (3.45) 


CO 


where €(s) = > = denotes the Riemann zeta function, a result rediscovered many 
n 


times in the mathematical literature by (new) various techniques, and you may find 
such examples in [22, 37], [78, Chapter 2, pp. 103-105] or in [77] where various 
extensions of it are given. 


Moreover, the Euler sum in (3.45) is a kind of cornerstone in the problems with 
the harmonic series, since in the calculation process we’ll usually arrive at such 
series. 


88 3 Solutions 


For a fast solution to the proposed integral, we need the classical linear Euler 
sum in (3.45), where we replace n by 2n + 2, 


lee) 2n 


Ak 1 
ye pad = MF DEAN + 3)— 5 DE On—k+ HECK DV, (3.46) 


k=1 k=1 
and then we also need the series result beautifully proved by G. Bastien in [13], 


n—1 


ye = (nt re ne 
ae Be = (n+ 5) nent xo Qn + 1) Y > n(2i)g(2n 2i+ 1), 


k2n 
i=1 
(3.47) 
where we replace n by n + 1, 


= H, 3 1 2 
ots = (« ae 5) n(2n +3) — 58 2n+3)— > n(2i)g(2n — 21 +3), 
k=1 


i=l 


that may be rewritten as 


yyene te, (x n 5) (: 7 amt) £Qn +3) — -¢Qn +3) 
f2n+2 2 2n+2 2 


k=1 


1 
-> (: - =) tie Qn—2i + 3), (3.48) 
i=1 
where I used the fact that the Dirichlet eta function (see [102], [1, pp. 807—808]), 
[o,@) 
1 
n(s) = xe 17! —, can be expressed in terms of the Riemann zeta function by 
n 
n=1 
the relation n(s) = (1 — 2!~)e(s). 
Now, to calculate the main integral, we’ll employ the second equality in (4.3), 


2k 


ia An, — Ay ix 
— 
log(1 + x) log(1 — x) = — y a ; 5 y oe 
k=1 k=1 


where if multiplying both side by log?” (x)/x and then integrating from x = 0 to 
x = |, we get 


Xx 


[ log(1 — x) log?” (x) log(1 + x) | 
X 
0 
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2k-1 7, ,2 — has ae 2 
nN nN 
-[ iD x log™ (x yee _ sf ae ro log (x)dx 
{reverse the order of summation and integration} 


lee) 1 oo 1 
- An — Ak 2k-17,. 2 1 > i 2k-14,. 2 
= a af x log "(x)dx = 5 a Be ‘ x log "(x)dx 


{make use of the result in (1.2)} 


[ee] 


foe) (oe) 
A, (2n)! A (2n)! 1 
= —2(2n)! » (2k)2"+2 + as =e iia Q2n+2 f2n+3 
k=1 k=1 
{split the first series and write it as a sum of two series } 


[o.@) 


[o,@) 
an «_He_, (2n)! Hy — (2n)! 
=- Qn)!" ae — am 4 1) pat + pst LL Gan sana 6 (2n +3) 
k=l k=l 


[ee 


1 Hy ee Hk (2n)! 
= eo) (san ~ i) De janra + Cn)! 4) jant2 sana 6 (2n +4) 
k=1 k=1 


{make use of the series results in (3.46) and (3.48)} 


2n 


1 1 
= 52n)! (1 = ots] So ok + DEQn —k +2) 
k=1 


n 


1 
—(2n)! s (1 = set] £(2k)C(2n — 2k + 3) 


k=1 


2n+3 

— (Qn+3—2 )Qn)'o(2n + 3), 
and the solution is finalized. 

One might naturally ask, How do we arrive at considering such integrals? In 
this case the key observation for obtaining such a generalized integral has been 
represented by the study of the second equality in (4.3). Curiously, in Table of 
Integrals, Series and Products by I.S. Gradshteyn and I.M. Ryzhik (8th Edition), in 
1.516.3, we may only find the first equality presented in (4.3). However, the second 

1 1 1 
equality is easy to establish if we use Botez—Catalan identity, 1 5 + 374 + 
1 

57 = Aon — An. 

The particular case n = | together with another solution involving the Beta 
function and its derivatives may be found in [54]. 
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3.11 Logarithmic Integrals Containing an Infinite Series in 
the Integrand, Giving Values in Terms of Riemann Zeta 
Function 


Solution From the very beginning, I would ask you if you managed to go through 
Sect. 1.5. If you didn’t yet, I might suggest you to return back (now or later) to the 
mentioned section to find out more about the result we want to employ here. 


Let’s consider the result in (1.10), where we want to focus on the second equality 
(the less obvious one), and then we write 


1 xsl 5 
dx = W(s) — (5) — log(2), 3.49 
[ yar = 4-4 G) -bo8@) 3.49) 
where differentiating two times both sides above, we get 
1 y8—1 Jog? (x) 1 5 
AOE dx = w(5) — 2H (2). 3.50 
[ iag G oe 


Upon replacing s by 2” in (3.50) and then multiplying both sides by 4”, we obtain 


1 qn 2"—1] 2 
[ x i @) i = A” yp) (2) _ 4rly@) a) . (3.51) 


Returning to our initial integral, we write 


1 2 
| 
i (4x? 4 42x? 4 43x?) 4 442" 4 454? 4 .. -) Ee ie 
0 x(1 + x) 


log?(x) (x) oy [ 4’ x2"! Jog? (x) 
Ar x?" lax oS oe dd 
=f 2 =>) f SEO, 


n=1 n=1 


{make use of the result in (3.51)} 


_ Say 2" _ 4r-ly2) ar) 


n=1 
N 
— eer Oe =a arly @ io) = lim My (2) _ v1) 


= 23) - 1, 
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where I used the asymptotic expansion of Digamma function (see [1, p. 259], [78, 


1 
Chapter 1, p. 22]), w(x) = log(x) + O (=). as x — oo, that by differentiation 
x 


1 

led to xy (x) = -1+0 (=). as x — oo, for which I also considered the 
x 

big-O notation in [95] any os series representation of the Polygamma function,* 


yan) = = (-1)""! pee — m > 1, and the solution to the point i) of the 


problem is complete. eve 

In Sect. 3.5 I briefly talked about the definition of Digamma function, and starting 
from that definition and considering the mth derivative, m > 1, m € N, yn ) (x) = 

qmtl qm I'(x) q™ ; : 

si log((x)) = dx” F(x) er w(x), we have arrived at what is called 
the Polygamma function of order m. More details about Polygamma function may 
be found in [116], [79, pp. 33-37]. 

Now, to deal with the general case, we proceed in the same fashion as we did for 
the point 7), where if differentiating both sides of the result in (3.49) k times with 


respect to s, we get 


Vs ogk(x) nw 1 w/s 
[oe tany 6) — (5). (3.52) 


Upon replacing s by 2” in (3.52) and then multiplying both sides by 2”, we obtain 


1 5kny2"-14.0k 
i kn y. log core = 2km yO (gt) — KMD yy) (a) (3.53) 
0 1+ Xx 


Now, considering the generalization we want to calculate, we have 


k 
[ Cae 4 23k 2-1 4 94k 24-1 | 95k 1 2°—1 +--+) eax 
0 x 


log* (x) by ote [ 2 —Vigg"* (x) 
gkn "ld = alec 7 (7 
-{ 1+x >: : 1+x 


n=1 n=1 


{make use of the result in (3.53)} 


4The mentioned representation is obtained vais upon the recurrence relation of the Polygamma 


function, W(x +1) = WM a) + (— ye which is derived by differentiation from the 


xm+l? 


1 
recurrence relation of the Digamma function, w(x + 1) = w(x) + -. 
x 


92 3 Solutions 


= 3 (2@y a") — 2k) y® a) 


n= 


Be 


= lim » (at ary — 2k y (2"-')) 
= lim 2 y® (2") — yay. (3.54) 


In order to calculate the limit in (3.11), we use that wy’ (n) = (—1)"7!m! 
CO 
1 
yaar’ and upon setting n = 1, we get 
k=n 


wo) = (-1)""!m! 2 —_ = (—1)""!mic(m + 1). (3.55) 
k=1 


On the other hand, using the asymptotic expansion of Digamma function (see [1, 


1 
p. 259], [78, Chapter 1, p. 22]), W(x) = log(x) + O (=). and differentiating it k 
x 
—1*!(k- 1)! 
(-1) : ) O ( 
x 


times, we get wh (x) = 


1 
sat) Next, replacing x by 2”, 


—~1)k-l(k — 1)! 1 
® fow\ . (CDE D! 
v (2 ) ~ QkN a: QKEDN 
equality by 2*", and then taking the limit as N > 00, we have 


), multiplying both sides of the last 


1 
so kN (kK) (oN) _ 1: _4yk-lyp 1) — (-1)k-1(p 1)! 
lim 20 (2") dim, ( 1K p+ 0 (sx) (Fk), 
(3.56) 
Finally, collecting the results from (3.55) and (3.56) in (3.11), we conclude that 


[ (2k + 27x?! 4 23k, 2-1 4 24k 2-1 4 25k P= 1 +--+) oO gy 
0 x 


= (-1F¥ Te -—pi—-C  atek t+) = (HDF (R — DIKE + 1) — DD, 


and the solution to the general case from the point ii) is complete. 

In this section the strategy was to reduce everything to the calculation of a 
telescoping sum, and it’s not the only place where we would want to make benefit 
of the telescoping sums. Sometimes, the possibility of reducing the calculations to 
a telescoping sum is not that visible (as it happens in the current problem). 

The literature is rich with various problems that eventually beautifully get 
reduced to the calculations of some telescoping sums (see [35, 69-72], [11, pp. 252- 
253], [40, pp. 58-59], [76, 82, 83, 89]). 


3.12 Two Appealing Integral Representations of ¢(4) and ¢(2)G 93 


3.12 Two Appealing Integral Representations 
of ¢(4) and ¢(2)G 


Solution If for a moment there was the temptation to think we had in front of 
our eyes a bunch of random integrals, then as soon as we noticed well the simple, 
delightful values of the integrals, that thought was probably swept off instantly. 
How to approach the integrals? Individually? To bring them to another form?, 
some of the questions that would immediately arise. The truly intriguing part is 
the challenging question, which asks to prove the results without using harmonic 
series, a challenge I suspect the experienced ones in such calculations will enjoy 
much. 


Now, for the first part of the problem, we write 


' arctanh(x) Lio (x) ' log(1 — x) log(x) log(1 + x) 
[=2 dx dx 
0 0 


Xx Xx 


= [ett OThO 4, [PRO 4, 
0 0 


Xx Xx 


[ log(1 — x) log(x) log(1 +*), 
XxX. 
0 


xX 


(3.57) 


If we consider the last integral in (3.57) and then integrate by parts, we have 


' log(1 — x) log(x) log(1 + x) 4 _ 
i = 


1 
i (— Lin(x))’ log(x) log(1 + x)dx 
0 


x=1 1 : 
log(1 L 
+f og(1 + x) 12%) 
0 0 


= — Lip(x) log(x) log(1 + x) x 


a 


0 
n [ log(x) Linx) 
0 


1l+x 


= [EEF OERO G. , f* RETRO) 9, (3.58) 
0 0 


x 1+.x 


If we plug the result from (3.58) in (3.57), we obtain 


a [OO feo 
0 0 


1+x x 
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{make use of the result in (1.53)} 


-—] 


3 a at Ee 3 Es eel 
= a (Line?) dx = Sed) + 5 Lia) 


= o(4) 
0 y=9 =—«L' ; 


and the first part of the problem is finalized. 

As a final note to this part of the problem, if we check the solution provided 
for the result in (1.53) I used above, we’ll see there we exploited the symmetry in 
double integrals, and the calculations have been finalized without using harmonic 
series, which follows the requirement of the challenging question. 

' log(1 — x) log(x) log(1 + x) 


The integral / dx also appears in [50], and a 
0 Xx 


: : ~ n—1 A, 
suggested approach is based upon the use of the series ve 1) = and 
n 
=! 
oo He " 
yop —: and alternatively, one can use the approach in [54] for a similar 
n 
n=1 
integral. 
Further, for the second part of the problem, we start with writing that 


[ arctan(x) log(x) log. + x) 4 
y= 
0 


xX 


1 
/ arctan(x) log(x) (Li2(—x))'dx 
0 


= —arctan(x) log(x) Li2(—x) 
Xx 


x=1 1 : 
t Li2(-— 
+f arctan(x) Liz(—x) 
0 


x= 


0 


1] Lix(— 
+f og(x) Lia( *) ay 
0 1+ x2 


’ 


_ [ arctan(x) Li2(=x) 4 [ log(x) Lin(=x) | 
0 0 


x 1+ x2 


which if we plug in 


' arctan(x) log(x) log(1 +x) ! arctan(x) Lig (—x) 
J= dx dx, 
0 0 


Xx Xx 


we obtain that 


' log(x) Lin(—x) 1 
r= | Tae dx = 55(2)G, 
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where I made use of the result in (1.55), the case n = 1, and the second part of the 
[o,e) 
—1)" 
problem is finalized. Note that G = pz aa 


is the Catalan’s constant (see 


[96], [27, pp. 53-57]) 

Like the result in (1.53), the result in (1.55) is obtained by exploiting the 
symmetry as well, without using the harmonic series, and therefore also this solution 
answers the challenging question. 

In fact, the challenging question has introduced us to the realm of the powerful 
integration technique based on the use of the symmetry, which we will use in some 
of the next sections. 


3.13 A Special Pair of Logarithmic Integrals with 
Connections in the Area of the Alternating 
Harmonic Series 


Solution I didn’t intend to add a challenging question to this section until the 
approaching moment of finalizing the book, when I remembered the people that 
tried the integral J, I submitted to The American Mathematical Monthly, the 
problem 11966 (see [90]), and shared their solutions with me, had all more or 
less the same strategy of attacking the problem, the differentiation under the 
integral sign. How about coming up with a different approach, without using the 
differentiation under the integral sign, double integrals? 


Let’s approach both integrals at once and start out by making up the following 
system of relations involving the integrals J and J, 


1 2 
log(1 — 
reia | ee ae 
0 1+x 


A 
M @ 1-x 
I-J= 5 log dx. 
o l+x 1l+x 
———_— 


B 


S: (3.59) 


Now, for the integral A in (3.59), we have 


1 2 aio 1 
log(1 — = | 1 2t 
A= ea a / log ( Jar 
0 1l+x 2 0 1+t 1+t 


= 22) f 1 ath fey yf eet 
2 0 1l+t 2 0 1l+t 2 0 l+t 
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_ 1 f! log) = (2) _ eee log (2) 
=3f aor aA yen t"~" log(t)dt + > 


n=1 


1 1 log? (2) 
== —1)""! J 2”?! Joe(t)dt 
2 ) [ og(t)dt + 


lS gal, be 175 
Le SG (log (2) - £2). (3.60) 


n=1 


Then, for the integral B in (3.59), we get 
: 3% ' d—dlog(t ' log(t 
B= | z loe( “ax = s) aoe 08) i, 
o 1+x? l+x 0 d+n0 +8?) o 1+t 


' tlog(t) ve ee 
-| ae -[ Ye 1)""'e"—" Jog(t)dr — {Xe 1)"—147"—! log(t)dt 


1 
=e 1" if t”—| log(t)dt — 3 i a it 17”! log(t)dt 


n=1 n=1 


_< oi . te ri 3 ark 3 
= Vic's rom I" >= a2! y= 32. G.61) 


Collecting the results from (3.60) and (3.61) in the initial system of relations 
from (3.59), we obtain 
1 2 
[t= (log (2) — £(2)) 


S: 
3 
fad = 6) 


whence we conclude that 


_ fixlogd-x), 1f, 4 5 
=) i 2 = (108 (2) - 560) 


and 


log(1 
=f x log( +) 
0 


=; (1 2(2) + ~¢(2) 
ie ee 2° ). 


and the solution is complete. 
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It’s good to keep in mind that sometimes approaching the integrals by making up 
such systems of relations leads to simpler, more elegant solutions, and we want to 
remember this strategy as we continue the journey through the next sections. 

For a first alternative way, exploit the symmetry in the following double integrals 


pa ft ay = [Ue x2 ay) a 
~ Jo 1tx2 Jo Vo G+x20—xy)” 


1 ] 1 1 1 2 
i) a= | (/ so) 
0 1+x 0 Wo A4+x*)d+xy) 


For a second alternative way, I would like to bring to the attention of the curious 


and 


reader a fast strategy with dilogarithms. If we consider Lig which we 


x 
x2 
differentiate and then integrate back, we can put all in the convenient form 


*tlog(l—1), 1/1, 9. , 2 . ill ee 2\ 7: 2x 
[ 7 a= 5 (508 (1 +x?) — 2Lig(x) 4 5 Lis ( x*) + Lin ( > J). 
(3.62) 
where we get the desired integrals by letting x — 1~, and x — —1 respectively. 


For another solution of approaching the integrals, one using the differentiation 
under the integral sign, see [84]. 


3.14 Another Special Pair of Logarithmic Integrals with 
Connections in the Area of the Alternating Harmonic 
Series 


Solution It’s easy to guess, if you didn’t skip the previous section, we want to use 
here the same idea of making up a system of relations with the given integrals (note 
the similarity with the integrands from the previous section—we also have a log(x) 
added in the numerator of the integrands), 


oe [ x log(x) log(1 — x”) 
0 


ine dx; 


~ 


; A 
1 1- 
r-1=f ROE) ie5 = dx. 
o l+x2 1+x 


B 


S: (3.63) 
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Now, for the integral A in (3.63), we have 


ae eee er 
0 1l+x 4 0 1+tf 


log(t) | foe 

Oo 

‘f ae ee 

= dt 
0 


4 1+¢ 


i "(= 1) log() log = 1°) | fi eee +94 
~ 4 Jo 1-7 4 Jo l+t 


_ eer a 
0 0 


= dt 

4 1-72 4 1-2? 
eee —————————————————d 

Cc D 

1 f! log(t)log(1 +t 

/ og(t) log(1 + Dae. (3.64) 
4 0 1+t 
E 


For the integral C in (3.14), we make the change of variable t? = u that leads to 


1-7 4Jo Jud —u) 


2 


és -[ log(t) log(1 =), _ 1 f? log(u) log(l —) ay, 
0 


=- lim —B 
4 x1/2 dxdy 
y>0 


(x, y) 


1 
= (72 (3) — 6 log(2)¢(2)) , (3.65) 


where to get the value of the limit, we might prefer to use Mathematica. 


Then, for the integral D in (3.14), we proceed as above and make the change of 
variable t? = u that gives 


——_ [ t log(t) log(1 =1)5, 7 af log(u) log(1 =i), 
0 0 


1-72 4 baa 
te 
= i / er, log(u)du 
0 n=1 


{change the order of summation and integration} 


3.14 Another Special Pair of Logarithmic Integrals with Connections in the 


1 Eh 1 Anyi —1/(n + 1) 
=-- Ay, 1 du = = 
iy fe sal 2 rere aa aaa e ey 
Las 1 n=l n=! 
{reindex the series } 
Leva fe. 
=3> 


[e,e) 

=iy mt pee 
n2 4 n2 i 

n=1 n=1 


it (3), (3.66) 
where I used the classical Euler sum in (3.45), the case n = 2 
Next, for the integral F in (3.14), we integrate by parts, and then we have 
' log(t) log(1 + 1) 1fP / 
E= = log(t) (log2(1 +t ) 
[ a al og(t) (log +1) 
t=1 1 2 
1 1 1+t 
log(t) log?(1 + 1) i eT i ¢ (3), (3.67) 
t=0 2 0 t 8 
0 


where the value of the last integral is given in (1.13). 
By collecting the values of the integrals C, D, and E from (3.65), (3.66), and 
(3.67) in (3.14), we obtain 


_ [ x log(x) log(1 — x”) 
0 


3 3 
= 3 log(2)¢(2). 3.68 
14 x2 39°0) g lost )g (2) (3.68) 
Then, for the integral B in (3.63), we have 
log(x)1 (= a (1 —1)log(t)1 () 
X 102(Xx) 10 _ oO Oo 
B= dx ‘= 5 d. 
0 1+ x2 0 d+rnd+t-) 
tlog(t)1 piel 
af MOlmGeD jf Ome [ mee OREN ang ; 
~ Jo 1+% 0 1+t 0 1+? : 
B 
whence we get 
1 f! log(t) log(1 —t 1 f! log(t) log(i +t q 
7 - og(t) log(1 — f) i og(t) log +1) 5 £3) 
2 Jo 1+t 2 Jo 1+t 8 


z los2)s (2), 
(3.69) 
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where in (3.69) the first integral is 4A, and I used the value in (3.68), and the second 
integral is the integral EF, and then I made use of the value obtained in (3.67). 

Collecting the results from (3.68) and (3.69) in the initial system of relations 
from (3.63), we get 


T4+7 = 23) — 2 tog(2)¢(2); 
= 563) — 5 loge): 


1—7 = 2¢)— 2 tog) 
= £503) — F1o202¢(2), 


whence we conclude that 


r=f x log(x) log(1 =D _! 
0 


41 
ioe 16 ( ri (3) 91oe(2)¢(2)) 


and 


_ ' ¥ log(x) log(1 + x) A 15 
J =[ ro = (3 log(2)¢(2) — a) 


and the solution is complete. 

Both integrals play an important part in the derivation of some more advanced 
integrals in the book. For example, one could create a strategy to attack the integrals 
from Sect. 1.19 by using the present integrals too. 

The curious reader, who also wants to know how to attack the integrals 
differently, might choose to employ the result in (3.62). For example, if we multiply 
both sides of (3.62) by 1/x and integrate from x = 0 to x = 1, we get for the left- 
hand side, after an application of the integration by parts, the integral from the point 
i) with a minus sign in front. On the other hand, in the right-hand side we obtain 


1 f! log? + x? 1 fi Li 1 f! Lin(—x? 
| og" ( +*) 4 i nO a4 / i2( x") a 
0 0 0 


8 x 2 Be 8 x 
—17/32¢(3) 


fr ce fia (= ja =a (9 ca) - 2 @)) 
if x ‘“ 14x? ° ~ 16 OBS ~ 4s , 


a 
1/16(9 log(2)¢ (2) — 7/4¢(3)) 


where the first three integrals are straightforward, and for the fourth integral we use 
the Polylogarithm function representation in Sect. 1.6, and after reversing the order 
of integration, it’s easy to show, using the Fourier series of log(cos(x)), that 
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1 1 Ix m/2 
/ — Lig dx = / (x — mr) log(cos(x))dx 
0 x 1 + x? 0 


i 
(9 log(2)¢(2) — 10) 


1 

4 

3.15 A Class of Tricky and Useful Integrals with Consecutive 
Positive Integer Powers for the Logarithms 


Solution In this section allow me to introduce you to the proposed generalized 
integral by considering first the following result involving a sum of series, 


log?(2) A y(n) y(n) y(n) 
2 Lape ay at + 1)32" + Lape 


23 
= gel 2£7(3) — aloe’ (2), 


where g(n) = H? - H®, How would you like to approach such a problem? I 
would only tell you as a hint, for the series result above, that you might like to 


consider the case p = 2 of ue generalized integral we want to calculate together 
ttl 


with the use of the series, 3 ae = (te - Ho) = —log3(1 — x), and then let 


you to discover alone the whole ans (and if you don’t succeed, no worry, you 
can put the problem aside and return back to it after gaining more experience from 
the chapter Sums and Series). In the next chapter, when dealing with the harmonic 
series containing powers of 2 in denominator, we’ll want to know how to evaluate 
such an integral. 


Let’s start with the integration by parts, and we write 


i log? (1 — x) log? (x) 
= xX 
0 


1-x 


1/2 1 / 
= i (- log?! = ») log? *! (x)dx 
0 1+p 


x=1/2 1/2 JooPt!(1 — x) log? 
+f oght C — x) logh@) a 
0 


: (log(1 — x) log(x))?*! 
+p ¥ 


x=0 


1 1 1 
£2 1 jo g2P+0 (2) % (/ | ) log?*1(1 — x) log? (x) 
Lp 0 1/2 x 
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' Jog? t!(1 — x) log? (x) 
dx 


xX 


1 
——— log’) 2 +f 
1l+p . (2) 0 


[ log?t!(1 — x) log? (x) 
dx 
1/2 x 


1 
{make use of the Beta function definition, B(x, y) = / r—!(1 — 1)! d¢, for} 
0 


{the first integral, and in the second integral let the change of variable 1 — x = y} 


1 g2ptl 1/2 JogP (1 — l pt+l 
a ears a a lim B(x, y) [ og? ( y) log (y) dy 


9 ax? dy axPayPt! l-y 
I 
whence we obtain that 
1/2 _ +1 
=) log? (1 — x) log?T* (x) —_ 1 log2P+) (2) 
0 1-—x 2(1 + p) 


2pt+l 

= lim ———— B(x, y), 

"3 e50 dxPayPt! (9) 
yl 


and the solution is finalized. 
The case p = | may also be found mentioned and evaluated in [24, p. 128]. 


3.16 A Double Integral and a Triple Integral, Beautifully 
Connected with the Advanced Harmonic Series 


Solution If you didn’t skip my Preface, you might figure out how to deal with such 
integrals. The first phase of the solutions is pretty straightforward, and that refers 
to the transformation of the integrals into (beautiful classical) harmonic series, and 
then we have to calculate the series which represent the challenging part of the 
section. 


For the first point of the problem, let’s start with the generating function in (4.5), 
and then we write 


[ (i log(1 — x) log] — y) log * ar) . 
bode xy(1 + xy) 
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1 1 oo 
= / (/ joe! — 9 toe =) HEY" ony" Us] dy 
0 0 


n=1 


{reverse the order of summation and integration} 


oo 1 1 
= Devs, f y"—! log(1 — y) (/ x" og( a) dy 
fall 0 0 


{make use of the identity in (1.4)} 
= yen! Hn 
n=1 n? 
ls 3 21, 5 27 9 
ma log” (2) — log” (2)¢(2) + a log*(2)¢ (3) — 762 (5 3) = 469) 


1 1 
+6 log(2) Lig { = } + 6Lis | = J, 
2 2. 
where I used the result in (4.94) and the solution to the point 7) of the problem is 


finalized. 


For the second part of the problem, we employ the geometric series, 
a et ae 1 
¥ (xy) = , and write that 
l=2 (1 — xy)(1 — xyz) 


1 1 1 
| (/ (/ log(1 — x) log(1 — y) log =x) ay) dz 
5 - , (1 — xy)(1 — xyz) 
1 1 1x 1 = zt 
= [ [ I 2 (xy)""" log(1 — x) log(1 — y) log(1 — z)dx } dy } dz 
‘ - cS l—z 


{reverse the order of summation and integration} 


CO 

= » gees log(di— a4 = a _ 

= g(1—z) y"“ log — y) x”~* log(1 — x)dx ) dy ) dz 
n=1 0 I-z 0 0 


{use the integral in (1.4), and note that the integral in z may be calculated by} 


n=1 


{combining the integration by parts and the result in (1.5) that immediately } 


104 3 Solutions 


n 


1 
1 1 
{lea to the value of the integral in z, / i log(1 — z)dz = — 5 An + ap} 
0 mes 


i tee 1 1061 
ae me (xo +0 :(6)). 
n=l n=1 


where for getting the last equality I made use of the values of the harmonic series in 
(4.39) and (4.38), and the solution to the point ii) of the problem is finalized. 

Now, if it happens to have a hard time with the resulting harmonic series from 
both points of the problem, no worry, they are calculated in the sixth chapter where 
Ill treat and calculate many other harmonic series. 


3.17 Let’s Take Two Double Logarithmic Integrals with 
Beautiful Values Expressed in Terms of the Riemann 
Zeta Function 


Let’s prepare now for an exciting experience with two double logarithmic integrals. 
Although at the surface they might look scary, the double integrals actually hide a 
simple, beautiful idea, and by some steps we’ll be able to reduce everything to the 
calculation of easy to do integrals in one variable. Also, a short review of the Gamma 
function properties could be pretty useful to accomplish the needed calculations 
(resources for such a review may be found in [10, 107], [9, pp. 1-60)). 


1 
For both integrals we might like to start with the elementary integral, i x di = 
0 
x | . #1 
log(x)|,29 _ log(x)’ 
by y, we obtain 


where if we replace x by x/y and then multiply both sides 


ea x-y 
y —) dt = ————_.. (3.70) 
o \y log(x) — log(y) 
1 Ly 
Further, if we replace x by log | — } and y by log [ — } in (3.70), we get 
x y 
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Integrating both sides of (3.71) with respect to x and y over the unit interval, we 
have 


(pm) (5) 
Ub came(8)) mele) 


[EL (2) 


{reverse the order of integration} 


“h(E (Lo Ge G)e)o) a 


{make the changes of variable x = e~“ and y =e "} 


1 lo) lee) 1 
= i (/ oe? (/ u'e"an) aw) dt = / r2-—t)Fd+t)dt 
0 0 0 0 


{make use of the Gamma function property, (x + 1) = xI(x)} 


dx | dy 


1 
-|/ td —1t)rd —t)lr(t)dt 
0 


{make use of Euler’s reflection formula, (ft) (1 — t) = | 
sin(zt) 
_ tt) ataze 1 f* —2z 
=n f aCe) dt = 72 : aoe dz. (3.72) 
F 1 1 1 1 cos(x /2) 
Using that / - dx = 7: - dx = >/ (en 
sin(x) 2 J sin(x/2) cos(x/2) 2 sin(x /2) 
sin(x /2) - (sin(x /2))’ (cos(x /2)) _ 
ee as ~ sin(x /2) io cos(x/2) dx = log(tan(x/2)) + C, 


we apply the integration by parts for the remaining integral in (3.72), and then we 
write 


‘ ae = [ (log (tan (5))) (7 —z)zdz = log (tan (5)) —_ 


0 
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- [io — 2z) log (tan (5)) dz = —1 i log (tan (5)) dz 


ea 


0 
+2" zlog (tan (5)) dz 
= 2 zlog (tan (5)) dz /E™ g [- w log (tan(w)) dw 


_ =-16 fe of wcos(2(2k — 1)w) 
ye 


{reverse the order of summation and integration} 


_ -16y[ w cos(2(2k — 1)w) a 
k=1 0 


2k —1 


_ msin(2kr) ka sin(2k7) cos? (kz) 
iad » oe 1)3 2(2k — 1)3 2(2k — >) 


2 a een sin(2kz) ‘Be ee k art 


3 Solutions 


= cos?(kz) sa 
+8) Ge 8 ae 
(2k — Qk — 1)3 (2k — — (2k — (2k -— 13 a 56 - (2k — 13 
0 0 
= 76 (3), (3.73) 
and in the calculations I used the Fourier series of log(tan(x)) 
°. cos(2(2k — 1)x) 1 
log(t =-—2 , 0 ; 3.74 
og(tan(x)) dX i <x<5 (3.74) 


1 
that appears in the form 5 log (cot (5)) in 1.442.2 from [30], where, when needed 


1 
we use the simple fact that 5 log (cot (5)) = 


1 
== log (tan (5)). An excellent 
work on the Fourier series may be found in [85]. 
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Hence, if we combine the results from (3.72) and (3.73), we conclude that 


and the part i) of the problem is complete. 


As regards the auxiliary integral dx, we may also use the Weierstrass 


sin(x) 
substitution (see [120]) as proposed in [66, p. 379]. 
For the second point of the problem, we act similarly and make use again of the 


result in (3.71) that leads immediately to 


[UL Coe) 
{mm Ya, 
m(oe")) (eC) 


Integrating both sides of (3.75) with respect to x and y over the unit interval, we 
obtain 


[ [ tog () ~ ne (5) cael 
“LLL (me Gee (5a) anaes) 


{reverse the order of integration} 


LEE Ue ue (a) 


{make the changes of variable x = e~” and y =e *} 


“LL (ferre(L eres) 
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1 1 
= ; (/ P= WP +1 bude) du 
0) 0 
u+t=z : nt 
= i (/ r3-—zrda+ 2d) du. (3.76) 
0 u 


Integrating by parts in (3.76), we get 


1 u+l u+l 
i v(f r@-9Pd +a) du =u f rG-zrd+2z)dz 
0 u 


u 


u=1 


u=0 


1 1 2 
-| uP QW O+uydut | ul’ (3—u)I (1+u)du = P3-—z2ZFrUd+4+z)dz 
0 0 1 


_ 
q 


1 1 
-f[ urQ-wre+udu f ul (3—uwl(1+u)du. (3.77) 
0 0 


a 
bh rg 


For the integral /, in (3.77), we have 


—l=s 


2 1 
n= | rQ-ord +27 [ rQ-—HTeO4+s)ds 
1 0 


{make use of the Gamma function property, (x + 1) = xI'(x)} 


1 
= / sd —s?) (1 —s)I(s)ds 
0 


a 
sin(zx) 


{make use of Euler’s reflection formula, (x) (1 — x) = 


ah s(1 Os. srw [ w/a — (w/)) 5 
0 0 


sin(zs) sin(w) 
1 [7 W\\\/ w\2 
=z fh (ioe an(S))) w(t (2) ew 
{apply the integration by parts} 


Oe 1 f® w 
al) jeal4 =)) d 
ae [ og ( an ( ; w 
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+5 [ w log (tan ()) dw = = a w log (tan (>) dw 


24 pris 
= 3 r 7 log (tan(r)) dr 
a JO 


{use the Fourier series in (3.74)} 


48 7/2 Sr? cos(2(2k — Lr) 
dr 


a = 
wis 2k —1 


{reverse the order of summation and integration} 


7 48 7/2 2 cos(2(2k — Dr) css ("Qk —1)?- 2) sin(27k) 
--5>f 2k —1 3b! (2k — 1)4 
0 
+4 12 3 cos(27k) 12 1 _ 76(3) (3.78) 


Qk—-)3 x2 7 Onaly ~ 4¢(2)' 
Next, for the integral 72 in (3.77), we have 
1 
h= / ul(2—u)I'(2+u)du 
0 


{make use of the Gamma function property, "(x + 1) = xI(x)} 


1 
=f w(l—u?)Pd —w Tl (u)du 
0 


make use of Euler’s reflection formula, (x) (1 — x) = — = 
sin(zx) 


sin(ztu) 0 sin(s) 


= [* (Woe(an(3))) ZY 0- Ey) 


{apply the integration by parts} 


2 an Wid =!) a uss [% s/2)"0 — ia) 4, 
0 


3 Solutions 


af log ( (tan ( ) sq? — 2s*)ds 


2 [* Ss 4 [7 3 S 
| : s log (tan (5)) ds + ; Ss log (tan (5)) ds 


{note the first integral can be extracted from (3.73) } 
_ _ 76) a s s/2=t _76(3) ss ae 
=~ 6r(2) 6c(2) | x4 = | s~ log (tan (5)) ds “= ~ EQ Frise =f t° log (tan(f)) dt 


{use the Fourier series in (3.74)} 


7¢(3) = a + cos(2(2k — 1)t) 


6¢ (2) =I 


dt 


{reverse the order of summation and integration} 


oo m/2 
_ _76(3) _ 128 Bs [ 3 cos(2(2k — 1)t)dt 


6f(2) m4 
__1%Q) e ns 6. a 
~~ 6E(2) 13D ape wt Ds GED 
0 
= 1 


BOSE) ip cos(2km) — 7¢(3) ~— 96 
= (2k — io 252 (2k-—1)3  ~=6¢(2)_—s x4 » (2k — 1)5 


mA 1 163) 3166) 
x? £4 Ok 1)8 ~ 362) 306 (4) (3.79) 


Lastly, for the integral J; in (3.77), we have 
Lb -[ ul 3—u)P0 +u)du =f d-1rrQ+t)rQ—t)dt 
0 


7 1 _ 3145) 7603) 
-| re+ore—nar- [ POE Oe sor) 1220)" 
——S———— =-_ +h 


q Ty 
(3.80) 


3.18 Interesting Integrals Containing the Inverse Tangent Function and the... 111 


Collecting the results from (3.78), (3.79) and (3.80) in (3.77), we conclude that 


(me (Z))-re(me())P RO SO 
log { log { — }) } — log { log { — 
x y 


and the part ii) of the problem is complete. 

These double integrals are not the only ones from the book where we need to act 
similarly. The study of integrals with symmetrical integrands idea that led me to the 
creation of the actual integrals also led me to the derivation of other such appealing 
integrals you may find in the next sections. One good lesson to learn from this 
section is that sometimes finding a simple integral representation of the integrand 
might be extremely useful. Let’s add this to our portofolio of strategies. 


lo (=) -1 (<) : 
ff a) tray — 316) _ 75) 
0 


3.18 Interesting Integrals Containing the Inverse Tangent 
Function and the Logarithmic Function 


Solution One of the things I particularly love about calculating integrals, sums, and 
series is to approach them from more directions, using different strategies, ideas. In 
this section I’ll take the liberty of providing three full solutions to the given integrals, 
which I usually don’t do elsewhere in this book for well-known reasons (trying to 
add more problems to the book while following a certain pages limit). 


For a global solution that approaches both integrals, we consider the system of 
relations involving the following integrals J and J (we are already familiar with 
such an approach from the previous sections), 


1 
I+J= / arctan(x) log(1 — x”)dx; 
0 
ooo 


U 
1- 
I-J -f artan(x) og 7—* “Yar. 


Vv 


S: (3.81) 


We start with the calculation of the integral U in (3.81) and proceed as follows 


v=f ‘ (> = 1)"x 2k+2n— -) 
arctan(x) log(1 — x*)dx -{ Y ——__—___——_ ] dx 
a k(2n — 1) 


n=1 


Cb" 2k+2n—1 SD" (< 1 
re (se fs ° ss) = 4 (Sats) 


n=1 n=1 


N 
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9s iy? ao ie = + ae a 
=! 


~~ 9 £4 nQn — 
n n=1 


+t: i Min fx n— rye a Mtn fs 2n—2 ay 


n=1 n=1 


{reverse the order of integration and summation} 


a 
=f Deora - f Ye 1)"— Ta x2" 2dx 
0 


n=1 


{consider the result in (4.5)} 


ff log(1 + x) [ log(1 + x7) 
dx 
0 0 


~2 Jo x +x) x2(1 + x2) 
1 (! log(l +x) 1 f! log(i +x) ' log(1 + x7) 
= dx dx dx 
2 0 Xx 2 0 1 + XxX 0 x2 
U, U2 U3 
1 ] 1 2 
/ log. +27) 4 (3.82) 
0 14+ x2 
U4 


For the integral U, in (3.18), we have 


1 log(1 +x) 10 xn-l oo (-1)""! 1 
U; =p we ar= f 0 er —— | x" dx 
0 0 d n > n 0 


XxX 
n=1 


-r& J _ = +22) (3.83) 
d, 56(2). 


Further, for the integral U2 in (3.18), we get 


log(1 1 
n= f ee ee 
0 


1 
= — log’ (2). 84 
2 ie 5 5 los 2) (3.84) 


x=0 
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Then, for the integral U3 in (3.18), we apply the integration by parts that yields 


loo(1 + x2 Vy! log(1 + x2) |*=! 
U3 = ost = tae — / ( ) log(1 + x)dx = _losG +x) 
0 0 Xx Xx 


x x=0 


| 
t. 2 f Tame” = — log(2) + | 2 arctan(x) 


‘) x 
= — — log(2). (3.85) 
x=0 2 


Lastly, for the integral U4 in (3.18), we make the change of variable x = tan(y) 
and employ the Fourier series in 1.441.4 from [30], 


log(cos(x)) = — log(2) + ¥°( Dees : 2e85 (3.86) 


n=1 


that leads to 


1+ x2 


m/4 oo 
= -2f (- log(2) + dey sen) dy 


n=1 


m/4 m/4 
= 210¢02) [ ay -2 f 
0 0 


{reverse the order of summation and integration} 


l jog(1 + x2 er 
ur= | og(l +x ) ax = 2 f log(cos(y))dy 
0 0 


yer cos(2ny) ay 
n 


n=1 


[o.@) 
—] a—1 m/4 
= F log(2) 2) ? [ cos(2ny)dy 


n=1 


[ee] 


—1)"7! sj 2 
_ 7 log) p y’~* sin(nz /2) 


n2 


n=1 
{note the pattern of the numerator, that is 1,0, —1,0, 1,0, —1,0,...} 
CO 


7 1 (-1)""! _ 1 
= 5 log(2) 3 eee log(2) — G. (3.87) 


n=1 
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Collecting the values of the integrals U;, U2, U3, and U4 given in (3.83), (3.84), 
(3.85), and (3.87) in (3.18), we obtain that 


1 
U =) arctan(x) log(1 — x*)dx 
0 


1 
+ 5 log(2) 5 + log(2) — z oe"(2) ae, (3.88) 


Further, for the integral V in (3.81), we have 


1 oe 1 
1 =F —} 1 =e ] 
4 -| artan(x)log( 7 Ja = a artan( *) ogty) dy 
: Lee 0 l+y/+y)? 


1 
= 2 | (= _ arctan(y)) log(y) d 


(1+ y)? 
= l log(y) 2f sens log(y) 
— 2) Cay a ye 
1 : log(y) 
a log(2) — 2/ arctan(y) (+ yy dy. (3.89) 


For the remaining integral in (3.89) we apply the integration by parts, and then we 
get 


1 1 / 
[ arctan(y) fate dy = [ arctan(y) Cesc —logd + ») dy 


y=1 
= arctan(y) 


Geas 
l+y 


—log(i+ ») 


y=0 


a | : ( log(y)  log(1+y)  log(y) y log(y) ) 
o \20+y) 14+ y? 21+y?) 204+ y?) 


1 1 
= -Fiog2) +5 [ oe) 3 [a aA SED i 
4 2 Jo ‘ ; 


l+y 1+ y? a 1+ y? 
Vi Vo V3 
1 ne 
= dy. 3.90 
2: [ l+y2 ~ ( ) 


V4 
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So, for the integral V; in (3.18), we have 


1 l 10 
Vi= / 280) gy = / Yep" ty" og yay 
0 0 


n=1 


oo 1 
= ey fy togonay 
n=1 0 


= + yt = fe) (3.91) 
= -55Q)- 


n=1 


Next, for the integral V2 in (3.18), we get 


2 
. log | —— 
1 1k 1 1 
log + y) cae | (=) i 
Y= pial eee Ee ————‘ dz = log(2 dz 
‘ i 1+ y2 > 0 14+ 22 8) |, 14+ 2? 
1 
log(1 + z) 0 
dz = — log(2) — Va, 
[ ia ee 
V2 
whence we get that 
1 
log(1 + y) W 
V2 = dy = — log(2). (3.92) 
2 [ 14y¥ y 8 8 


The same strategy of calculating the integral V> is also considered in [49, 74]. 
Then, for the integral V3 in (3.18), we obtain 


 log(y) ‘= k-1..2k-2 
V3 = ay= [ (-1)*— ~“ log(y)d 
3 [ la ‘ » y sty)ay 


{reverse the order of summation and integration} 


oo 1 oo —1)*-1 
= =| ay aa dy = ( =-G. 3.93 
DA uN fy Tog(y dy d Tae (3.93) 


Lastly, for the integral V4 in (3.18), we get 


— — _ (@) 
su) ees a | 2 y g(y)dy 
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{reverse the order of summation and integration} 


CO 


le (=1)*" i 
=p! [ y*! log(y)dy = oe. a 362). 3.94) 


k2 
k=1 k=1 


Collecting the values of the integrals V;, Vo, V3, and V4 from (3.91), (3.92), 
(3.93), and (3.94) in (3.18), we have 


: log(y) , 1 1 3 
de arctan) ra ye? = rg 3 log(2) 165 (2): (3.95) 


Therefore, if we plug the result from (3.95) in (3.89), we get 


vefo tan(x) | (FA )ers5 (2) — = 1og(2) —G (3.96) 
= : arctan(x ) log [=e = 5° mn og : : 


Returning to our initial system of relations, based upon the results in (3.88) and 
(3.96), we have 


\ 
frye 7) 5 logi2) + log(2) ~ 3 log?(2) = 


(27a es “eet =e 
= 3 A 8 


whence we obtain that 
1 
I =i arctan(x) log(1 — x)dx 
0 


= ; (4 log(2) — log? (2) + (2) — 2n + 7 log(2) — 86) 
and 


1 
J Sr arctan(x) log(1 + x)dx 
0 


= sn log(2) + 4log(2) — 562) _ log? (2) — 2m), 


and the first solution is finalized. 

For a second solution to the integral J (which is going to be pretty fast since we 
also use results previously obtained), we apply the integration by parts, and then we 
write 
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1 1 
l= i arctan(x) log(1 — x)dx = / (—(1 — x) log(1 — x) — x)’ arctan(x)dx 
0 0 


x=1 1 1 
x log( — x) 
+f tet f 14x? . 
x=0 0) 0 


[ x log(1 — x) 
dx 
0 14+ x2 


{the first integral is straightforward, for the middle integral make the change} 


= (—(1 — x) log(1 — x) — x) arctan(x) 


~ 


—1/4 


t= 
r zs , and the last integral is already calculated in (1 2} 
y 


toe (75) 
1 08 \ 7 
1 
ee ae 


1+ x2 


{or variable x = 


se (4 log(2) — log”(2) + >) = 2m) +f 
8 2 0 


1 7.8 
= (410802 ~ log?) + 5£(2) - 2m) # / 
0 


~ 8 
[ log(1 + x) 
ei, Se 
0 14+ x2 


' log(2)  log(x) 
dx dx 
14+ x? 1+ x? 


{the last two integrals are V3, V2 given in (3.93), (3.92) from the previous solution} 
1 2 5 
ae 4 log(2) — log*(2) + 362) —2n +7 log(2) — 8G], 


and the second solution to the integral J is finalized. 
For a second solution to the integral J, we apply the integration by parts (as we 
previously did for the integral 7), and then we have 


1 1 
J= / arctan(x) log(1 + x)dx = i x’ arctan(x) log(1 + x)dx 
0 0 


= x arctan(x) log(1 + x) 


eel [ xarctan(x) xlog(1+.x) 
dx 
1+x 14+ x2 


x=0 


! arctan(x) ly log( + x) 
dx dx 
0 


1 
TU 
= a log(2) — [ arctan(x)dx + + ae 142 


118 3 Solutions 


{make use of the result in (1.25)} 


log(2) log*(2). x ' arctan(x) 
5 8 4" Jo 1+ 


1 
=  log(2) 202) dx. (3.97) 


For the last integral, we apply the integration by parts, and then we get 


! arct me 1 log(1 
SE ee ont erareanto -f[ URL 
o 1l+x x=0 1+x 
cr ! log(1 + x) TU 
=~ Jog(2 dx = — log(2), 3.98 
7 1oe(2) [ Typ az a = | log(2) (3.98) 


where the last integral is the integral V2 given in (3.92). 
Thus, if we plug the result from (3.98) in (3.97), we conclude that 


log(2) 1 log?(2) x 
2 16° 8 4 


1 
| 
J= / arctan(x) log(1 + x)dx = Pil log(2) + 
0 


1 1 
= 3 Om log(2) + 4log(2) — 35) _ log? (2) — 2m), 
and the second solution to the integral J is finalized. 

Next, for a third solution to the integral J, let’s try an approach based 
mainly on the series manipulations, where we’ll also need two alternating 


Ax 1 5 Ak-1 
: k-1 = 2 k—1 Ao 
series, dt 1) a Ot (Gea log @) and Lv et 


G- - log(2), which are easy to get? if we use the generating function in (4.5), and 


then we write 


An 


n 


fo, e) 
1 
5Based on (4.5), we obtain by integration that » Ba = 5 log?(1 x)+Li2(x), where if we set 


n=1 
oe) 


In H — Ary) _ 1 
x =i,weare ledto )i"—" = ("= ri Ir AT = 5 log -) + Liat). 


n=1 n=1 


1 2 
Since log?(1—i) = ri log?(2) 7 iz log(2), using the fact that log(x+iy) = log(,/x? + y2)4 
J in (pes 1 = 1 
: y ae -1 ios -1 
j arctan (), x > 0, and Lig(i) = ) a aa ) (-1)” ti ) (—1)” On? = 
n=1 n=1 n=1 
2 ioe) fore) 

a ; : _, Hox 5 1 1 Ark-1 
——_ +iG, btain that) \(—1)k~! = 2 log?(2) and )0(-1)* 1 = 

48 + iG, we obtain tha 2 ) Ak 162° ) 3 og” (2) an 2 ) | 


1 
G- g log(2). 
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; — 1 
I =f arctan(x) log(1 — x)dx = -[ » (xe yk! oi sm) 
0 


{reverse the order of summation and integration} 


iI aaa Sa) cole 
--de 1) (of k= =i) = dX 2k —1 (Sat) 


aa (es a YN 1 
Yan (EC a) 


k=l k=1 
>3 (: yee — ¢ pit eee’) 
-y yi ye a Dae 
+5 = log(2) — G 7 log?) + 5° 2 Des oS 


k=1 


~ 


=1 


= ; (4 log(2) — log? (2) + 2502) — 2n + 7 log(2) — 86) ; 


and the third solution to the integral J is finalized. 
Then, to get a third solution to the integral J using the strategy in the previous 
solution, we write 


; +n—-1 
=| artan(s) og. + yd = ¥ (Soe re x? —1)n a) “ 
0 


{reverse the order of summation and integration} 
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= 3 yeaa er [eerie ay" 3 (-1e* 
~ (2k — 1)n = & (2k — Qk +n)n 


k=1 \n=1 k=1 


{split the double series according to n even and odd} 


eae dX (2k —1)(k +n)n » d (2k — 1)(2k +2n —1)\Qn—1))° 
en a 


re 


k=1 
Sy S2 


(3.99) 
Now, for the double series S$; in (3.99), we have 


eae  [ (-1! wep (a 1 
=D, Dee ease Spi 2 Game 


k=1 \n=1 


= = _ 1k Ak _ = yk A 
= 2A Q Ge pe 72! y (2k — 1)2k 


-20C pt (5 — a) 


Ok 


= - «__k - x Ak 
| Deere Ge 


k 
k=1 


i RS Hy 
1 k-1 1 k-1 
B) 2 ) k di ) I= 1 


S3 


{S3 appears in the first solution, while getting (3.18), and its value is given in (3.88)} 


= 562) + log(2)m — m + 2log(2) — 5 log*(2) — 2G. (3.100) 
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Further, for the double series Sz in (3.99), we get 


=D, p (2k — 1)(2k + 2n — 1)Qn — 5) 


k=1 \n=1 


=i)" {= i 
E=1 DS rae ren re 


n=1 


ll 
ek: 
N|aN 


SpE fa 1 Is 1 
4 (Sat aan) 


n=1 n=1 


lee) 
1 iat 
use that > ee 
oat n(n +k) k 


_ (-1) (Hy 1 Hy _ nF ge cr 
- > (F =D u 2k(2k — 1) 2 Do p 2k (2k — 1) 


= Ax ee Ay = Anz 
= 1 k-1 1 k-1 1 k-1 
sae ) 2k —1 4D! ) k 2 ) 2k —1 


i= Ax 
1 k-1 
+ 2 rs 


io ee Ay = Ak = Ax 
_ pe! pe! _ ye 2k 
2)|2 2 ) k 2 ) 2k —1 - 2 ) 2k 


S3 


= Hy) 1 f 1 
1 k-1 ~~ 1 k-1 1 k-1 
DA ) m1 +3 ) k 2 ) 2k —1 


= 2 ¢(2) — 7 1og(2) - =6 (3.101) 
= 16° gene ge 


Collecting the values of the series S; and S2 from (3.100) and (3.101) in (3.99), we 
conclude that 
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! 3 log(2) 1 log?(2) x 
= t ] 1 dx = -z1 2 2 
i arctan(x) log(1 + x)dx rid og(2) + 9 16°! ) 8 4 


= 53m log(2) + 4log(2) — 56) _ log? (2) — 2m), 
and the calculations are finalized. 

All in all, approaching the problems in different ways, establishing connections 
with various results (sometimes pretty subtle), I think is one of the important steps to 
gain insight in the art of solving mathematical problems. I would highly recommend 
not to get limited to the solutions provided in this book, and if possible to try to find 
new ones. 

Also, from the second solution one may clearly observe the connections with the 
integrals in Sect. 1.13 and the Putnam integral in [73]. 


3.19 Interesting Integrals Involving the Inverse Tangent 
Function and Dilogarithm Function 


Solution From the very beginning, we note the similarity with the previous pair of 
integrals, where now we have Dilogarithms (see [100], [9, pp. 102-107], [44, pp. 1- 
37]) in the place of logarithms, and at the same time we might expect an increased 
difficulty level in comparison with the integrals from the previous section. We’ll also 
find these integrals particularly useful in other sections where we’ ll try to calculate 
more advanced integrals. 


The proposed challenging question is pretty enjoyable, and the present solution 
will try to answer it. 
Let’s start with the integration by parts for the integral J, and then we write 


x=1 


1 
—— i arctan(x) Lig(x)dx = x arctan(x) Liz (x)dx 
0 


x=0 


> /24 
+f tan(x) log(1 — x)d — 
arctan oO 
: x) log x)dx be ae x 
3 1 1 li 
= a i [ arctan(x) log(1 — x)dx [ = na 


{the value of the first integral is given in (1.33)} 


3 
a4 a) 


1 a) wT 
= — log(2) — —log*(2) + +—z + —log(2) —G 
8 4 8 0 


1 . 
L 
x 2(X) 3 


1+ x2 
(3.102) 


=o 24 " 96 
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For the remaining integral in (3.102), we write it as a useful double integral, and 
then we have 


[B8a=-[(f x? log(y) ay) 
a Lae o Mo ‘Ub x =ay) 


{reverse the integration order} 


[ ( [ x* log(y) ) [ ( [ x?(log(x) — log(xy)) ) 
=— ——__.—— dx J}dy= dx ) dy 
o Wo d4+x2)0 — xy) o Wo (U+x?)(1—xy) 


1 1 2 1 1 2 
= ¢ x“ log(x) ax) iG -{ ¢ x“ log(xy) ax) i 
0 Wo +x?) — xy) 0 Wo +x?) — xy) 


U 


{reverse the integration order in the first double integral} 


ft (pi x7 log) _ ' ¥ log(x) log(1 — x) 
=f (/ Ee = [ fae OU 


{the value of the first integral is calculated in (1.26)} 


ce (2) ee (3) -—U (3.103) 
= 35 08 ae —U. ; 


To calculate the remaining U integral in (3.103), we use the symmetry of the 
integrand that gives 


1 1 2y 1 1 2] 
2u = f (/ mee ax) ay + f (/ a ay) ax 
0 Wo (+x°)(1 — xy) oor Cr py = xy) 
{reverse the integration order in the second double integral } 
1 I 2), 1 1 ea 
=) (/ x ete) ax) a+ | (/ y oe) ax) fe 
a oa Csr aryd =29) 0 Wo d+y*)d — xy) 


a ( ' (x? + y? + 2x7y*) log(xy) ) 
= dx } dy 
o Wo (+x?) + y?)(1 — xy) 


7 | ( if (1+27)0 + y?) = C= Gy?) logry) 4 ) 
= x |dy 
0 \Wo (+ x2)(1 + y2)( = xy) 


1 1 1 1 
- f (| a) ay- | (/ a ee ax) re 
6 \vo Loy 0 Vo d+x*)d + y*) 


124 3 Solutions 


{exploit the symmetry of the integrands } 


1 1 l 1 1 1] 
_ 2f (/ og(x) ax) dy 2 f ‘ (/ “8 an) re 
o \Jo l-xy o l+y- Vo 1+x 


of 2 [ea ee (2) — 2¢(3) 
— = (0) 
@ bee yp Eee CO a 5 


whence we get that 


—— (f EEO” 24 ay Ga eG 3.104 
=f (f ee ce) ev = FG + Zoe - 23), 6.104 


where I used simple results with integrals.° 
Now, if we plug the result from (3.104) in (3.107), we obtain 


— — 3-03) + A ogaye(2) — 2G 3.105 
Pr er = GEG) + 5 log2)6Q) — 7G. (3.105) 


Lastly, by plugging the result from (3.105) in (3.103), we conclude that 


1 
I =f arctan(x) Liz (x)dx 
0 


3 


6G Oa eos) es 2 oO) 
=> IT oO -—10 = =10 
4 AGG Ag er eke ge 


x? 23 
ae) log(2) — 646): 


and the calculation to the integral J is finalized. 
Now, for the integral J, we proceed as in the case of the integral J. Starting with 
the integration by parts, we get 


1 1 1 10 isd 1 1 
swowestat [' ("28 ar) aye ( | Sent Hoeeoas] w=P[' (for 
0 Q: bawy. 0 0: 4, nal 2 0 


! log(x) 
logs) ay = —ye a = —C(3). Then, f a dx = i ye (HD xn? log(x)dx 
= pear ana x" log(x)dx = 1 ( "sop = —G. Finally, we have that 
1 1 10 
[ ~ eas = [ Sy a og) dx = reer GT x7"-llog(x)dx = 
n=1 


1 oe) nil _ x 
4 dina (-1)" 5 = — ig 
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1 x=1 

J= / arctan(x) Li2(—x)dx = x arctan(x) Li2(— x) 
0 x=0 

—1? /48 
! 1 y Lip(—x) 
+ arctan(x) log(1 + x)dx — ——— dx 
0 0 1 +x 

- Tf tan(x) log(1 + x)d fea 
ee ee og x)dx a ee x 


{the value of the first integral is given in (1.34)} 


dx. 
(3.106) 


* Jog(2) — ~ log2(2) + = log(2) 
= —log(2) — —lo = log(2)x 
9 8 g °° ge 


nxn mw 7 — 
4 99 48 Jo 1+x? 


Rewriting the remaining integral in (3.106) as a double integral, we have 


ipa e [( ih x? log(y) ) 
a de = =" _dy } dx 
o 1l+x? o \Wo (+22) 4+ xy) 


{reverse the integration order} 


[ ( [ x? log(y) ) [ ( [ x? (log(xy) — log(x)) ) 
= dx }dy= dx } dy 
0 \Jo Gd +x7)(1 + xy) 0 Wo +x?) +xy) 


[ (f x? log(xy) ) [ (f x? log(x) ) 

= ——_.———dx } dy — oo oo ax ) dy 

0 Wo d4+x7)(1 + xy) o Wo (+x?)(14+ xy) 
ee 


V 


{reverse the integration order in the second double integral } 


= v-[ (i te wv) dv =V os: 
0 Wo A+x*)0 +2y) Q 1+ x2 


{the value of the second integral is given in (1.27)} 


pe eee 3.107 
=V + 5G) — 3 log). (3.107) 


Further, for the integral V in (3.107), we exploit the symmetry of the integrand, and 
we get 


1p! x? log(xy) ) ’ : ( | ly? log(xy) ) 
2V= dy J dyt+ ——__.———dy ]d 
I (/ G4+x30 +29 J Io Vo G4+x904+2y J 
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{reverse the integration order in the second double integral } 


1p) x? log(xy) ) ‘( 1 y* log(xy) ) 
= —____--**"__ dyjd ——__————__dx ]d 
[ (/ G+ 0+2p v+f i G+y)d+xy)) > 
( ' (x? + y? + 2xy?) log(xy) ) 
-|/ dx } dy 
0 0 


(14+ x2) + y2)(1 + xy) 


=f ([ (4290477) =01 — (xy)? )) logy) | ax) 
~ Jo \Wo (1+x7)(1 + y?)(1 + xy) : 


=f (f eemar)a i: ([' (I~ xy) log(xy) , way 

= ia eee ee 

0 o l+xy 0 Wo d4+x-)d 4+ y*) 

=f (f eemar)a Lp log(xy) we) 

Jy do Tay J” do Wo Ce) 
‘(pl xylog(xy) log(x) 

+f (/ ape ar) ay =f ( rear) 
liog(x) (fi 1 ' xlog(x) ( [' 

2f 1+ x2 (/ reyes) av +2 f T+x2 (/ at) 


2 


1 ue 
2 48 


dy 


II 
Qa 


3 
log(2) — 55), 


whence we obtain 


_ f'(f) _2losey) nm, w 3 
lea | (/ Gata ew) e= 76 9g 1082) - ZS3),  GB.108) 


where I used the values of a few easy integrals.’ 


TNote that we already met the integrals 


1 
1 1 
08) a, and [ e OE during the cal- 
0 


2 2 
0 1 + x 1 +x 
culations of the integral 7 which are straightforward if we use the geometric series. Next, 


1 1 log(x) 1 1” 1 1 
it’s easy to see that / (/ ax) dy = [ U yop" (xy)"— logs) Jay = 
0 o l+xy a4 


= 3 
eye f Ue (xyy" Mog(x)dr dy = yen" = =- 750). 


n=1 n=1 
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Now, if we plug the result from (3.108) in (3.107), we get 


fea Fg) 2) — Br) (3.109) 
. ieee oa oe ee eae 


Finally, if we plug the result from (3.109) in (3.106), we conclude that 
1 
J= / arctan(x) Liz (—x)dx 
0 


33 (3) + ae 1o2(2) mn? 2 Tr 
= — 0) 
64° 24 08 48. 96 4 


7 4 3 tog(2) 
gr gree 


ea (2) ‘4 #(9} 
= lo —-—lo ; 
Se ee 


and the calculation to the integral J is finalized. 

Often, we need to combine more integration techniques, all depending on the 
form we reduce the main integral to. In this case, I made use of the symmetry 
in double integrals, but at the same time I had to play with the integrals from 
the previous section and the ones from (1.26) and (1.27) which in Sect. 1.14 are 
approached by creating a system of relations with both of them. As seen, the present 
approach also answers the proposed challenging question. 


3.20 More Interesting Integrals Involving the Inverse 
Tangent Function and the Logarithmic Function: 
The First Part 


1 
Solution In the second section back I calculated the integrals, : arctan(x) log — 
0 


1 
x)dx and / arctan(x) log(1 + x)dx, and now I want to consider the versions with 
0 


the integrands divided by 1 + x7. If you already went through the previous sections, 
it’s not hard to guess what we could do here, what (possible) strategy to adopt. 


Let’s denote J= 


> 


: arctan(x) log) |. jae [ arctan(x) log(1+ x) ae 
(0) 1+x2 0 1+x?2 
and then we make up the system of relations with the integrals J and J, 
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lesa [ arctan(x) log(1 — x?) aye 
0 1+ x? 


U 
! arctan(x) l-x 
I-J= log dx. 
o l+x2 l+x 
a 


Vv 


S: (3.110) 


For the integral U in (3.110), we make the change of variable x = tan(y), and 
then we have 


' arctan(x) log(1 — x7) m/4 cos(2y) 
i er ia v8 (a) 4 


m/4 m/4 
-| x log(cos(2x))dx -2 f x log(cos(x))dx . (3.111) 
Se, EE 
Uj U2 


Now, for both integrals in (3.111) we make use of the Fourier series in (3.86) (see 
1.441.4 from [30]). Then, for the first integral in (3.111), we have 


m/4 x/4 oo 
U, =} x log(cos(2x))dx =) x (- log(2) + dey en) re 
0 0 n 


n=1 
ae. log(2£(2) i? 5% pyr cose) | 
=e og(2)¢(2) + ; 8h, _ a x 


{reverse the order of summation and integration} 


3 iy" 
= — 7g log(2)52) +) — 


n=1 


m/4 
i; x cos(4nx)dx 
0 


—])"- 1 i 1 
=~ eles + IP (Se a) 


n=1 


3 (— 1)"- 1 
= — 7, losi262) he ; as 5 


3 7 
a og ER) eh: (3.112) 
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Further, for the integral U2 in (3.111), we get 


m/4 1/4 (ee) 
U2 ay x log(cos(x))dx =f x (- log(2) + dey ee) dx 
0 0 n 


n=1 


3 ae n—1 COS(2nNX) 
=—Fzloe@e2) + f rent ea 


n=1 


{reverse the order of summation and integration} 


3 o (-1)""1 
= Fg losive@) + De 


m/4 
| x cos(2nx)dx 
0 


n=1 


_ fan Nn 
_yyr-l x sin (=) cos (=) 1 
(-1) Dd i 2 
n 8n 4n2 4n2 


3 


= — Fg lose) + de 


n=1 


CO 


3 a 
=~ 7g lose + 3 > 


(ee) 


Gy Ieee 
(2n — 1)? aos n3 


n=1 n=1 


7 Gg — 2 tog2¢2) - 2L¢@3) (3.113) 
= —G— —lo eames : . 
a Te ere Tae 

If we plug the values of the integrals U; and U2 from (3.112) and (3.113) in 
(3.111), we get 


= [ arctan(x) log(1 — x’) 
0 


7 3 14 
ipx2 dx = 39) + 16 log(2)g(2) — qe (3.114) 


1— 
Lastly, to calculate the integral V, we make the change of variable 1+ o : 

x 

that gives 
ve 1-x 
1 arctan(x) log| 5 ang ' (/4 — arctan(y)) log(y) 
ve dx = a 
0 1+x? 0 i+y? 


x [' log(y) ' arctan(y) log(y) 
7d 2 dy 
A Jo dey 0 Ler y 


{make the change of variable y = tan(x) in the second integral} 
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/4 
x log(tan(x))dx 


1 0 
- =f Der" oganar — f 
4 Jo 


1 
n=1 0 


{for the second integral use the Fourier series in (3.74) (see 1.442.2 from [30])} 


re oe = cos(2(2n — Dx) 
= roo es if 2 Mostoax +2 De na dx 


(oe) 


T © (-1)""! 1 m/4 
= 2 2(2n — 1)x)d 
4 Gap t ea, men eet) ea 


1 eS . 1 It cos(sn) sin(rn) 
=-——G+2 
4 ~ d 2n— 1 ( 4(2n — 1)? 8 2n-—1 = 4(2n — “3) 


1 i a 1 mon (-I"! 1 sinaz) 7 
~ ra 2 Ge tL ee 2 Ge 16°): 
(3.115) 


Collecting the values of the integrals U and V from (3.114) and (3.115) in 
(3.110), we have 


14+ 7 = —¢03) + > tog(2»¢2) — 7G; 
32 16 4 
ee ey 
16 


whence we obtain that 


i= [ ear = 5 (F1oe@e@ - 2203) - x6) 
0 aN : 


1+ x2 
and 
' arctan(x) log(1 + x) i721 3 
ire, ee dx = 5 (eG) + Flose@ -26), 


and the solution is finalized. 

Again, we took benefit of the powerful approach involving the use of a system 
of relations with integrals. Undoubtedly, we have the advantage of having both 
integrals in the same section, which could easily make us think of such an approach. 
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For an alternative solution, make the change of variable x = tan(y) in both 
integrals, and then exploit that 1 — tan(x) = J/2 sec(x) sin (> _ x); 1 + tan(x) = 


J2 sec(x) sin (« + “) and the Fourier series of log(sin(x)), log(cos(x)). 


3.21 More Interesting Integrals Involving the Inverse 
Tangent Function and the Logarithmic Function: The 
Second Part 


Solution We continue now with other similar versions of the integrals from the 
previous section, and this time we consider the squared inverse tangent instead of a 
simple inverse tangent. Surely, we’re tempted to proceed as in the previous section, 
but I think we might like to make some little adjustments to such a strategy (and we 
could start with making a nice symmetry-related observation on the integral J). 


Let’s start with the integral J we integrate by parts, and then we have 


' arctan? (x) log(1 + x) 1 eI 
fe dx = tan? (x) log(1 
[ 14+ x2 x 3 arctan” (x) log(1 + x) - 
ee 
log(2)1?/192 
1 f! arctan? (x) 
3 0 1 +X 
log(2) 1? 1 [ arctan?(x) , (3.116) 
= 10 xX . 
e003 1+x 
Jj 


i= 
For the integral J; in (3.116), make the change of variable x = = that 
y 
beautifully gives 


! arctan3(x) ! (1/4 — arctan(y))* 
Ji = ——dx = dy 
0 l+x 4) 1+ y 


-=f 1 rr So fo mM ae 4 Bf arctan”(x) 4 
64 Jo 14x 16 Jo 1+x 4 Jo 14x 


/ ! arctan3 (x) 

— ———dx, 

0 1 + Xx 
ee 


Ji 
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whence we get that 


= 


' arctan? (x) log(2) 3 34 / ! arctan(x) 
a Xu XT 
0 1+x 128 32 0 


Jy 


3! arctan? 
Es nf arctan ) 
0 1+x 


8 
J3 
and happily we were able to express J; in terms of simpler integrals. 
Note the integral Jz from (3.21) is calculated in (3.98), and we have 


J / : arctan(x) | log(2) 
= ——dx = — lo : 
: 0 1l+x 8 g 


Further, for the integral J3 in (3.21), we integrate by parts that gives 
x=1 


: arctan? (x) 2 
a ——— dx = log(1 + x) arctan“ (x) 
0 1 + Xx 


x=0 
ne 


log(2)7/16 


! arctan(x) log(1 + x) 
5 dx 
0 1 + X 


! arctan(x) log. + x) 
1+x? 


3 
= g los(2)o@) 2 | 
0 


{make use of the result in (1.38)} 


us 


=—G a4 2)C(2 = 3 
=4 + 76 losg(2) — 3560). 


3 Solutions 


1+x 


(3.117) 


(3.118) 


(3.119) 


If we plug the values of the integrals Jz and J3 from (3.118) and (3.119) in (3.21), 


we get 


3 


I [ arctan?(x) , 1og(2) I” 4. 9 (2G 
— ———_ ax = 10 
a a ee 8) 58 tT 16° 


63 
75678 3): 


Collecting the result from (3.120) in (3.116), we obtain that 


es [ arctan? (x) log + x) 4 3 
~ 0 1+ x2 


(3.120) 


= log(2)— + 2 ne(3) — c02)6 
BS NOE) ag4 } 9567 165 


(3.121) 
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Next, to calculate the integral 7, we notice that 


ys [ arctan? (x) = _ ee 
0 1l+x 


: arctan? (x) log — x?) : arctan? (x) log(1 + x) 
= dx dx 
0 0 


14+ x2 14+ x2 
J 
_ [ arctan? (x) log(1 _ ee log(2) 1 21 (3) + 3 (0G 
aan 1432 N08) 334 — 25675 ie” 
q 
(3.122) 
For the integral [;, we make the change of variable x = tan(y) that gives 
h-= [ arctan? (x) =e — x?) ee [- hac (2) dy 
0 1+x 0 cos*(y) 
m/4 m/4 
= / y* log(cos(2y))dy —2 i y* log(cos(y))dy . (3.123) 
a 
bh bh 


Now, for both integrals in (3.123) we make use of the Fourier series in (3.86) (see 
1.441.4 from [30]). Therefore, for the integral J, we have 


m/4 m/4 ioe) 
Ge i y? log(cos(2y))dy = [ y (roca) + oy) dy 


n=1 


73 m/4 = cos(4ny) 
= — log(2) — Peay 
0875 + f yey tay 


nel 
{reverse the order of summation and integration} 


3 [o,@) 


1 (-1)""! m/4 5 
= logQ5 +) . [ y* cos(4ny)dy 


n=1 


3 90 n—-1 2 ; 
cia (-1) m-sin(n) mcos(an) — sin(zn) 
= — log(2 

082)ig5 +L ( 64n 32n2 32n3 ) 


n=1 
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mw? m2 sin(zrn) c<— cos(zn) 
_ ] 2 1 n-1 1 n—-1 
082) 355 + Gq LCD et 3g LCD ne 


n=l n=1 


i. sin(zn) 3 fe 
i = — log(2 
32 dX ) nd 082) 195 ~ 39 2 FE: 


ma IT 
= —log(2) 755 — 396). (3.124) 


Further, for the integral /3 in (3.123), we have 


m/4 ia - 
I = y* log(cos(y))dy ay y? (- log(2) +c sen) P 


n=1 


m/4 = cos(2ny) 
= — Jog(2) —_— 2 -jpr tae“ d 
og( +f y DB ) ; a 


{reverse the order of summation and integration} 


n—-1| 
= log(2)= Ee ~ i y* cos(2ny)dy 
0 


n=1 


1 x? sin (=) x cos (=) sin (=*) 
1)"- > “> “> 
2,450) ay 2 DT 4. 2 2 
192 a 32n 8n2 4n3 
mn Mn 
3 20 sin ( ) oo cos (*) 
= ] 2 1y"7! 2 1"! 2 
pO) as + ay DD) pe 5 
n=1 n=1 
_ fon 
jae 
1)" 
7 a le 


x3 x2 asd (-1)""! I ©0 (ai asd (= 1 
= —log(2 
082) T55 * 39 d Qn—12” 64 d nm i> (Qn — 


4 


{split the last series according to n odd and even} 


2 aHipyy a een <2 > ( : 
= NE) 99 T 397 * 956 °° 1024 4 \(n— 3/44 — 1/498 


3.21 More Interesting Integrals Involving the Inverse Tangent Function and... 135 
oe) fo) 


mr? 1 1 1 
og a Ga. eas Joe. ao i = 
og ote + 55am oS Tox Ga 3/494 oe (7 —1/4)4 


[ee] 


1 
. . . (m) _ m-1,) E } 
I. Polygamma function series representation, y (z) = (- 1) mM: 7 G+ hmtt km T | 


gy Ge epi ag)? a gO 
192 32 256 6144 4 6144 4 


d™ 
{use the reflection formula, (—1)”" vw (1 — z) — W"(z) = = cot(zz), with m = 3, 
z 
@) ; @ (1 4 @ (3 
z = 1/4, that gives w +y rt 167°, from which we extract w Z 


x 7. 3 1 
cerca a eae i eee ee : 12 
384 108 a - ae + 35675) Td (3) eee 


If we plug the values of the integrals J) and J; from (3.124) and (3.125) in (3.123), 
we have 


1 2 2 
h “A arctan*(x) log(1 — x ) tx 
0 1+ x2 
g(a aaye * G+l0 2 > mo x (3.126) 
= 1536 4 7 ~ 792" 


Finally, collecting the result from (3.126) in (3.122), we obtain that 


r= arctan? (x) areiat leet) = *) ay 
a Coe + x2 


OE) a ga et), 
~ 1536 4 192 PES 384 = 32 256 


and the solution is complete. 

The Polygamma function reflection formula I used in the calculations above may 
also be found in [116], [79, p. 33]. 

Again, for an alternative solution focused on an individual approach of the 
integrals, make the change of variable x = tan(y) in both integrals, and then exploit 


that 1 — tan(x) = J/2 sec(x) sin (= _ x), 1+ tan(x) = J/2 sec(x) sin (« + =) 


and the Fourier series of log(sin(x)), log(cos(x)). 
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3.22 Challenging Integrals Involving arctan(x), log(x), 
log(1 — x), Lin(x), and Liy(x”) 


Solution When encountering the results with the tough integrals in this section, 
one impulse might be Let’s try to calculate the integrals separately and then put the 
results together, and if we run Mathematica, say, for either of the two integrals from 
the point i), we arrive at some results involving the Trilogarithm function ([119], 
[44, Chapter 6, pp. 153-187], [78, Chapter 2, pp. 113-—114]) with a complex argu- 


. (iti : . 
ment, i Li3 (+). that doesn’t seem to reduce to simpler forms in well-known 


constants only. Depending on the way we choose in our calculations, sometimes 
things may become rather difficult, unfortunately. Therefore, one concern is about 
the starting point of the calculations, and our lucky card here is to try to rearrange 
the initial integrals and bring them to more convenient forms (that often can be 
achieved with the integration by parts). Happily, all the resulting integrals we’ll get 
in this process are calculated in the present book. 


Starting with the integration by parts at the point i), we write 


1 1 
; arctan(x) log(x) log(1 — x)dx = i x’ arctan(x) log(x) log(1 — x)dx 
0 0 


= ' + arctan(x) log(x) 
= x arctan(x) log(x) log(1 — x) + dx 
x=0 


1l-x 


—$—_$—$—$—— 
0 


, ' ylog(1 — x)1 
-| arctan(x) log(1 — x)dx / alse - og() dx, 
0 0 1 +X 


from which we obtain immediately that 


ly log(x) arctan(x) 
dx 


1-x 


1 
arctan(x) log(x) log(1 — x)dx / 
0 0 


. 1 
log — x)1 
= -| arctan(x) log(1 — x)dx i x log( a og) 1, 
. 0 1+x 


{the values of the integrals are given in (1.33) and (1.26)} 
41 3 5 1 x 1 1 
= G— —¢(3) + — log(2)x? — —n? — = log(2 =~ —lesQ)4-— los (2); 
5g) + 35 og(2)z rae g losQ2)a + 3 5 log(2) + 5 log" (2) 


and the solution to the point 7) is finalized. 
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As regards the second part of the problem, we apply the integration by parts for 
the first integral, and then we write 


1 1 
/ arctan(x) log(x) Li2(x)dx = i x’ arctan(x) log(x) Liz (x)dx 
0 0 


x=1 


1 
= x arctan(x) log(x) Lio (x) +f arctan(x) log(1 — x) log(x)dx 
0 


x=0 


—_——$—_S 
0 
1 1 ] Li 
_ / arctan(x) Lin (x)dx / wise) oD oy (3.127) 
0 0 1+x 


Returning to the main question and using the result in (3.127), we have 


ly log(x) arctan(x) 
dx 


1 
i arctan(x) log(x) Liz (x)dx / 
0 0 


1-x 


os log(x) arctan(x) 


1 
-| arctan(x) log(1 — x) log(x)dx / 
0 0 


1-x 


: 1 Z 
1 L 
-| arctan(x) Liz (x)dx i x log(x) Lig(x) 
0 0 1+ x2 


{make use of the results in (1.41), (1.35) and (1.56), with n = 1} 


Aye la ae al 4. ae 


5x* m«  los*(2) 17 
+ 1 
a 4 — 7680 24 


9 
3 log(2)2? 
3962) 28 a i +96 og(2) 


4 
—Z les(2) — log), 


and the solution to the point 77) is finalized. 
For the third part of the problem, we might like to start with the Dilogarithm 


function identity, Lig(x) + Lig(—x) = 5 Lip (x7), and then we write 


ly log(x) arctan(x) 


1- x 


1 
/ arctan(x) log(x) Liy(x*)dx — 2 / 
0 0 


ly log(x) arctan(x) 
dx 


1 
= 2 { arctan(x) log(x) Li2(x)dx | 
0 0 


1l-x 
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1 
+2 f arctan(x) log(x) Li2(—x)dx 
0 


{make use of the results from the point ii) and (1.45)} 


4 
2 


5 5 
ri log(2)2? — 2log(2)x — —z 


AG Liga G4 = yt = 2 2) 
—! @) ws 
: er) 2A 


1920 96 
5 2 
nae — 5log(2) + log*(2), 


and the solution to the point iii) is finalized. 

How do we know, guess the advantageous forms we should start with when 
dealing with such problems? I think there is no magical way to tell it. However, 
what we can do is to make investigations combined with the experience gained, 
which is a key point, and then we may arrive at solutions like the ones presented 
above. 


3.23 Two More Special Challenging Integrals Involving 
arctan(x), log(x), log(1 + x), and Liz(—x) 


Solution I wonder if you jumped here while working on the point iii) from the 
previous section. The integral at the point ii) in this section appeared in the solution 
of the result at the point iii) from the previous section. We have to cope again with 
some integrals for which I want to emphasize the adjective challenging. 


The strategy we want to employ is to break down the integrals into simpler 
integrals, and applying the integration by parts, we get 


1 1 
/ arctan(x) log(x) log(. + x)dx = s x’ arctan(x) log(x) log(1 + x)dx 
0 0 


x=1 1 
= x arctan(x) log(x) log(1 + x) _ / arctan(x) log(x)dx 
> | 0 


—e———— 
0 


[ arctan(x) log(x) 
0 1 + x 


1 
dx / arctan(x) log(1 + x)dx 
0 


[ x log(x) log(1 + x) ay 
0 


1+ x2 
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1 = 
where if we use that / arctan(x) log(x)dx = [ ae 1)" - log(x)de 
0 n=1 
= -1 1 
= )o-1)" [= ~ log(x)dx = + Ls = -4 1)" 
n=1 n=1 
tL i? i m2 « — log(2) 
1 n—1 1 n—1 = : 
+ du ) n Di ) 2n — 1 48 4 7 2 


n=l n=1 


which we combine with the values of the integrals given in (1.46), (1.34), and (1.27), 
we conclude that 


1 
J arctan(x) log(x) log(1 + x)dx 
0 


_ log(2) me 
—— 6g +as £3) log) 3 


igs 2 ess) 
(0) 7 = —10 —10 
32.96 8 °° 2's = en 


and the part 7) of the problem is finalized. 


Proceeding similarly as we did for the part 7) of the problem, we integrate by 
parts, and then we have 


1 1 
arctan(x) log(x) Li2(—x)dx = / x’ arctan(x) log(x) Liz (—x)dx 
0 0 


x=1 1 
= x arctan(x) log(x) Li2(—x) + if arctan(x) log(x) log(1 + x)dx 
i— 0 


ee 
0 


1 
-{ arctan(x) Liz(—x)dx [ x log(x) Lig(— *) ay 
° 0 1+ x? 


{the values of the integrals are given in (1.44), (1.36), and (1.57), with n = 1} 


log(2) iS ~¢, = 9 | 5 
G 3 log(2)n2 — = log(2 
2 35607 * 192 3069) — 96 BA)" — 7 los)x 


ae ee 
“2 4 
3 3 
ri _ 5 los +7 slog? (2), 


and the part ii) of the problem is finalized. 


140 3 Solutions 


As seen, I tried to reduce both proposed integrals to simpler integrals. All 

the resulting integrals were calculated in the previous sections, excepting two, 

' arctan(x) log(x) " ¥ log(x) Liz(—x) 

———__———— dx and oe 

0 1 + x 0 1 +x 2 

of the problem and give the real substance to the word challenging used in the title 

of the section. The former one we’ll meet right in the next section together with a 
beautiful generalization of it. 


dx, which represent the hard nuts 


3.24 A Challenging Integral with the Inverse Tangent 
Function and an Excellent Generalization According 
to the Even Positive Powers of the Logarithm 


Solution The integral from the point 7) naturally arises in the calculation process 
of the challenging integral 7) from the previous section, and we want to know how 
to calculate it. Further, using a different idea, we'll also make the generalization of 
a similar version of the integral from the point 7), the version where we consider 
log?” (x) instead of log(x), withn > 1, n EN. 


Let’s start with the point 7) of the problem, and noting and using that arctan(x) = 


x 
i T+ we get 
: arctan(x) log(x) / : x log(x) 
$$ di = ia dy }) dx 
0 1+x 0 Wo A+x)(+x*y*) 


— ff) toga oa a i log(x) 
=| (/ ep aty)ax— (/ cea) 


{reverse the order of integration in the second double integral } 


_ Se i ( [ log(x) ax) 
0 x o Wo G+nd +x) °” 


vi 


k—2 


1” 2 
=| Yep !=— logtxyax — 1 
= J, aa 

k=1 


{reverse the order of summation and integration} 


oo k-1 1 oo k-1 3 
aa =] 
=) | x7? tog(x)dx — 1 =—) Sp ey ys 
HK —-T Jo “Qk —1) 32 


(3.128) 
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where the last series is a known particular case® of the Dirichlet beta function (see 


wo cy _e 
[101}), B(s) = ye Ona pr kes BG) = 35° 


For the remaining integral in (3.128), we make the change of variable yx = z, 
and at the same time we want to exploit the idea’ of symmetrical double integrals, 


that gives 
fi (f?  los@/y) 
=| (/ ost) ® 
1? logtz/y) log(y/z) ) 
= dz)d 
I (/ O+od+2) Grodtyy )° 


-f ([° log(y/z) tc) dy 
o Wo Ot+20+4+y?) 


{exploit the symmetry of the integrand in the first double integral and} 


{in the second double integral make the change of variable z/y = x} 


8Splitting according to n odd and even and using the Polygamma function reflection for- 
m el n 
(-)) 


cot(7z), we get B(3) = a 


d 
mula, (-<D™w™(1 —z)- vz) = ma 


3 
wm n=0 Qn + 1) 
CO CO foe} foo} foo} 
(-1)""! 1 1 1 1 1 
Ds (Qn —1)3 — »» (4n — 3)3 2 (4n—1)3 64 = (n — 3/4)3 > (n—1/4)3 J 
n=1 n=1 n=1 n=1 n=1 
1 = 1 ae 1 
22s li oa li (2) l— = (2) : ) = 
64/4 S (—1+xp du a) 128 x3 1/4 (v ae) 
3 
= where I also used the Polygamma function series representation, pM) = 
fo} 
1 
(-1)""!m! > ra se 
=, (z + kym 
Usually, if having a symmetrical function in two variables, f(x,y) = f(y,x), then, 


1 y 
upon reversing the order of integration, we may write J = / ( / Sx, yas) dy 
0 0 


1 1 1 1 x 1 1 
[Cf roomace [' (ff) rens)ac= ff nena 
0 x 0 ty e rhe : 0 : 
from which we obtain that J = d (/ St, yas) dy = >/ (/ fa, ay) dx = 
ia 0 Wo 2Jo Vo 
; / (/ SQ, yar) dy. 
0 0 


~ 
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=f log/y) , _togty/z)_ 
2Jo Vo WtDU+272) Ct+z04y) 


1 1 
l 1 
af / OBO) 4. i: 3dy 
o l+x o it+y 


3 Solutions 


Ja 


Lp ( sf) 6% —2)log(z/y) ) a [} log(x) 
— dz)d — d. 
a (/ @+odt+y0+2)~ m7 |, . 


2 (1+ y?)(1 + 27) 


if [o.@) 
+f DoDI Na Noga 


1l+x 


1 ie ( y log) + zlog(y) — y log(y) — z log) ) 
_l dz) dy 
0 0 


1 1 1 1 
lo lo 1 
i, y sy [ ND a i y say | dz 
o l+y 9 14+2z 9 It+y 9 1+z 


log(2) 


log(2) = : - : 
= oat rene f 2 ogiende—2 Y(-! f y2*! Jog(y)dy—— 


1” 1 0 

a i a oe a Tk 

- [ Gs aie a *log(<)dz— 7 [ Yip ly! og(y)dy — 
k=1 k=1 


k=1 


3 


48 


3 


k=l ? k=1 ’ as 
_ log(2) 3 Er oe 3 ey a _ _l2Q—_ G9) 
2 eat (2k — 1) 16 ra k 48 2 64 
If we plug the result from (3.129) in (3.128), we conclude that 
[ arctan(x) log(x) Fees log) _ 73 (3.130) 
0 


1+x 2 64’ 


and the calculations to the point i) are finalized. 


This integral version also appears in [55] with different approaches. 
To tackle the point ii) of the problem, we first prove that for—1 <s <0, s ER, 


we have the following result, 


CO xs 
/ dx 
o (1+x)(1+ yx?) 


ud ms\ y* IW a ye I csc(7s) 
= = CSC ( ) + sec ( ) : 
2 2/1+y2% 2 2/1+y? 


1+ y? 


(3.131) 
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Proof We start with the partial fraction decomposition, and then we write 


lee) xs 
dx 
& tl+a)G+ y*x*) 
2 s+l1 


1 oo ys og oo xs y oy 
= / dx + / dx / dx 
l+y2Jo 1l+x l+y2 Jo 1+ y?x?2 l+y2 Jo Lty?x? 


{for the second and third integrals apply the variable change yx? = t} 


1 a oo p—-D/2 1 ys oo ps/2 7m csc(s) 
dt dt 
xf 1+t ath, 1+t 1+ y? 


IT ws\ y°* IT ms\ y!-§ It csc(zs) 
— csc ( ) + sec ( ) , 
2 2/1+y? 2 2/1+y? 1+ y? 


and the proof of the result is complete. In the calculations I also made use of the 
oo pol 1 
classical resute!® [ dt = — ‘ 
o l+t sin(7 x) 
If integrating both sides of the result in (3.131) from y = 0 to y = 1, we obtain 


1 lee) x5 [e-e) 1 xs 
dx |}dy = dy }d 
I (/ (+x) + y2x2) ) ? | (/ (+ x)0 + y2x2) ») ‘ 


i x°—! arctan(x) 
dx 
(0) 1 + Xx 


1 —s 1 
IT Ss y a A) y 
= d ( yf d 
ese (—) f i472 Ve ee 5 : page 


1 
1 
=x ese(as) f —, dy 
g I+y? 


{in the first two integrals make the change of variable y- = z} 


co x-1 


0Using the Beta function in the form B(x, y) = [ Gp where if we setx + y = 


1, combined with the identity connecting the Beta function and Gamma function, B(x, y) 


P(x)I'(y) ter ; . 
— ———.,, and the Euler’s reflection formula, [(a)'(1 — a) = — : 
Tat+y) sin(za) 


lo) tx! 1 
/ dt = — : 
o I+t sin(zx) 


we obtain that 
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e ey 1 ,—(1/2+s/2) 5 ae 1 7-8/2 pe. 
= — csc ( ) i dz + — sec ( ) / dz csc(zs) 
4 27 Jo 1l+z 4 2/7 Jo 1+z 4 


{e.g., make use of the result in (1.10), the first equality } 


saa) HG-a) Yaa) 
+ Fseo(3) (v(1 7) v(; 7)) ™ esol), (3.132) 


Returning to the main integral of the problem, we write 


il  arctan(x) log?” (x) d i ' arctan(x) log?” (x) d 7 ' arctan(x) log?” (x) 
x= x 
0 0 0 


l+x x x(1+x) 


Jj 
(3.133) 
The first integral in the right-hand side of (3.133) is straightforward, and we have 


2n 2k— 
n=f arctan) eg Oa [ De as \< 2 tog (x) 
0 


{reverse the order of summation and integration} 


CO 


De , = = 1 
aD 3 —1)e ail 7 log” (x)dx = (2n)! 5 °( i Oka pa 


k=1 k=1 


= B(2n + 2)(2n)!. (3.134) 


Next, for the second integral in the right-hand side of (3.133), we write 


h= [ arctan(x) log?” (x) = ie arctan(x) log?” (x) 
0 x(1 + x) 0 x(1+x) 
© arctan(x) log?” (x) 
1 x(1+ x) 


{make the change of variable x = 1/y in the second integral} 


© arctan(x) log?” (x) ' arctan(1/y) log?” (y) 
-_ dx dx 
0 x + x) 0 1+ y 


{employ the identity arctan(x) + arctan(1/x) = 2/2, x > O} 
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°° arctan(x) log?” (x) ! arctan(x) log?” (x) a [}! log?"(x) 
= dx + dx dx 
0 x(1+ x) 0 1+x 2Jo +x 


[ arctan(x) log?” (x) ' arctan(x) log?” (x) a 
= Xx 
0 x(1+ x) 0 1l+x 


I =92 
_ a —2°*")¢(2n + 1)(2n)!, (3.135) 


l 2n 
where I used that pes ai as -[ Ye 1)!!! Jog" (x)dx 


0 


oo 1 
em / x*“" log" (x)dx = (2n)! > eye = Qn + 
= m k=1 
1)(Qn)! = (1 — 277")¢(2n + 1)(2n)!. 
Collecting the integrals J; and J2 from (3.134) and (3.135) in (3.133), we obtain 
" arctan(x) log?” (x) 
0 1 + x 


© arctan(x) log?” (x)  arctan(x) log?” (x) 
dx dx 
0 x(1+ x) 0 1+x 


dx = (2n)!B(2n + 2) + sal —2-")¢(2n + 1)(2n)! 


and using the identity in (3.132) to prove the result, 


/ © arctan(x) log?” (x) 
dx 
0 x(1+ x) 


= § lin (Far(e(F) (v (F-§)-¥ G-4)) 
tse (4) (v(1-4)-v ($-$)) -2xexee9)), 


we conclude that 


/ ' arctan(x) log?” (x) 
0 1 + Xx 


+2 B(2n +2)(2n)! — = tim (45 (««(¥) ((; *) oe 
il aaa: dsm 2 4. 4 4.4 
US S 1 Ss 
+ sec (5) (v (1 7 uv € )) Qn ese(rs))), (3.136) 


and the calculations to the point ii) are finalized. 


a =; 
dx = FU = 2°")E2n + 1) Qn)! 
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In this section, for the first part of the problem, we have convinced ourselves of 
the incredible power of the technique that exploits the symmetry in double integrals, 
and we’ll continue to meet such approaches in the next sections. 

The idea used for the generalization from the second point of the problem can 
also be successfully employed for more advanced integrals, and such an example 
(which is pretty delightful) may be found in the next section. 

The curious reader interested in a larger generalization, with the logarithm raised 
at any positive integer, may use the strategy in [56] (and the same idea to try in the 
next section for a larger generalization). 


3.25 Let’s Tango with an Exciting Integral Involving the 
Inverse Tangent Integral, the Lerch Transcendent 
Function, and the Logarithm with Odd Positive Powers 


Solution First of all, let’s prepare ourselves for the encounter with what is called 
the Inverse tangent integral. In Lewin’s book in [44], there is a whole chapter 
dedicated to this function, named The inverse tangent integral, and then another 
chapter dedicated to the more general version of the mentioned function, named 
The generalized inverse tangent integral. If you didn’t have a chance yet to take a 
look on these chapters, and plan to do it, be ready to meet absolutely extraordinary 
and very useful formulae, identities with these functions. The Inverse tangent 
integral is defined in terms of Dilogarithm function with a complex argument, 


1 
Lin(ix) = mi Lin (—x?) + iTi2(x), and there are various known representations 
°° x2n-1 
of it like the series representation, Tiz(x) = ae Qn D2’ the integral 


: ; * arctan(t) . 
representation, Ti2(x) = —— dt, and last but not least, I point out the 


0 
integral representation in (3.138) (below), we’ll find very useful in this section. 


During the calculations it won’t be necessary to resort to the heavy artillery of 
these chapters I already mentioned. In fact, we need one more thing, the inverse 
relation, 


Tin (x) — Tig (=) = = sen(x) logi(|x), (3.137) 


we may also find in [78, Chapter 2, p. 110]. 
To start the solution, we need in the calculations the fact that 


' x log(y) 
Ti =— —_—-~“ dy, 3.138 
2(x) [ 1+ x2y2 y ( ) 
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which is straightforward to show!! by using the geometric series. 
Now, multiplying both sides of the relation in (3.131) by —log(y) and then 
integrating from y = 0 to y = 1, we get 


, i x* log(y) me ie : x* log(y) 
I (/ Tats") w= (/ Tess) 7 
_ fre tee). ms\ [! y~* log(y) 
=| i. ese(S) | ioe 


IT TS ' ys log(y) 
sec ( ) - dy 
2 2 0 1 + y2 


ze 
1+ y? 


+m esetns) | 


{make the change of variable y? = z in the first two integrals} 


aA US 1 2-6+D/? log(z) 1 Ss 1 7-8/2 log(z) 
= ese ( ) dz sec ( ) dz 
8 2 0 1 + Zz 8 o) 0 1 +z 
———— ———S 


q In 
1 
+ reseers) [ 28) 4 (3.139) 
1+ a 
Is 


Recalling and using the first equality in (1.10), then the first integral in (3.139) 
leads to 


_ » EPP ost) 5 (a) Ss a (los 
eee =3(¥ (; i) . (; i): 


(3.140) 


and similarly, for the second integral, we obtain 


_ * log(z) 5 1 () S afl s 
nef! ae =3(v (1 ) wv (5 i): (3.141) 


1 
it 
Nits easy to see, if we use the geometric series, that i we 080) 4 y -[ Ze 1)” 
0 eee 


n=1 
2n—1 


1 CO 
x . 
(xy)? oat = iment fy oggydy = Yop" 5 = Tht). 
0 n=1 


(2n — 1) 
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where we first differentiated (1.10) with respect to s and then plugged in the needed 
values. 
The last integral in (3.139) is a known one, and we write that 


aude, ye fe n—-1 aa 2 
= — 1 ] d 
= [ are 3 (1) og(y)dy 


n=1 


oo 1 
= ey fy rogoray 
n=1 0 
= 1 
= PB iy" a a G. (3.142) 
n=1 


Collecting the values of the integrals 7, , 2, and /3 from (3.140), (3.141), and (3.142) 
in (3.139), we obtain 


OT Tigh). I 1S af{los a({3_s 
[ I+x ax = Fese(F) (wv € 4) v ( *)) 
ae li af! _*)\ «ait, * 
+39 sec ( 2 ) (v G J yO :)) 


— a csc(zs)G. (3.143) 


Upon returning to the main question, we write 


ly 2n—-1 2n—-1 ert 
| Pi N0g VD go [im Oa [ mos Say 
0 l+x 0 x(1+ x) 
-—oOO COS OO n-’YI- ras” 


I, Ts 
(3.144) 
where you may note I used the same strategy as in the previous section. 
Now, for the integral 74 in (3.144), we write 


2n—-1 1& k-1 
= 4 _ (-1) 2k—-2 1. 2n—1 
k= D Tin(x) © dx = [ dX Ok—D?2 = D2" log (x)dx 


{reverse the order of summation and integration} 


~ [= De ; [> 2k—-2 2n—-1 
=) _—,y, log?”—! (x) dx 
a Oke (2k — 1)2 
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{make use of the result in (1.2)} 


[ee 


_1)\k-1 
=-(Qn-1!)> ~ a = p0n4+ DOr 1h (3.145) 
k=1 


For the second integral in (3.144), we need the inverse relation in (3.137), and we 
write 


a il ; log?"—! (x) 2 oo ; log?”—! (x) 
Ts -/ OO) ae =f TOO) aaa 


oo ; log?”—! (x) 
= 1 aaa. 


{make the change of variable x = 1/y in the second integral} 


lee) a 2n—1 
. (x) . [1) log (y) 
= T bee T — | ———‘d 
I caer aes “+f »(5) l+y > 


lee) l 2n—-1 1 ] 2n—1 1 ] 2n 
= Tix) Sar + f Tio(x) oe ie =f = ) ay 
0 x(1+ x) 0 1+x 2Jo %I14+x 


lee) l 2n—-1 1 Ti l 2n—1 
= f° mean g [ROA 
0 x(1+ x) 0 1+x 


I 29 
_ ras —2°*")¢(2n + 1)(2n)!, (3.146) 


l 2n 
where I used that pes ee ae -f Ye 1k 1k Jog" (x)dx 


0 
7 k-1 k-11..2n (-)! 
=D =) [> log?” (x)dx = (2n)! 3 Sar = 12n + Qn)! 
k=1 k=1 
= (1—27*)¢(2n + 1)(2n)!. 


Collecting the results from (3.145) and (3.146) in (3.144), we obtain 


a log?” 1(x) _n ee 
2(x) = dx = = —27-7*)c(2n + 1)(2n)! — Bn +. 2)(2n — 1)! 
0 +x 2 


lee) ] 2n—1 1 Ti ] 2n—1 
-f[ Tio(x) og ) iy / i2(x) log ares 
0 x(1 +x) 0 1+x 
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and using the identity in (3.143) to prove the result, 


oo ; log?”—! (x) 
i; eas 


ce ws q2n-l TS (1) 1 ss (1) 3 Os 
= 39 sob (jam (<se( a (v (; i) ¥ G :)) 
+ sec (= ) (vo (5- :) — yD (1 = )) — 32G ese(rs))), 


we conclude that 


tg lor? 1) 1 on i 
/ Tin(x) dx = (1 —2-7")c(2n + 1)(2n)! — =B(2n + 2)(2n — 1)! 
0 +x 4 2 


TU q@2n-l Ss ny 3s 
li () () 
64 lim (So i( ese (5) (v (; i) Na a 
oe ee (1 - =) — 32G esc(zs) 
2 4 4 : 
and the solution is finalized. 


In formulating the main question I also used the Lerch transcendent function (see 
oo zk 


[113]), ®(z,s,a) = Gh (@+b>’ , but for the calculations it was enough to only 


recognize the pete a with the Inverse tangent integral which is easy to note if 
comparing their series representations. 


3.26 A Superb Integral with Logarithms and the Inverse 
Tangent Function, and a Surprisingly Beautiful 
Generalization of It 


Solution Just a few sections back from here I presented sums of integrals where 
when treated separately they lead to results involving the Trilogarithm function 
({119], [44, Chapter 6, pp. 153-187]) with a complex argument, that is in Sect. 1.22. 


If we consider the integral from the first point where we write that 


1 
log (FS =) = log(dl + ey = 2log(1 — x), then split it accordingly, and 


give it a try with Mathematica, we realize at once we fall under the same category 
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of integrals like the ones from the section mentioned above. So, looks like we need 
some ingenious ways! 

I'll treat first the generalization from the second point, and using the result in 
(4.4), we write that 


[ arctan(t) log(1 aaa a 2 Ye yk 42k Fa re 
0 


t ae 


{reverse the order of summation and integration} 


$5 eas k-1,2k+1_ Hae 
=2) ( 1) Le eat 2c 1) crm (3.147) 


Then, for the other integral of the generalization, we have 


p2k- 
i = a= Ye Lyk 2k 7 tog = 1a 


{reverse the order of summation and integration} 


CO 1 1 
= Cpt f i" toatl — de 
2 7 ae 


{make use of the result in (1.4)} 


=D 1k 2k : x - -y a ake Hak + 1/@k + I) 
= (2k + 1)? 


00 H 2k+1 
= 2k x 
= epee oe 1*-! 
Ds (2k + 1)2 ae (2k + 1)3 


{start in the first series from k = 1, and reindex the second series} 


[e-e) oo 2k—1 
i x 
= k-1.2k+1 2k k-1 
= y (—1)*" x ) (-1) Qk—- D> (3.148) 
k=1 
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By combining the results from (3.147) and (3.148), we obtain that 


[ arctan(t) ee + 1?) a ! — —t) as 
0 


2k 
XxX 
= Na _ ae 


and the first solution to the point ii) of the problem is finalized. 
For a second solution to the point 77) of the problem, we need the following result 


= -teR. 3.149 
Geiger” i ei) 


i log(x) arctan(t) log(1 + t7) 
0 


Proof 1n order to prove the result in (3.149), we want to first show that 


ioe) 2 _— 2 
/ ace ee ; (* as ®) ,a,b>0. (3.150) 
0 


(x +a)(x +b) a—b 
If we let the variable change x = ab/y, we get 


=f et - f SES 
Jo (&+tax+b) Jo (+a +d) 


oS 1 
= tog(ab) | GaG=D dx — 7, 


from which we obtain that 


1 00 1 1 log(ab b\ |*=* 
fe 5 lostaby [ de. (= 
2 o (x+a\(x+b) 2a—b x+a 


_ 1 [log*(a) — log?(b) 
7) a—b , 


and the auxiliary result is proved. 


s—l 
dx = ma‘! csc(rs), 


[oe 
Alternatively, if we start with the fact that, / 
0 x+a 


which comes immediately from the well-known classical result, 


qr csc(zs), that we met and proved in a footnote of Sect. 3.24, and then differentiate 
once with respect to s, we get 
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oo xsl log(x) o=4 
/ ———dx = ma"  csc(1s)(log(a) — a cot(zs)). (3.151) 
0 x +a 


Based upon the result in (3.151), we obtain that 
i x! Jog(x) 
——__———_dx 
0 (x+a)(x+b) 
= ONES oe higsiay = bl top nae cote) =< se eD. 


b-—a 
(3.152) 
If we let s > 1 in (3.152), we get again the result in (3.150), 


oo log(x) 3 _ 1 [log*(a) — log?(b) 
I (taya+b) 2 a—b ; 


Therefore, by setting a = 1 + it and b = | — it in (3.150), we obtain 


/ log(x) d i (log ee it) _ arctan(t) log(1 +t ) 
0 


Given ~ & 2 


b 

where I used that log(a + ib) = log(V a? + b?) + i arctan (2) ,a > O, and the 
a 

proof of the result in (3.149) is finalized. 


Next, if we replace x by y in the left-hand side of (3.149) and integrate with 
respect to t, from t = 0 to t = x, we have 


A arctan(t) log(1 ae PP = 2f (f oa) dt 
0 t 0 Wo Ot+)?+?? 


{reverse the order of integration} 


7 f* — log(y) si x 
=2 a lt | dy =2 arctan {| —— ] log(y)dy 
0 o (yt+l?*+t a toy Isr y 
| 


1 
{make the change of variable 
l+y 


_ af arctan (xt) za - DID 4, 
0 


7 ae sommes —f) dt af vem) log(t) a 
0 0 
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ye 


log(t 
os) 4, 


t -—1 t 


' arctan(xt) log — t) 2 2f 3, a 1 a 
0 
{reverse the order of summation and integration} 


1 oo 2k-1 pl 
arctan(xt) log(1 — ft) p-1* / 2 
=2 dt —2 1 t log(t)dt 
[ om ree | og(t) 


t 


2k—-1 


! arctan(xt) log — fr) a x 
=2 72> ep ——__. 
i t a pm ) (2k — 1)3 


from which we obtain that 


a arctan(t) wet + 1?) a8 : eee —t) dt 
0 


2k-1 


= aaa = ae 


and the second solution to the point ii) of the problem is finalized. 

I submitted the integral from the point 7) to The American Mathematical Monthly, 
the problem 12054 (see [92]). Now, by setting x = 1 in the generalization from the 
point ii), we obtain 


1 2 00 k-1 3 
tan(t 1+t -l g 
[ asia Ie + Gey Ase Aaa 59 
a d—9)? » Qk—-1 16 


where the last series we already met and calculated in a footnote of Sect. 3.24, and 
the solution to the point 7) of the problem is finalized. 

The curious reader might also find a generalization of the result from (3.149) in 
[64, Chapter 8, p. 333], obtained by means of contour integration. 


3.27 A Kind of Deviant Pair of Integrals with Logarithms 
and Polylogarithms, Using Symmetry 


Solution These integrals look awesome!, a natural reaction I might expect from 
you! But how about their level of difficulty? Well, if we use the right tool (of 
course, we’ll want to use it!) and combine it with exploiting the symmetry in double 
integrals, then we’ll find the derivation of both results pretty enjoyable. Let’s see 
now how to do it exactly! 
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(_* ' _xlog() 
If we employ the result in (1.12), withn = 1, Lig {| —— ] = —_————_dr, 
x-—1 9 |-x(U —-f) 
and then make the change of variable 1 — t = y, we get Li — = 
x— 


' x log(1 — y) ee . 
= leap and then, for the point i) of the problem, we write 
0 _ 


: x 
[ a (= :) [ (f x log(1 — x) log(1 — y) 
dx = dy }) dx 
0 1+x o \Jo (1+x)d — xy) 


{use the symmetry of the integrand} 
a (f ([ x log(1 — x) log(1 ay) a 
2\Jo Wo (i+ x)(1 — xy) 
1 1 
logd — x) log — 
+f @ ylog(1 — x) log( Par) ay) 
0 Vo (1+ y)( — xy) 
{for the first double integral, reverse the order of integration} 
1 17 ¢! xlog( — x) log(1 — y) 
= dx } dy 
2\Jo Vo (i+ x)(1 — xy) 


+f (f ylog(1 =e Pas) iy) 

0 Wo (1+ y)d — xy) 

aL ey ord an Pan) dy 
0 0 


a) (+x)(1+y)0 —xy) 


= aA (f (1d +x)U+y)—- dU —xy))log(1 — x) log — ar) i 
2Jo \Jo (+x)+ yy) — xy) 


1 ff) ' log(1 — x) log(1 — y) 
=— dx } dy 
2. 0 0 1 — xy 
—_—$—_————————————_—— 


I 


1 ¢'/ ¢' log — x) log(l — y) ) 
es dx } dy. A 
7 (/ G+ma+y J)” Care 
a 


J 
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Now, for the integral J in (3.153), we write that 


he [ (f log(1 — x) log — ay) 2 
o Wo 1—xy ° 


-f{ ( [ Dew Nog! —» ott = yd) dx 


{reverse the order of summation and integration} 


le) Hy 2 17 
- -> fs n— Mog 1 = na fy nol log(l — y)dy = >, (=) = ae: 


n=1 n=1 
(3.154) 
where for the penultimate equality I made use of the result in (1.4), and the last 
series is the quadratic series of Au- Yeung calculated in (4.29). 
Further, to calculate the integral J in (3.153) it is enough to calculate 


[ log(1 — x) 
—— ay 
0 1+x 


[ log = x) , d-9/G+0=y [ log(y) 
go. L+x a Laky 


[ log(1 + y) 
= —<_<“dy 
o i+y 


log? (2) [ log(y) log? (2) [ ae ee 
= + dy = + (-1)" y* ~ log(y)dy 
2 go l+y¥ 2 0 Dd 


1 
1 
ay +10g@) [ — dy 
me, 


2 foe) 
ave (2) +e 1yk- xf v ligshyipe a2 (2) y\ Ne 


2 k=1 


1 2, 
=5 (log y= £@)) (3.155) 


Using the result from (3.155) in the integral J from (3.153), we have 


_f'( ' eG = log - ») jee 2 
raf (/ (+x)(+y) ay) dv = ; (log (2) - £@)) . (3.156) 
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By collecting the values from (3.154) and (3.156) in (3.153), we conclude that 


| log(1 — x) Lip (4) 
/ x—l1 
0 


ed (4) a 2 (2)¢(2) - 4(2) 
ie HS gee Fg oe Ge) nee Me): 


and the part i) of the problem is finalized. 
For an alternative solution, the curious reader might also think of using the 


Landen’s identity (see [44, Chapter 1, p. 5], [78, Chapter 2, p. 107]). 
As in the first part, for calculating the integrals from the point ii) we make 


1 f! xlog?(1 — y) 
use of the result in (1.12), with n = 2, to get that dy = 
2 Jo 1l—xy 


x—-— 


Liz (=) , and then we write 


l+x 2 (1+ x)(1 — xy) 


Xx 
log? = 2) Lin (—*— } ifel 2 274 
[ r—1) 4 ‘| (/ x log2(1 — x) log?(1 "as )as 
0 0 0 


{use the symmetry of the integrand} 


(f ae 
= 5 dy } dx 
4\Jo \Jo (1+ x)(1 — xy) 


+f [ree tae CD ay iy) 
0 \Jo (1+ y) — xy) 


{for the first double integral, reverse the order of integration} 


(Cf [ x log?(1 — x) log?(1 — y) 
=-—- dx | dy 
4\ Jo \Jo (1+x)d — xy) 
+f [ ylog?(1 = x) log*(1 = y) 4 iy) 
0 \Jo (i+ y)d — xy) 


1/7} ( Gee y+ 2xy) log? (1 _ x) log?(1 —y) 
= -/ / dx | dy 
0 0 


4 (+x)d + y)d — xy) 


ae i [ (1+x)(L+y) — CL — xy)) log?(1 — x) log?(1 — ee dj 
4 Jo \Jo (1+ x)(1+ y)( — xy) 
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ff —— 
=-- dx } dy 
4 0 0 l—xy 

K 


1 ¢'f ¢! log? — x) log?(1 — y) 
2 dx } dy. 3.157 
al (/ G+ndt+y J ad 


ee  ——_—— 
L 


For the integral K in (3.157), we have that 


fp! log?(1 — x) log*(1 — 
x= [ [= x)log'(l — ¥) 4. és 
0 \Jo 1—xy 


1 1 & 
= (/ Soy Hog = be = 4] dy 
0 0 


n=1 


{reverse the order of summation and integration} 


oo 1 1 
= ay x"! Jog? (1 = xpde f y"—! Jog?(1 — y)dy 
a= 0 0 


{make use of the result in (1.5)} 


n=1 n=1 n=1 


{the first two series are given in (4.39) and (4.38), and for the third series let n — oo} 


{in the result from (4.15), with p = 2, and combine it with the series from (6.71)} 


1 
= <6) + 8¢7(3). (3.158) 


Further, to calculate the integral ZL in (3.157), it is enough to calculate 


[ log?(1 — x) 
a eae, 
0 1 +x 


! loe2(1 — 1 1 f! log? 
i, og” ( *) ay! —a=y [ og OT yas / og O ay 
0 1+x 9 2-y 2Jo 1—y/2 
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Lpimapyy to — 1 f) at, 02 — 1 
=5f U(8)" etme = fy oe*onay = 2 
2 0 2 nal 2 0 pear 2"n 


n=1 
2Li : 
— 1 _ 
a) 


{use the special value in (3.20)} 


q 1 
= 459) — log(2)¢(2) + - log? (2). (3.159) 


Thus, using the result from (3.159) in the integral L from (3.157), we get 


=f [setae tog, i 
0 \Jo (adr y) 


2 
= (Fro — log(2)¢(2) + = 108°) (3.160) 


By collecting the results from (3.158) and (3.160) in (3.157), we conclude that 


2 : x 
, log*(1 — x) Liz | —— 
/ x—1 
dx 
0 


1+x 


2st tips a etpieor Uesoee won 
= ae Oe (2) g oe (2)5(2) + 57 log (2)5G) + ¢ log (2)¢(4) 48 (6) 


=i (2)¢(2)6 (3) — 7 =) 


and the part ii) of the problem is finalized. 
We’ll continue to see the power of the symmetry in the next few sections, which 
will allow us to evaluate beautiful integrals with logarithms and Polylogarithms. 


3.28 Wonderful Integrals Containing the Logarithm and the 
Polylogarithm, Involving Beautiful Ideas About 
Symmetry: The First Part 


Solution Do you remember the integral from the point 7) we had to use in 
Sect. 1.12? I might guess you probably arrived here if you went through the 
previously mentioned section (at least out of curiosity). In general, noticing the 
possibility of successfully exploiting the symmetry of a multiple integral is nothing 
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but a wonderful moment, and the usual consequence is that everything reduces to 
simpler calculations. This section (and some of the later ones, as you’ll see) could 
be a nice opportunity to train your symmetry eye. When it’s possible, just use that! 
It’s awesome! 


Now, it’s enough to prove the generalization from the point ii), and using the 
integral in Sect. 1.6, we have 


Tog") Ling), _ (=D" f! (fx log") log"(y) 
dx = —_——__———dy } dx 
0 1+x nt Jo \lo G4+x)— xy) 
(3.161) 
Then, for the last double integral in (3.161), we exploit the symmetry, and then it’s 


easy to note that 
[( a ) 
————_————dy ] dx 
0 Vo (+x) — xy) 
_1 (i ([ ee Oe Oey) a+ f ([ ee ee ar) ay) 
2\Vo0 Wo (+x) — xy) 0 Wo U+y)d — xy) 
{for the first double integral, reverse the order of integration} 
1 1 n n 1 1 n n 
>(/ (/ x log” (x) log War) a+ f (/ y log” (x) log Par) ay) 
2\Vo0 Wo (+x) — xy) 0 Wo U+y)d — xy) 
[UL (ezsican wiam) me) 
= x x 
2 Jo Jo \E $d = xy) TF Ta ayy) OF OE ET 


1 : : x+y+2xy ) 
= l n l n d d 
a (/ d4+xnd-pd—-x (x) log” (y)dx } dy 


i yp d4 nda a9) ) 
= log” (x) log” (y)dx ) d 
[ ( : og’ (x) log" (y)dx }) dy 


2 d+xd+ yd —- xy) 
1 1 ly n los” 1 1] n 1] n 
=; (/ og” (x) log Par) ay—5 f og Oar f 0B") ay 
2 0 0 l—xy 2 0 1l+x 0 l+y 
SS —$ oe 
I, h lh 
(3.162) 


For the integral /; in (3.162), we write 


i= [ ( [ log" (x) log"(y) ar) dy 
0 \o 1—xy 
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-[ ( [ Dewy Jog" (x) log" ona) dy 


{reverse the order of summation and integration} 


lee) 1 1 
= as) yk log” (oar f ye! log” (y)dy 
k=1° s 


1 
use the result in (1.2) to write that Le ioe (de = (=) 
0 aa 


(oe) 


1 
= (n!)? > nts = (n!)*¢(2n + 2). (3.163) 
k=1 


Further, for the integral /y in (3.162), we have 


' log” (x) 
h= f aa dx vf a 1)*—! xk! Jog” (x) dx 


k=1 


{reverse the order of summation and integration} 


oo 1 
=vev f x! log” (x)dx 
0 


1 
{use the result in (1.2) to write that fx lee de = (— 1)" +} 
0 aa 
= (-1)"n! Gp 1)"n! 1) =(-1)"0 —2-”)n! 1 
=(-) ee Sar = CD" alga +) = (HY — 2 ale + D. 


(3.164) 
Collecting the values of the integrals from (3.163) and (3.164) in (3.162), we obtain 


'( ! x log" (x) log"(y) _l Ae 28 
[ (/ ee ay) ar = 500) (¢Qn4+2)-(1-2 Pora+D). 


(3.165) 
Hence, if we plug the result from (3.165) in (3.161), we conclude that 


[ log" (x) Ling (x) 
dx 
0 


i ii ie 
~— = 5( I"n! (¢Qn +2) - 1-2 Pern+), 


and the solution is complete. The integral from the point 7) is obtained by 
considering n = | in the generalized integral. 
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For instance, in the chapter Sums and Series we’ll meet a problem where using 
such an integral is one of the possible keys to solve it (and I'll let you discover on 
your own which this problem is). 


3.29 Wonderful Integrals Containing the Logarithm and the 
Polylogarithm, Involving Beautiful Ideas About 
Symmetry: The Second Part 


Solution In this section we continue with a similar strategy as in the previous 
section, and we’ll want to exploit again the power of the symmetry in double 
integrals. Then, we could also remember that the case n = 1| appeared in the 
calculations of the integral J from Sect. 1.12. Using the integral in Sect. 1.6, we 
have 


i, log") Ling (9) GD [ ( [ x log" (x) log"(y) | ) ae 
0 14x ~ at Jo Wo C4250 +2y) > 
(3.166) 


Exploiting the symmetry of the double integral in (3.166), we write that 
(x log" (x) log” (y) 
ia rea he 
o \to (+ x*)(14-xy) 
1 1 1 log” los” 1 if loa” ibe? 
“HL (Leese) fae) 
2 0 0 d+x yd + xy) 0 0 (1+ y2)(1 + xy) 
1 if 1 re r 
a) a7 log” (x) log” ay) ax) 
2 (/ (/ (= es) g(x) log" (y)dy 


1 1 1 2 2 
= =f (/ cn AS SR ere log"()dy ) dx 
0 \Wo +x?) + y?) + xy) 


1 1 
; I (/ OY) Jog) log" (dy) = 
0 0 


(1 +x2)(1 + y?2)(1 + xy) 
_ 1 fi 1 gy ; ; 
7 sf, (/ faa (x) log (ay) dx 


' xlog"(x) , f' los") 
=|. “qaege 7 dy 
o i+x o Ii+y 
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(3 2 1)k-1,.2k- ho’) ({'> 2 1)E-12k-2 Jog” oer) 
0 pA 


{reverse the order of summation and integration} 
00 1 00 1 
=(> er" / x"! Jog" (x)dx } ( )oepe! / y* log" (y)dy 
k=l ? k=l 0 
{make use of the result in (1.2)} 


CO 12 


E 1 ! 
= si (3-0! “'gat] (> ye 7 xy} = sept M+ 1)B+1) 


- "4 —2 *)t@+ lsat 1). (3.167) 


Finally, by plugging the result from (3.167) in (3.166), we conclude that 


! log" (x) Lina (— og 7 
[ERS a = Cnt on + DBM D 
= 1 Ed 2+ Det D, 


and the solution is complete. 


As you may see, there are various, beautiful ways of exploiting the symmetry, 
and to develop a good sense around such approaches, much practice is needed. 


3.30 Wonderful Integrals Containing the Logarithm and the 
Polylogarithm, Involving Beautiful Ideas About 
Symmetry: The Third Part 


Solution I don’t plan to move away yet from the symmetry idea I previously used, 
and we’ll continue evaluating another two integrals by constructing a strategy based 
upon exploiting the symmetry. Also, in the chapter Sums and Series we'll meet a 
problem where one of these integrals may be a possible key to solve it. 


For the generalization from the point 7), we need the simple fact that 


x? f ee eS oa ae Ss 
(+ X2)1-YX) (+Y%0-YX) (04+X2)\1+Y2)(1- YX) 


164 3 Solutions 


ee Oe Gl al tek oy 1 
(+ X21 +¥2)4-YX) = 1-¥YX (1+x%)04+¥%) 


XY 
(1+ X?)(1+ Y?) 


(3.168) 


Now, based on the integral in Sect. 1.6, we write 


* x log" (x) Lint) eo ay ae x? log" (x) log"(y) 4 P 
142 nl ‘ee Tee ae 
0 0 0 y 


{make use of the result in (3.168)} 
ee ([ (f log” (x) log” (y) ay) * [ (f log” (x) log” (y) 9) ae 
2-n! 0 0 1— yx 0 o (l+x?)(1+ y?) 
ee) ) 
= dy ) dx 
0 Wo +x) + y?) 
_ Sf Cf ee Oa) an 
2-n! 0 0 1 — yx 
([ ie) (f e840) ) 
0 1 + x2 0 1 + x? 
— a k-1 
Dose to" oa} as 
= (/ Yoel? nae) - (/ en oes) ) 
ee eS 


{reverse the order of summation and integration} 


_ ny ff ee ay) ds 
a } Ceyy"log"(x) log" (y)dy 
oo 1 2 oo 1 2 
-(Sene f gos] = (Sunt f "go ) 
k=l 0 k=1 0 


{make use of the result in (1.2)} 
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for) 


i 1 


k=1 


eu . fk ee ) 
(2k a 1jr+l n+l ntl 
k=1 k=1 


=e 5 (sn +2) - (B(n + 1)? — parca + 1?) 


and the point 7) of the problem is finalized. 


To calculate the integral from the point ii), we need the result in (3.168), where 
we replace Y by —Y, and then we have 


x2 y2 
(@+xXD0 +X) G+ ¥DC4YX) 


dl 1 " XY 
~ 14+¥X (4+ xX204+¥2) ° 4+ X20 4+ ¥2) 


(3.169) 


Then, based on the integral in Sect. 1.6, we write 
' x log"(x) Lingi(=x) 4 (DTT ft (ft x7 log"(@) log") 
dx = 5 dy } dx 
0 1+x2 mn Jo Io A+x20 + yx) 
{make use of the result in (3.169)} 
(1! fl [* log") log") 
= ———_——————dy } dx 
2-n! 0 0 l+xy 
[ ( i log"(x) log"(y) ) 
_ Pr En ae 7 ERE es dx 
o Wo Ud+x*)d + y*) 
1 1 n n 
+f (/ xy log” (x) log” (y) ty) ax) 
o Wo U+x*)(+ y?) 
(—D""( f'( [* log") log") 
= —_ ——_—__———dy } dx 
2-n! 0 0 1l+xy 
Mog"(x) \? | xlog"(x) .\? 
. / de) i BE Way 
0 1 + x? 0 1 + x? 


1)” 1 
=o ( [ (/ we 1)" xy)" log" pte) 


0 x=1 
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1 00 2 
-(f'> aS 1)k-1 24-2 Jog” os) +(f Sipe" ts] ) 
0 k=1 


{reverse the order of summation and integration} 


CO 


(-1)""! _ 1 1 _ , 
Onl (Sic [ ( [ (xy)*~! log” (x) log (dy) dx 


oo 1 2 oo 1 2 
= (dene f nas] Zs (df "goa ) 
k=l 0 k=1 0 


{make use of the result in (1.2)} 


- aes OD ser) ji a ) 
~ 2 f2n+2 | (2k — 1)"+1 gnt+l = Krtl 


= (-1)"5 © (Btn + 1)? = n(2n +2) — paren +19?) 


and the part ii) of the problem is finalized. 

One will find useful the special values of the Dirichlet beta function given in 
[101] when trying to get some particular integrals for some values of n. Also, it’s 
good to know the specialized paper in [39] on the Polygamma function values for 
the arguments x = 1/4 and x = 3/4, where connections between some Polygamma 
function values and Dirichlet beta function values are shown. 

The story of the solutions involving the symmetry won’t end here, and in some 
of the next sections we might want to use again the symmetry-related ideas. So, let’s 
always be prepared for exploiting the symmetry! 


3.31 Two Families of Special Polylogarithmic Integrals 
Expressed in Terms of Infinite Series with the 
Generalized Harmonic Number and the Tails of Some 
Functions 


Solution Sometimes we might prefer to establish relations between integrals and 
series instead of trying to find the precise values of some integrals and series. It 
is exactly what we will do in this section, and will try to establish beautiful series 
representations for the two polylogarithmic integrals. 
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For both integrals, we may exploit some simple results with integrals we’ll meet 
in the next section. Thus, for the first point of the problem we’ll exploit the integral 
result in (3.182), 


1 y2n-2 on = 3)!! Ors ail 
/ vs Fea sam) y= EN (3.170) 
9 (d4+x?2)r (2n— 2)! \ 4 rar 2'(2i — 1)! 
n-(n—2)---5-3-1, n > 0odd; 
where n!! is the double factorial (see [103]), n!! = 4 n-(n —2)---6-4-2, n > Oeven; 
1, n=-—1,0. 


: . ~. (2n-2)! ox 
A first observation based upon the result in (3.170) is that > — 
n=1 


2"(2n — 1)!! 4° 
To see this is true, we may consider n > 2, and we write 


X 3 (2i—2)! a xen-2 


0< —— = dx 
4° FQ =D" Onl Io C4229" 
g2n In — 1 1 x 2n—-2 92n an — 1 1 x 
= i dx < / dx 
(*") 2n Jo (1+ x2)" ("") 2n Jo (1+x2)" 
n n 


— 2" n-1 1 1 
~ (2n 2n 2n—1) 2%(n-1))’ 
n 
where if we consider the asymptotic expansion behavior of the central binomial 


. 2n 4 ; ; 
coefficient, ( ) x ——,asn — oo, we obtain the desired value, 
n 


Jan 


So. Qn-2)! 2 
> = (3.171) 
2"(Q2n—1)!! 4 
n=l 
But how could we derive the stated asymptotical behavior of the central binomial 
coefficient? At this point we want to recollect the Scottish mathematician James 
Stirling (1692-1770) and his incredibly useful approximation known today as 
Stirling’s approximation or Stirling’s formula (see [1, p. 257], [9, p. 21], [34, p. 
86-88], [33, Chapter 2, pp. 165-167], [78, Chapter 1, p. 8]), 


nl Vian (=)" (3.172) 
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' sas 2n (2n)! 
It’s straightforward to see that writing a (a? and then applying the 
n n} 
= a — 2n 4” 
Stirling’s approximation in (3.172), we arrive immediately at x —— (see 
n J/mn 


[40, p. 110]). 

Alternatively, it’s easy to see that the value of the series in (3.171) is obtained 
directly by employing the result in (4.1). 

Now, using the result in (3.171), we may write the initial result in (3.170) as 


tg Qn fa SS OF = D1 
[ (xn = Gna (; oa DE 


i=1 


— Qn-3)" (SS (i -2)!! 
~ (2n — 2)! (> 2 (i = ni) 


1=n 


(2n)!! iat (2n — 1)! 1 /2n 
and if we use On+ DI = 5) and On) = aa ) we get 
2 1 
on+(°") 
1 20-2 n Qn oo ok 
—— dx = ——_— : 3.173 
i. aa (7) Ei) els) 
k 


Further, upon multiplying both sides of (3.173) by H™ and then considering 
the summation from n = 1 to oo, we obtain that 


(oe) nH” 2n oO ok co 1 ee 
Yarn) |X ry [LL aad 


2k 
n=1 =n k n=1 
k 
{reverse the order of integration and summation} 
—2 py (m) 
= ——~— dx = | Lin, | —— J) dx, 
Ooo d+ x2)n 0 1+x? 


where for getting the last equality, I made use of the generating function in (4.6), 
and the part i) of the problem is finalized. 


3.32 A Generalized Integral Beautifully Connected to a Spectacular (and... 169 


For the second point of the problem we use that 


1 n-1 = 1/2 yn-1 1/2 1 n—l 
f ae PP af (LS e a 
9 Ud+x)" 0 1-t 0 1-t — 


n—1 


1 
= log(2) — pz ae (3.174) 
k=1 


Multiplying both sides of (3.174) by H ial and then considering the sum fromn = 1 
to 00, we get 


om) — 1 im) [> x"! 
m m 
me (aed F par) = DH ea 


n=1 k=1 


{reverse the order of integration and summation} 


{make use of the generating function in (4.6)} 


1 Xx 
— Li ——— dx, 
I (G5) 


and the part ii) of the problem is finalized. 

For example, in the chapter Sums and Series there is a section where one (you 
have to discover on your own which one) of these identities is proving to be very 
useful at expressing some polylogarithmic values in terms of fascinating sums of 
infinite series. If you enjoy long sums of series, I guess you’ll have a nice time in 
there! 


3.32 A Generalized Integral Beautifully Connected to a 
Spectacular (and Simultaneously Strange) Series 


Solution A natural, immediate question will concern the origin of such an integral. 
Why in this form? Is it just an example off the top of the author’s head maybe? In 
fact, the integral stems from the work on a multiple series we’ll meet in the chapter 
Sums and Series, which can be brought to this form. We’ll want to attack it in a 
simple way, by rearranging the integral and using the recurrence relations. 
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For the beginning, we write 


dx 


‘ [ xan 4 Le 4 x2" 1 _ ,2n 1 _ y2n 24 42n 2 
m= Jo G+HNd+x2" Jo (+d +x 


1 2n 4 xno! 1 x2n-l 4 x2n-2 1 x 2n—-2 
— 5 dx 5 dx + aa. a 
o (+x)(+x*)" o (+x) +x*)" o (d+x)d+x*)" 


1 xen 1 x 2n-2 1 x 2n-2 
= d d ——_________——_dx. 3.175 
I +x" * i. +x" x f Gaia 
——_—”’ ——$—L 


~ 


Jn Kn 
. 1 1 1l- x 
Since we have that ——— = + , then 
(1+ x)(1 + x7) 21+x)  2(1+2?) 
1 1 1-x 


= , which gives for th 
C+xltxy — Wtad+ay! + pase? Wer Bives tor the 
last integral in (3.175) that 


1 x 2n—2 
/ ao 
o (l+x)(1+x?)" 


1 1 x 2n-2 1 1 x 2n-2 1 1 x2n-l 
= / dx + i dx i; dx. 
2Jo +x)1+x7)"-!1 2Jo (1+x?)" 2Jo (1+x?)" 
— ee ee 


~ 


In-1 Kn Jn 
(3.176) 
If we plug the result from (3.176) in (3.175), we get 
1 1 1 
Ff = xin = 3 Kn + aint. (3.177) 
For the integral J, in (3.177), we integrate by parts, and we write 
1 2n—-1 1 / 
1 
Jn = i Fy / x dy 
0 +x)" 0 \ 2@—D0+ x21 
2n-2 x=1 1 2n-3 3 
~ a= D0 + x= ath (px 
—_— ————S 
—1/((n — 1)2") In-1 
whence we get 
1 
Jn — In = (3.178) 


(n — 1)2”" 
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Further, replacing n by k in (3.178), then giving values to k from k = 2 ton 


n 
1 
and summing up the resulting relations, we obtain J, JL = = 
g up g nS dX Tr 
n—1 1 I 
a ———., and since J; = — dx = — log(2), we get 
2 am ! [ igen eee 
1 = 4 
Jn = 5 log2) se ra (3.179) 
k=1 


Then, for the integral K,, in (3.177), we integrate by parts, and we have 
1 2n—2. 1 / 
1 
K, = / uae / x dx 
9 (l+x?)" 0 2(n — 1)(1 + x?)"-! 


2n-3 x=1 In —3 1 x2n—4 
7 if Dnata, 

x=0 22-2 Jo 4x) 
a 


xX 


2(n — 1) + x2)"-1 


~ 


—1/((n — 1)2”) Kn-1 
2n — 3 1 : 
whence we get that K, — ———~ K,_1 = —-—————., and if rearranged, then 
2n —2 (n — 1)2” 
a = . (3.180) 
ag. RS Bag say 
bed (2n — 4)! 
Multiplying both sides of (3.180) by ————., we have 
(2n — 5)!! 
2n — 2)!! 2n — 4)!! 2n — 4)!! 
(2n — 2) ; (2n — 4) (2n — 4) (3.181) 


(2n — 3)! n=5it * "2-10, = 3 
Replacing n by 7 in (3.181), giving values to i from i = 2 to n and then summing 
the resulting relations, we get 


n 


(2n — 2)! _ (2i — 4)! 
(2n —3)! — eee, 


i=2 


1 
A 
or if we consider that K; = i 7 dx = —, and then reindex the sum, we have 
0 1 +x 4 


n—1 
_ (2n— 3)! (x (2i — 2)! 
(2n — 2)!! (; 2 2 (2i — ni) . (3.182) 
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1 1 1 
Returning to (3.177), rearranging it as I, — 5 inl = xin — 3 Kn and then 
multiplying both sides by 2”, we obtain 
Pg Sy HR (3.183) 


Replacing n by j in (3.183), giving values to j from j = 2 ton and then summing 
all the resulting relations, we get 


n n n 
Diy = Fj-1) = Wy = 2 = YPN; — YIN, 
j=2 j=2 j= 
x2 


d 
(1+x)(1+ x?) 


1 
1 
or, if we use that Jj = / ca (3 log(2) — =), then 
0 4 2 


I 
h= (3 log(2) — =) a= es - = 2 OK;. (3.184) 


1 
ntl 
If we plug the values from (3.179) and (3.182) in (3.184), we get 


j-l 


1 {i 1 
I= Sa (3 log(2) — s)+5 DS af 5 log(2) os EE 
k=1 


j-l 


1 yn j-1 i= 3! [x so! 
nes FDI A QI Dit 


{reindex the 2 outer sums} 


J 1 
= on (3 log(2) - =) + Qn =? 5 loa(2) » i2it+l 


i=1 


i=1 


1 Opt a. rot 
J 
2? (2j)" \4 sa DE 


__ 2"+1 Jog(2) + 2log(2)-— 2 1 Ad 1 ae (2j — 1)! 
~ gn+2 gn aa a gnt2 dX (2)! 


n-1 J 


Pe ne 71) 
S 4 Fi — NAAN 


1 
+30 


j=l i= 
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and since by ene the summation order'*(see [17, Exercise 1.6.2, p. 22], [31, 
J n—1n-1 n-1 qn _9i n-1 I 


P. 36) we have 2 = ~ye = ae =" 2a 


j=l i=1 i=) j=! i=l i=1 


3 fn-1 we conclude that 


1 xan 
a eee ay 
o (l+x)(1+x?)" 


1 1 ei 1 (2; j 
= 2 log(2) oo n+1 log(2) + ae dX, i2i+1 ye 4 2! 


and the solution is complete. 

The technique involving the use of the recurrence relations is often proving to be 
powerful, and therefore we want to be always prepared to use it when needed. 

The power of the recurrence relations, while playing with integrals, is known 
from old times, and you may find some classical examples (like Wallis’ integral) in 
[17, p. 113], [61, pp. 80-82]. 

The curious reader, who would also enjoy exploring other ways, might try to use 
what is known in the literature as Snake Oil Method, you may find described in [121, 
pp. 126-138], which means to calculate )°°° 9 t”J, and get G(t), and then identify 
the coefficients of the generating function G(f) in order to extract the values of J. 


nj nj 
Given the sum bene by changing the summation order we get Vi yva aij) = 
j=li=1 j=li=1 
n n 
» > ai, ;). To easily understand what happens, suppose n = 3 and put all the resulting aq, ;)s 
i=l j=i 
on a grid. Then, we see immediately that in one case we first sum the terms on columns and 
then add all together, and in the other case we first add the terms on rows and then add all 
together. So, we talk about the same terms for both sums which we sum in two different ways. 
In the chapter Sums and Series we'll find particularly useful this kind of change of summation 
order, both in the finite form as in the case above, and also in the infinite form with n — ov, 


oo J ioe) oo 
> Yaa. = aaa 


j=! \i=l i=1 \ j=i 
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3.33 A Special (and Possibly Slightly Daunting) Integral with 
Two Polylogarithms, Liz (—*;) and Liz (<4) 


Solution This is one of the integrals that will bring us on the realm of the advanced 
alternating harmonic series, which is an exciting experience. Despite its daunting 
appearance, with the right tools in hands, everything will go smoothly and we will 
get the desired value of the integral. 


For this solution we might like to combine the Landen’s identity (see [44, 


1 
Chapter 1, p. 5], [78, Chapter 2, p. 107]), Lig(x) + Lig * toe log?(1 
x— 


x), the generating function in (4.10), the ow in (1.5) and the fact that 
(oe) 


1 ‘ 1 y yktn— = ktn— n 1 
x" i 
ee ie» =f = LB 
k=1 


t-. at, tS 1 c(2) Ay 

y 5 > = 72 which is obtained immediately if we 
nok a k(k +n) n 
use the series representation of Liz (x). 


Then, we proceed as follows 


iy ee Gere (emia 
1 — 1 —— 
[ ? x—1l x+1 

d. 
0 


Xx 


xX 


- py, je "tog? Li d 
7 08 x) + Lig(x) } dx 


{reverse the order of summation and integration} 


oo H 1 1 1 
= » iv ( ‘| x” for C1 -adr+ f " Ligtnidr) 
n 2 0 0 


n=1 
=. sacitin | CC) - Ay He 2 Ba 
xe) oo + 
n n n 2n 2n 


n=1 


80 3 


= n— n— An I n— A, 
=e yt Sa OD alae 5 1 aie, 


n=1 


1 ~ tee 
7p a aaa 


n=1 


{the values of the series are given in (4.93), (4.88), (4.94), and (4.95) } 
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= 72) a 4(2)E (2) an *(2)6(3) = (2)¢(3) ad (5) 
oo g Ta oe ¢ ~ es g ~ 396 


~ 10 
. 1 ; 1 
+3 log(2) Lig (5) + 3 Lis (5) , 


and the solution is finalized. 
Alternatively, we could use Landen’s identity two times, or the generating 
function in (4.10) two times. 


3.34 Exciting Challenging Triple Integrals with the 
Dilogarithm 


Solution To be known from the very beginning, we play now with tough integrals. 
Moreover, if we want to remain in the coordinates of the simple real methods, the 
integrals might be more challenging, and this is the way chosen for these solutions. 
The strategy to conquer such integrals will be developed in two phases: in the first 
phase we want to turn each integral into a sum of series, and in the second phase, of 
course, we want to calculate the resulting series. 


Let’s observe first that x ++ y+z—xy—xz—yzt+xyz = 1-(_—-x)Ud—y)d—z) 
and2—x-—y—z+xy+xz+yz—xyz=1+(—-x)(1 — y)C — z), and then 
we have, for the point 7) of the problem, that 


1 1 fp Lina tyt+z—xy —xz- yz + xyz) 
dx } dy } dz 
0 0 0 2-x-y-—zt+xytxztyz—xyz 


-f(f(f = d-x»d-y)d ax) ay) 
o Wo Wo 1+ 0-0-0 =D : 


{make the changes of variable x = 1 —u, y= 1—vandz=1-—-tf,} 


{and then return to the initial notation by replacing u, v, t by x, y, z} 


_ LU Uf 22a) o)« 
do 0 0 1+xyz cf 
1 1 TT: 
=f (ff Saa)a)e 
0 Wo Wo yd +4z) 


{reverse the order of integration in the inner double integrals} 
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= ff (fay) a) ae = — fi (fa) a 
o \Wo Wu yd + uz) Ned ree 


{reverse the order of integration} 


_ zie ([ log(w) Lio(1 =" 42) ju = ([" mee — a) du 
de Nis 1+uz Jo Vo u(1+v) 


{reverse the order of integration} 


_ [ ([ log(u) Lix( = v) | ) _ ah log?(v) Li2(1 — v) 
=— du } dv = du 
0 v u(1+ v) 2 Jo l+ov 
(3.185) 


Based upon the use of the Dilogarithm function reflection formula (see [44, 
Chapter 1, p. 5], [100, (5)], [78, Chapter 2, p. 107]), Liz) + Liz] — x) = 
€(2) — log(x) log(1 — x), we get 


[ log?(v) Li — ») a 
0 


l+uv 
7 ar log? OF rf log? (v) Lio) 4, [ log?(v) log(1 — ») ay 
1 ae v 0 l+uv 0 l+uv 
16) Ts 
(3.186) 
For the first integral in (3.186), we have 
1 
n=f* oe Oa -{ Ye 1y"-!v"—! Jog? (v)du 
0 
oo 1 
= veo f v"—! log? (v)du 
n=1 0 
(oe) 
(—1)"7! 3 
a = ' : 
ar 563) (3.187) 
n=1 
Next, for the second integral in (3.186), we write 
_ [ log?(v) Lia) | -{ 3 Se pr == Vig 2(yyav 
0 l+uv nee 7 


{reverse the order of summation and integration} 
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Soa ] 
k2(k +n)3 


k=1 


= (Seong [ k+n— og? on) = 3 
0 


n=1 


ee ae 


n=1 n=1 


42 (-1)"1 es ( (-1)""! 
d (> n2(k + n)> d 2 nr(k + n)2 


= 36) oy ys Sy Wee saa) 


n=1 n=1 


Sli 


= 1 
+4) 0(C D1 4 6Q) - Hy) = 3242800 


n=1 


n—1 (3) 
Hae yr 6 CN | 2-1)" | 


n=1 n=1 


(2) 

A, 

n—| **n 
sen 7 


n=1 


{the last three series are given in (4.89), (4.91), and (4.90)} 


9 67 
= 5$2)EG3) — 350). (3.188) 


Further, for the third integral in (3.186), we have 


1 log? (v) log(1 — v) A= a 
b= | a dv = jes Ye py! ___ J jog3 (udu 


{reverse the order of summation and integration} 


_< nal pkta-l a n—-1 1 
Zs (ye 1 if +1-llog wan) = sy (Ye 1) ai} 


178 3 Solutions 


CO CO _ 1 ee 
h(E ‘ om Dap) ‘ ‘sam 


k=1 n=1 


[e.e) 


n— An n— 1 
=6 ely" 6) CO = 2,” 


n=1 n=1 


= 1 = 1 
6) (I SC) — HP) - 6 CD" CQ) — Hy”) 


n=1 


= 6 3ey 6 3Cy 8S yr Be 6 
~ n 


n=1 n=1 n=1 


HO 


acd jy"! 00 —jjr-! 00 —j)yr-! 
~6r(4) > ? 63) $ ~, ~6¢2) ~. 
n=1 n=l 


n=1 


{the first four series are given in (4.89), (4.92), (4.91), and (4.90)} 


273 
= 76 §) 7 + to og(2)¢ (4) — Soe). (3.189) 


If we plug the results from (3.187), (3.188), and (3.189) in (3.186), we obtain 


[ log? (v) Liz(1 — v) 
0 


d mr (2) ee (2) Qa (5) (3.190) 
I+0 Py ee Zi Os 16 6 


and by plugging the result from (3.190) in (3.185), we conclude that 


De a ee 
dxdydz 
2-xX-yr-Z+xy+txz+yzZ—xyz 


a2 = 2)6(4) + 36(2)66 = 5 
8 og(2)o(4) + 36(2)6(3) — =e »). 


and the part 7) of the problem is finalized. 
For the part ii) of the problem we proceed as before, and then we write 


1 , 1 Lio + y+z—xy —xz— yz+ xyz))* 
dx } dy } dz 
0 0 0 X+YH+Z—XY—xXZ—yZ+xyzZ 


{make the changes of variable x = 1 —u, y= 1—vandz=1-—rf} 
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{and then return to the initial notation by replacing u, v, t by x, y, z} 
1 1 lq: 2 
Lig(1 — 
= / ji / Cyl sy2y" 4, dy } dz 
0 \Jo \Jo Lm ee 
{make the change of variable yx = u} 
1 1 Y(Lbd — 2 
es / il Tee tie Vay \ ae 
0 \Jo \Jo yl — uz) 
{reverse the order of integration in the inner double integrals} 
1 1 la; 2 
Lio — 
e / i / We =) iy aa | de 
0 0 u yd — uz) 
1 ¢! log(w) (Liz(1 — uz))* 
— -| / du } dz 
0 0 l—uz 
{reverse the order of integration} 
1 1 : 2 
1 Lio — 
7 [ ( [ og(u) (Lig(1 = uz) es) - 
0 0 1- Uz 
ust [ [ log(u) Lixl- 9)" 4 \ a, 
0 \Jo u(1 — ft) 


{reverse the order of integration} 


a, (oe os bf’ SEO CRA Oy 
aes one | u(1 —t) ~ 2Jo l= 


{make the change of variable 1 — t = s} 


1 iy. log?(1 — s) (Lin(s))? 
ds. 
0 


5 (3.191) 


AY 


Now, we want to turn the remaining integral in (3.191) into a sum of harmonic 
series, and we write 


[ log?(1 — s) (Lin(s))? F 
0 


1 oO oe) oo H, 
s= 2 | et ds 
» Ud (x i+ DFR 
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{reverse the order of summation and integration} 


2E(E(Eorte[s)) 


[e.e) 


ee ipa le Pee Hi 
> 3(Le(“aene)) 


1 


{make use of the application in (4.21), the case m = 1} 


Q) 
“> ee HF tk ii Ask 
oO! 


{make the change of variable j + k = /} 


oo t=] 2 (2) oo 2 @) /si-l 
a. yoo Epo 3 1 
(1 — k)2k21 i (I — k)2k2 
k=1 l=1 k=1 
H® (; I=1 I 2 I-1 


Bue BLT tele ra =F) 


CO 772 (2) (2) CO 772 (2) (2) 
AY +4, Ay AL HAV +aA FA H, 6 
= l saan E (sf +24 
l=1 


I 
tad E: 

a 
~|+ 


l B PP 
HeH® (yr 


-_ l A, = i ( 1 
=4 ata), 4 #2) a 2D B 6)) BD 


l=1 I=1 l=1 l=1 I=1 


{the values of the series are given in (4.61), (4.58), (4.53), (4.65), (4.32), and (6.75) } 


65 
= {b) — TE B)EE) — 26(2)6 (5). (3.192) 


Finally, by plugging the result from (3.192) in (3.191), we conclude that 


1 1 1 . 2 
L = —xz— 
/ / (Lina +y+z—xy —xz— yz + xyz)) dead 


X+VYtZ-XY—XZ—yZ+XyZ 


65 7 
=e Sf OH) — 6 2EO), 


and the part ii) of the problem is finalized. 
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Alternatively, once we have arrived at the integral in (3.191), we may employ the 
Cauchy product of two series (see [33, Chapter HI, pp. 197—199]) for (Liz (x))*, that 
is 


oo (2) CO un 


CO 
(Lip(x))2 =i 4 6 
: ~ n3 n2 ns’ 


n=1 n=1 n=1 


which we further combine with the identity in (1.5) to reduce everything to the 
calculation of a sum of harmonic series as above. 

As in the previous section, we easily observe the greatest difficulty is represented 
by the evaluation of the resulting harmonic series. All the series are to be found in 
the next chapter, and if you have trouble with evaluating them, no worry, there is 
some good news: all of them are calculated! Even more than that, I provided for 
them solutions by series manipulations only (I hope you’ll enjoy). 


3.35 A Curious Integral with Polylogarithms Connected to a 
Double Integral with a Symmetrical Exponential 
Integrand 


Solution Here we’ll play with an integral which involves an apparently weird 

integrand, but despite of this, we see it actually has a nice closed-form expressed 

in terms of factorial and Riemann zeta function values as appeared in the statement 

of the question. In fact, I'll show a beautiful connection with a double integral with 

a symmetrical exponential integrand which is proposed in one of the next sections. 
1 log”-* (u) 


Based upon the result in (1.12), we can write that / ————du = 
o |l-t+tu 


t 
Lin-k41 (4) 1 k-1 
(-1)"* qm k)! t—1 and / log’ ©) ay = (-1)§(k _ 
0 


t 1—t+tv 
Li : 
1 —— 
Neat) 
t 


1)! 


that gives 


t t 
12 Lin-k41 (4) Lig (4) 
[ Xe kk — 1! ft Say 
9 x=1 


2 


nl 1 1 1 n—k k-1 
= >| (/ (/ (-1)""! Coste)" Ves) au) aw) dt 
42140 Yo Wo (l—t+tu)(—t+tv) 
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{make the changes of variable log(u) = —x and log(v) = —y} 
n 


1 ioe) oo ghee 
a ) / / - dx } dy } dt 
0 \Wo 0 (—t+te*)d—t+te-’) 


k=1 


{reverse the order of integration} 


ve aS L 1 qe byt 
=f [ ay | ; dt |} dx } dy 
: ( Oo Valo Cle = D0 2) ie = dl = 1) 


{make the change of variable 1 — t = s} 
1 nk kl 
/ : ds |} dx } dy 
9 +(e — 1s) +4 (e” — Is) 


oo of 
_ / i Soar byl! 
0 0 =I 


: (2 + (e* — 1)s) — log(1 + (e” — Is) 


n 


P(E 


k=1 


ex — ey 


s=1 
dx } dy 
s=0 


{make use of the result in (3.217)} 
= 2-ni(O(2) +63) +---+o@+ 1), 


and the solution is complete. 

Once again we gladly took benefit of the usefulness of the result in (1.12) which 
we want to keep close to us and use it when needed. The final double integral is 
an already privileged one since it appeared on the pages of the famous journal, 
The American Mathematical Monthly, more exactly it appears inside of a limit I 
proposed in the mentioned journal (you’!I meet the limit in one of the next sections). 

Integrals involving squared Polylogarithms or a product of two Polylogarithms 
are known in the classical literature as you may see in [3, 28]. 
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3.36 Double Integrals Expressed in Terms of the Exponential 
Function and the Polylogarithm (of Orders 2, 3, 4, 5, 
and 6) 


Solution The integrals we treat in this section are pretty challenging without a 
careful approach with respect to the series behind them. One of the tools we want to 
use while trying to turn the integrals into series (because we prefer the series form) 
is the generating function of the generalized harmonic numbers in (4.6). But how 
would we calculate the harmonic series behind the integrals? 


For the part i) of the problem, we have 


[ (a log (1 — e~*) (y Lig (e-*¥) + Lig (e-*)) os) dy 


[=e9 


x y 


{make the changes of variable e* = u ande * = v} 


7 i ([ log(1 — u) (og(v) Lig(uv) — se a) Ai 
0 0 


uv(1 — uv) 


i ( ' log(1 — u) log(v) Lig(uv) | je 
~ i [ uv(1 — uv) ns 
ee 


q 


"7 ¢! log — u) Li3(uv) 
-{ (/ Ai au) dv. (3.193) 
——_——_ 


In 


CO 
If we make use of the result in (4.6), we can write that Your)" HO = 
n=1 


Lig (uv) 


—, and then the first integral in (3.193) becomes 
uv(1 — uv) 


fee / (f log(1 — uw) log(v) Lig(uv) | je 
_ 0 0 uv(1 — uv) a ad 


1 1 oo 
= log(v) (/ le = 9 Ynys) du 
0 0 


n=1 


{reverse the order of summation and integration} 
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oo 1 1 
= S | v"—! Jog(v) (/ u"—! jog — a) dv 
0 0 


n=1 


{employ the result in (1.4)} 


oo Hh = 
o> (3.194) 


Bee for the second integral in (3.193), we make use of the result in (4.6) that 


Li3 (uv) 
ives vy A® = ——_——., and then we have 
yu EE = aay) 


i : ' log(1 — u) Lis(uv) 5 

a= | (/ uv(1 — uv) “) , 
1 1 oo 

=f (/ leet = 9 Soya] dv 
0 0 


n=1 


n=1 


{reverse the order of summation and integration} 


1 
= ZY) ap [ yr! (/ u"— Jog — a) dv 
0 


n=1 


{employ the result in (1.4)} 


00 (3) 
H, H, 
=-)o->. (3.195) 


Collecting the results from (3.194) and (3.195) in (3.193), we conclude that 


1 —e*ty 


ae i oH, HO 
=D PDL 
n=1 


n=1 


{consider the identity in (4.40)} 


21 - 
= = $6) + ¢"(3), 


and the part i) of the problem is finalized. 
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Then, for the point ii) of the problem, we write 


[ (a log (1 = e*) (y? Lig (e7) —2Lig (e-7)) ss) dy 


l—e-*-Y 


{make the changes of variable e~* = u and e~” = v} 


i (/ log(1 — w) (log?(v) Lix(wv) — 2Lig(uv)) , 
= u Vv 
0 0 


uv(1 — uv) 


-[ [seamen 4 4 
i 0 0 uv(1 — uv) ol has 


a 


Jj 
1 ¢! log( — uv) Li 
-2 f / oe) aa) is | ai (3.196) 
0 0 uv(l = uv) 
ee 
Jy 
= Lip (uv) 
For the integral J; in (3.196), we use that Say a = eee, which is 
uv(1 — uv) 


n=1 
obtained based upon the result in (4.6), and then we have 


n=f [ester Let) 4 3 
A doe Ndi uv(1 — uv) yn 


1 1 oo 
=) log?(v) (/ loa 9 ony" "Pa dv 
0 0 


n=1 


{reverse the order of summation and integration} 


oo 1 1 
= S ay uv"! log” (v) (/ u"Jog(1 — nau) dv 
A= 0 0 


{make use of the result in (1.4)} 


=-2) > 7 a (3.197) 
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Lig(uv) 


oe} 
Further, for the integral Jz in (3.196) using that You"! HO = —_ 
uv(1 — uv) 


n=1 
which is obtained based upon the result in (4.6), we write 


j -[ feet 4 4 
oe | (/ uv — uv) “) 


1 1 oo 
=) (/ loc! =) Ym)" dv 
0 0 


n=1 


{reverse the order of summation and integration} 


ee) 1 1 
as y ay yr! ) u"— Jog — a) dv 
0 0 


{make use of the result in (1.4)} 


oo (4) 
H,H, 
=-) Sea (3.198) 


n=1 


Collecting the results from (3.197) and (3.198) in (3.196), we obtain that 


12 
oo (4) oo (2) 
Ay, Ay An Ay 
=2(y aoe | 
n=l n=1 


{consider the identity in (4.41)} 


9 
= 5E2)E(S) — SEB), 


and the part ii) of the problem is finalized. 
Passing to the point iii) of the problem, we have 


a ([° log (1 _ e*) (y3 Lig (ec) + 6Lis Devas) dy 


1—e*ty 


{make the changes of variable e~* = u and e-* = v} 


3.36 Double Integrals Expressed in Terms of the Exponential Function and the... 187 


-[ [es awtoe Eatin) = OLS) 4 P 
= 0 0 uv(1 — uv) . » 


a ‘ log(l = w) log*(v) Lin(uv) | 4 
af i, uv(1 — uv) a faa 


Ki 


-6[ ([ log( — u) a) dv (3.199) 
F 0 uv(l — uv) | 
— SE ————— 


Ko 


CO 
Now, considering the first integral in (3.199), where we use that > (u ay Ho) = 


n=1 


Lig (uv) 


——, based upon the result in (4.6), we write 
uv(1 — uv) 


2 -[ Sa : 
ae 0 0 uv(1 — uv) 0 aad 


1 1 oo 
a log?(v) (/ loc = 9 Sony") du 
0 0 


n=1 


{reverse the order of summation and integration} 


1 
-> H® fe "1 1og3(v) (/ u"™—! log — wan) du 
0 


{make use of the result in (1.4)} 


oo (2) 
Ay, Aly, 
=6) a (3.200) 


CO 
Further, for the integral Kz in (3.199), we use that wy ta? 


n=1 


Lis (uv) 


—————., which is obtained based upon the result in (4.6), and then we have 
uv(1 — uv) 


ae ! ' log(l = u) Lis(wv) 4 
a= | (/ uv(1 — uv) “) " 
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1 1 oo 
=f (/ joe = 9 Sm) dv 
0 0 


n=1 
{reverse the order of summation and integration} 


1 
= -y no [ yi! (/ u"—! log(1 — a) dv 
0 


n=1 


{make use of the result in (1.4)} 


00 (5) 
H,, H, 
=-) eee (3.201) 


n=1 


Collecting the results from (3.200) and (3.201) in (3.199), we get that 


I (a log (1 — e~*) (y* Lia (e*) + 6 Lis (e“*~)) eas) dy 
0 0 


1 — erty 


Q) 00 6) 
-- (3 Hn Hy +e Hp Ms 


n=1 


{employ the identity in (4.42)} 


17 
a4 (2 + 112(3)¢(5) — 3470) , 


and the part iii) of the problem is finalized. 
Lastly, for the part iv) of the problem, we have 


[ (fot cee me 


l—e-y 


—x y 


{make the changes of variable e* = u ande * = v} 


[ ( log (1 — uw) (log! (v)Lig (uv) — 24Lis(uv)) )a 
= u 
0 0 


uv(1 — uv) 


oe ic ' log(l = w) log*(v) Lin(uv) | F 
=| ) uv(1 — uv) ae as 


ee) 
Ly 
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"7 ¢! log( — u) Lig (uv) 
-u [ (/ wot — uv) au) dv. (3.202) 
a” 


1) 


lo) 
If we consider the first integral in (3.202), where we use that xe vy" 1 HO) = 


n=1 


Lig (uv) 


——,, which comes from the result in (4.6), we write 
uv(1 — uv) 


, -[ [Sewer 4 4 
os 0 0 uv(1 — uv) oe fas 


1 1 oo 
= | log* / log(l — ml HQ dy | d 
[ og o/ ; og( u) ¥ > (wv) A ‘ v 


n=1 


{reverse the order of summation and integration} 


1 
-> ve! fy "1 log*(y) (/ u"—! log(1 — a) du 
0 


{make use of the result in (1.4)} 


(2) 
nH, 
=-24)° "4. (3.203) 


CO 
As regards the second integral in (3.202), we use that Y\(uv)" Ho 
n=1 


Lig (uv) 


———., based upon the result in (4.6), and then we write 
uv(1 — uv) 


me ‘( ' log(l = u) Lig(uv) , e 

a= | [ wid—wy  ) 
1 1 i) 

-|/ (/ oe = 9 Sony") dv 
0 0 


n=1 


{reverse the order of summation and integration} 


1 
= 3 Ho f yr! (/ u"—"jog(1 — a) dv 
0 


n=1 
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{make use of the result in (1.4)} 


(3.204) 


Collecting the results from (3.203) and (3.204) in (3.202), we obtain that 


pe ee, 


1-—e*-Y 


oo (6) oo (2) 
A, Ay A, Ay 
=04(5 Ey | 


n=1 n=1 


{employ the identity in (4.43)} 


19 15 ; 
= 24 | 7¢(2)o(7) — 3 § GSO) — ZEAE) + eae 


and the part iv) of the problem is finalized. 

Now we can answer the question from the beginning of the section. During the 
calculations we observed another important strategy, that is I preferred to calculate 
both series at once, for each point of the problem, rather than trying to calculate 
them separately, and this move made a huge difference since it would have been 
much harder to try to calculate each series separately. Establishing relations amongst 
harmonic series and using them strategically may ease substantially the work to 
do for various problems, which is a very good lesson to learn (and you’ll also be 
convinced of that while going through the next problems from the book). 


3.37 Exponential Double Integrals with an Appealing Look 


Solution I think you might have an advantage (in the sense of guessing the way to 
go) if you already passed through Sect. 3.17 since we’ll use a similar idea. In this 
section we’ll also try something nice for the integral from the second point, that is 
to calculate it almost entirely by geometrical interpretation! (well, not directly, but 
first we might like to turn it into simpler integrals). 


For both points of the problem, we might like to start with a classical elementary 
1 =z 
l-e 


integral, / edt . Now, if we replace x by x — y and then multiply 


0 
both sides by —e~”, we get 


1 en ) 
-« f oO wtgy — Se (3.205) 
0 
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Therefore, for the first double integral, we write 


PEDEIED 9 
LUE ern) 


{reverse the order of integration} 


1 1 1 lee) lo) 
= -| (/ i ) (/ eran) ay) au) aw) dt 
0 0 0 0 0 
1 1 1 l 
--f (/ (/ du) dv) a 
o Wo Wo @+ud—-—t+v) 
1 1 
_ -| (/ log(1 + t) — log(t) aw) dt 
0 0 l—t+uv 


1 
= -| dog(1 + t) — log(t))dog(2 — t) — log(1 — t))dt 
0 


1 1 
= -| log(2 — t) log(l + t)dt +f log — t) log(1 + t)dt 
0 0 
ee 


qi h 
1 1 
+ il log(2 — 1) log(t)dt — i log(t) log(1 — fdr. (3.206) 
0 0 
——_—<—<——$ 
7G} I4 


1 
For the integral 7; from (3.206), we make the change of variable fat = u, and 


then we write 


| ! 1) log(u) 
h= log(2 — t) log + t)dt = — log {3 -— — 5 du 
0 u u 


1/2 
| , A 
= —10803) [ OB) ay -[ log (: = =) oe) a 
1/2 u 1/2 3u u 
1 CO 
1 log(u) 
= 21og(2) log(3) — log(3) + i 
1/2 d n(3u)” u2 
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{reverse the order of integration and summation} 


log(u) 
= 2 log(2) log(3) — log(3) + 3" 13” Ji. = du 
n=1 
lee) 1 0° pe 
= 2 log(2) log(3) — log(3) > nant -= at +3) Gap (n+ TES eae 
n=1 


n+1 


OO 1 a\n an 
#241 - Tox (3) 31 = 1020) YH (5 


(ee) 


> : G os (2) +3 log(2) log(3)+3 Li (;)-31 2 


= 2 — 3¢(2) — 4log(2) + 3log?(3) + 6 Li (;) (3.207) 


where for getting the last equality I also used the Dilogarithm function reflection 
formula!? (see [44, Chapter 1, p. 5], [100, (5)], [78, Chapter 2, p. 107]), 


Lin (x) + Lin(1 — x) = £(2) — log(x) log(1 — x). (3.208) 


Next, the integral J) from (3.206) is a classical one that can be derived in more 
ways. This time let’s choose the Beta function representation in (3.23), and we write 


! a2 
/ (d —+)*~! log — (1 +2)! log + dt = —— (248g, y)) , 
= oxdy 


1 
that leads wo | log — t) log(1 + t)dt = 


a? 
(2°-1BG, »)); and if we 
xdy 


1 1 
use that f log( — t) log + t)dt = 2f log(1 — t) log(1 + f)dt, we get 
-1 0 


1 
1 
b= | log —f)log(1+)dt = — li 
2 [02 )log( +t) 4x01 Bxdy 
y> 


(2** B(x, y)) 


'31t is easy to get the stated formula, and as explained in the first given reference, considering 
the integration by parts for the integral representation of the Dilogarithm function, Liz(x) = 


log(l —t 
— i eat, we atrive immediately at the Dilogarithm function reflection formula. 
0 
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= 2 + log?(2) — 2log(2) — ¢(2), (3.209) 


where for the last calculations we might prefer to use Mathematica (or we can 
simply do it by hand, which is not hard to do). 
Further, passing to the integral /3 from (3.206), we have 


1 1 
h= / log(2 — t) log(t)dt re / log( — uw) log(1 + u)du 
0 0 


Ih 
=2+ log? (2) — 2log(2) — ¢(2). (3.210) 


Finally, for the integral Z4 from (3.206), we get 


1 1 © yn 
By, log(t) log(1 — t)dt = -| > log(t)de 
0 0 


nN 
n=1 


{reverse the order of summation and integration} 
[o,@) CO 


ed fo 1 1 1 1 
--L, f t= eae LG, ai a) 


n=1 


[o,@) 


oo 1 1 ; 
n=1 


n=1 


Collecting the values of the integrals 1), 2, 13, and [4 from (3.207), (3.209), (3.210), 
and (3.211) in (3.206), we conclude that 


CEES R os 


= 2¢(2) + 2log*(2) — 3 log” (3) — 6Li2 (;) 


and the part i) of the problem is finalized. 


For the second part of the problem we’ll proceed similarly, and using the result 
in (3.205), we write 


[ i? ee l-e* La ae \a 
x} ay 
0 0 vay x? y? 
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LULU Leora) 


{reverse the order of integration} 


[LUE eons) 


{make the change of variable (¢ + u)x? =zand(l1—t+ v)y" = w} 


LLU geo 
Ado Wo Wo Vetu/T—t+u 
[o,@) ev [oe] ef 
x (/ i? (/ tz) aw) 7) au) du 
om 1 
{use the fact that / x Pedy =I (5) = vi} 
0 


TLL wrest) 


{reverse the order of integration} 


-f ({ (i ae) 
0 ([ Sa) 
=x f (WTF — vit - vI=Het 


1 1 1 
=n | Vi=Par—x f Vr4t— dt f JtV/1 — tdt 
0 0 0 
a ti re 
J Jo J3 


1 
+x f a/2 = ta/tde. (3.212) 
a 


J4 


For the integral J; in (3.212), it’s enough to recall the circle equation, that is (x — 
a)* + (y — b)? =r? (see [98, (11)]), where if we set a = b = O andr = 1, we get 
KP a 4° = | which is the equation of a circle with the center at C(0, 0) and radius 
r = 1. Thus, the geometrical interpretation of the integral J) is a quarter of the area 
of a circle with radius r = 1, that is 2/4. Therefore, we get 
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1 
IU 
ji = 1— dt = —. (3.213) 
’ 4 


For the second integral in (3.212), we write 


ne f' Vrertu= f'[(3)-(-3) 


map & 9 arcsin(1/3) 9 1 u=arcsin(1/3) 
Hee ;/ cos?(u)du = — (5 +5 sin(2u) J 


4 J_ aresin(1/3) 4\2 


9 _ fl ; {1 
= — | 2arcsin| — } + sin{ 2arcsin|{ — 
8 ( (;) ( (;))) 


{make use of the trigonometric identity, sin(2 arcsin(x)) = 2xV 1 — x2} 


= ; (2v2 + 9arcsin (;)) ; (3.214) 


We may also note we can give a solution by exploiting the geometrical interpre- 
tation of the integral. If drawing the graph of the integrand, it’s easy to note that the 
area we look for may be viewed as the sum of the areas of two congruent triangles 
and the area of a sector, or it can be viewed as well as the sum of a rectangle area and 
a segment area. For instance, considering the latter version, we have the rectangle 
of area /2 plus the area of segment (see [99, (15)]) (the trigonometric formula is 
As = r?(0 —sin(@))/2), where r = 3/2 and@ = 1 —2 arcsin(2/2/3), and if we use 
the trigonometric identity 7/2 = arcsin(x) + arcsin(/1 — x2), x > 0, our angle is 
@ = 2arcsin(1/3), which further leads to the area of segment 9/8(2 arcsin(1/3) — 
sin(2 aresin(1/3)) = 9/4 aresin(1/3) — /2/2. Thus, summing the rectangle area 
and the segment area, we obtain the final result, 1 /4(2/2 + 9 arcsin(1/3)). 

The calculation of the integral J3 in (3.212) is straightforward, and we have 


bf Jet—Har a i W(3 = ) - a= % (3.215) 
1/2 


where I used again the geometrical interpretation of the integral, and the area we 
look for is half the area of a circle with radius r = 1/2. 


u=— arcsin(1/3) 
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Finally, for the integral J4 in (3.212), we have 


1 1 
Js = G— fede =" i Vl-wdu = J, = =. (3.216) 
0 0 


Hence, collecting the values of the integrals J), Jo, J3, and J4 from (3.213), 
(3.214), (3.215), and (3.216) in (3.212), we conclude that 


00 poof p-x” _ ey? l-e* ie 
dxdy 
7 [ ( x2 — y2 ( x2 y? 


$592.9 [il 
= -w — —T— -7Tarcesin{ — ], 
8 2 4 3 


and the part ii) of the problem is finalized. 


In the second part of the problem I also made use of the fact that 


1 
/ xt Pe*dy = I (5) = /z. How to prove it? One way is based upon 
0 


the famous Euler’s reflection formula, (t) (1 — t) = 


- , with ¢ = 1/2, 
sin(zt) 


1 
and we arrive immediately at I~ (5) = ./z (observe that behind the scene it’s the 


Gaussian integral, see [108]). 

Once again, starting from simple ideas, which we further develop, we can 
manage to create/solve beautiful problems. Also, see the details given at the end 
of Sect. 3.51. 


3.38 A Generalized Double Integral Involving a Symmetrical 
Exponential Integrand and a Limit Related to It 


Solution I called this integral a privileged one in Sect. 3.35 where we had to use 
it, since it appeared in The American Mathematical Monthly, more exactly, it is part 
of the limit from the point ii) which I submitted to the journal, the problem 12011 
(see [91]). First we want to calculate the integral (it has a very nice value!), and then 
we'll pass to the limit from the point i7). 


For the point i) of the problem, we split the integral which we denote by [,, 
lee) OO xh _ yn lee) Y x — yh 
Li. = i / ———dx }dy = i} / - dx } dy 
0) 0 ex — ey 0 0 ex — ey 
lee) CO yn _ y" 
++ / ( / ax) dy, 
0 y ee 
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and changing the integration order in the first integral from the right-hand side, and 
then switching the variables, we arrive at 


lee) oO yn _ yn eer ioe) lee) n_ yn 
y=2f (/ A ax) ay 22 f (/ OF ae) a 
0 y ex — ey 0) 0 eytz — ey 
n n lee) zk lee) oe eee n n 
=2 d ““e Ydy|=2 kin — k)!e(k+1 
VL sae) UP tere) =22 (fee — wear 


=2-n do o(k+ 1), (3.217) 


k=1 


where in the calculation I used the well-known integral representation!* of the 


lee) s—1 
product ¢(s)I°(s), that is i 
0 


i) of the problem is complete. 
To calculate the limit from the point ii), we use the result in (3.217) from the 
point 7), and then we obtain that 


du (see [78, Chapter 2, p. 96]), and the point 


eu —] 


re Se hae ie ek er 
sim, (= F [ arbres ~ 2n) =2 fim, PEM —D =2I CHD 
ST Se “1 


and the point ii) of the problem is complete. 
Alternatively, we might try to attack the integral from the point 7) by considering 
the Cauchy principal value!* (see [32, 7.1 The Cauchy Principal Value, p. 216], [97]) 
CO 


1 : : 
and then show and use that pv. [ dy =e “ log(e* — 1). 
go e~—ey 


foe) 
'4Ivs straightforward to see, by using the geometric series, that / i=] 
oe 


fore) us—len4 ioe) fore) ie) oo ae 1 
[ Pa = [ uw! » edu = me ute du = I'(s) 2d a C(s)'(s). 


'SNamed after the brilliant French mathematician Augustin-Louis Cauchy (1789-1857), Cauchy 
principal value is a way of assigning values to improper integrals which in other conditions are 
divergent. 
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3.39 A Special Multiple Integral and a Limit of It Involving 
the Euler—Mascheroni Constant y, the Euler’s 
Number e, and the Famous z All at Once 


Solution We are not away from Sect. 1.37 where we needed the same simple idea 
to start with as we need here. This time we’ll try to evaluate a nice-looking multiple 
integral and then we’ll calculate a limit with the multiple integral which will lead 
to a fascinating (unexpected) result involving the Euler—Mascheroni constant (7), 
the Euler’s number (e) and the famous z (if you’re interested, an excellent book 
specialized on the mathematical constants, including the mentioned ones, may be 
found in [27]). 
1 —-x _ 4-y 
i ‘ : —ax (a—l)y e e 
Using the result in (3.205) in the form ee da = —————., where 
0 yx 
we set x = ete + oes +... + x3 and y = 7 + ie” +... + x2", and then 
integrating both sides according to all 2n variables, x1, x2,..., X2n, we get 


i - [ é cae es ae 7 xn x 3h 2m 
eee dx, 
0 0 0 a? + a +... x2" Sai ate Boas xa) 


xdx2) 7 -dx2n 


lee) le) 1 
0 0 0 


xdx2 wee dx2n 


{reverse the integration order} 


1 lee) lee) 
= (/ (.-/ oC 2h XP") O(a beet tata) 
0 0 0 


xdx2)---dx2,da 


1 oe 2n a oe 2n ‘ 
a (/ e ax) (/ e(@-Dx ax) da 
0 0 0 
1 2n 1 
= (r (1 + =) i a? ay da 
n 0 
1 2n =1 
= (r (1 + ~)) arcsin(./a) 
n 


1 2n 
= (r (1 + ~)) ; (3.218) 
2n 


=0 
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where I used that, based upon the change of variable ax*” = y, we have 


—1/(2n) —1/(2n) 
[ pan ay qi/@n [Oo yverteny = aos Ea 
0 2n 0 2n 2n 


aa WOO (y4 > 
2n )’ 


2 


and then, based upon the variable change (a — 1) = —y, we have that 


[ ela-Damg, — doa i yl@n)-1-ygy — OA ae of 
0 2n 0 on On 


a(l—@) (Or (1 + x) 
2, ’ 


nN 


and the part i) of the problem is finalized. 
Using the asymptotic expansion!® of Gamma function as x — 0 (see [60, 


1 

Chapter 0, pp. 3-5]), /(x) = ——y+O(x), that by the relation x "(x) = (1+) 
x 

yields (1 + x) = 1 — yx + O(x7), we obtain 


1 2n y 1 2n 
aa) ee) 
{use the elementary limit, oats d—-x)*= 1/e} 
x> 


= lim e YtO0/) = ey, (3.219) 


n—oo 


16Tn the book Applied Asymptotic Analysis by Peter D. Miller, one may find a simple method 
of deriving an approximation of J"(x), when x is small and positive, by combining the Taylor 


series with the term by term integration. Since t* * 1, for each fixed t, and using that t* = 
foe) 


a (x logit)" 


; , then by multiplying the last equality by e~' and integrating from 0 to oo, we get 
n} 


n=0 


00 2 fx yw 
Pxth= its [ logtnye tar + f log?(the'dt+--- = l—yx4 Pe 
5 2 Jy 2" Dp 


1 2, D: 
and from here we obtain that (x) = yc (5 { a ) x--++, which is in fact the Laurent 
x 


series for ["(x) about x = 0. 
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Hence, by letting n — oo in (3.218), combined with the result in (3.219), we 
obtain the value of the beautiful limit, 


Qn 2 Qn _ 2 2 
sod ote am ere 8g a" 
lim 
2n 2n 2n 2n 2n 
[oe 
n> mp Pgs TE ep Xn ~ Xp $2 7 7 X9p 


ud 
xdx1 dx2 ae -dx2n =, 
eY 
and the part ii) of the problem is finalized. 
The limit arose based upon the investigations of the multiple integral I created, 
and it was such a pleasant surprise to discover the neat value of the limit. 


3.40 Some Curious Integrals Involving the Hyperbolic 
Tangent, Also Having Beautiful Connections with the 
Beta Function 


Solution You may find the problem in the present section pretty nice and chal- 
lenging at the same time, and the thing that may particularly arouse curiosity is 
the connection with the harmonic numbers we have to prove. Then, it’s about the 
challenging question that asks you to calculate the generalization from the third 
point by using the Beta function, which you may also find nice to try. Based upon 
the generalization from the third point, one can get various, appealing integrals 
involving the hyperbolic functions. 


The first solution might not be that obvious (which also answers the proposed 
challenging question), and we start with the integral representation of the Beta 
function in (3.23), where if we replace y by | — x and use that B(x, 1 — x) = 


rord—= n= ot we have 


IU 


1 
(i= Nia ds (3.220) 
= 


sin(rx)” 


Multiplying both sides of (3.220) by sin?(nz-x) and integrating from x = Oto x = 1, 
we get 


: sin? (nx) ! : = xy 2 
x | ——_dx = / (/ (1 —t)* (1+ 1) sin (nnx)at) dx 
o  sin(rx) oy Ma 


{reverse the order of integration} 
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1 1 ( 1 1—t\* - 
=i) T_+ / () sin (nr) dt 
-11=t Vio \i-rt 
= ; 1 1 1—t\*\’ - Ven 
= if 2(1 — f) arctanh(?) i () ) sin* (nz x)dx 


{integrate the inner integral by parts} 


x f! n Pry —t\* | 
= / (/ ( ) sinQnztx)dr) dt 
2 J_; A —ft)arctanh(t) \Jo \ 1 +t 


n>72 f t 
= dt 
2 [ (1 — t2) arctanh(t)((nzr)2 + arctanh?(rt)) 


(3.221) 


where the last equality is obtained by the use of the classical integral,!’ 
bsin(ax) — acos(ax) 4, : : ‘ ond 
e” + C, with the integration limits 
a? + b? 
x =0,x = 1, anda = 2nz, b = —2arctanh(ft). 
Now, the integrand of the remaining integral in (3.221) is even, and then we write 


sin(ax)e?* dx 


nn fp} t 
dt 
2 I, (1 — t?) arctanh(t)((nz)? + arctanh?(t)) 


— mn? | : dt 
0 (1 —??) arctanh(t)((nz)? + arctanh?(t)) 


{make the change of variable t = tanh(zv)} 


oe 1 v ' sin? (nox) 
= tanh(zv) | —- —- —=——> }dv=2 ——— dx 
0 vo n?+v2 9 sin(ax) 


x [!1—cos(2nzx) 
= : dx. (3.222) 
2 Jo sin(z x) 


Essentially, we integrate by parts twice, and then we have / sin(ax)e’*dx = 


cos(ax) py cos(ax) p, 
e” e” 
a a a 
; bsin(ax) 4, 
T z e 
a 
bsin(ax) — acos(ax) p, LC 
e” ; 
a? + b2 


b 
} ; cos(ax)e?* dx 


1 1 bx 
== | ostaxy'e dx 
a 


cos(ax) ; : 
ex sin(ax)e?* dx, whence we obtain 


b : 1 bx 
=F [oiniaxy ee“ dx 
a 


immediately that | sin(ax)e?*dx = 
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a . ' 1 —cos(2nrx) : . 
Considering the notation J, = ——_————dx for the last integral in 


0 sin(x) 
(3.40), we have 


‘ F [ 1 — cos((2k + 2)Hx) | i, 1- cos(2krx) 
= = X X 
es . 0 sin(z x) 0 sin(zx) 


! cos(2kax) — cos((2k + 2)1x) L 4 1 
= - dx =2 sin((2k + 1)ax)dx = ———_., 
0 sin(7x) 0 mw2k+1 


and if we give values to k from k = 0 to k = n — 1 and add up all the resulting 


relations, we get 


i> i | 4 1 
2 aera 7 RT = (Hm 5M) oe 
Finally, if we plug the result from (3.223) in (3.40), we conclude that 


me 1 v 
‘ tanh(z v) a = aaa dv = 2H — Hn, 


and the first solution to the point iii) of the problem is finalized. 
For a second solution to the point iii) of the problem, we use the series 
[o,@) 
1 


8x 
h = 
tanh(zx) = d (Qn 124+ Oxy 


18 


which is derived with the help of the Euler’s 


'8Recalling the famous Euler’s infinite product, sin(x) a x[] (1- =) 
n?3 
and then using the identity sin(Q2x) = 2sin(x)cos(x), we have that cos(x) = 
oo 2-9); 


(2n — 1)?*x? — ar) 


I] ( (2n — 1)222 


n=1 


SS (nen 2_ (2x)? n° 
IT ( Wows ) . (ae) 


n=1 
2 


° / (Qn)2n? — (2x)2\ eit 00 | 
Il ( (2n)?22 ) . I] (i :) = i (e aa) . Upon replacing 


n=1 n=1 


1 
i 4x2 
x by ix in the cosine formula, we get cosh(x) = i (: { Qn — Din? ). At this point, by taking 
log of both sides of the hyperbolic cosine and differentiating then once with respect to x, we get 
foe) 
1 


h(x) = 8 
ene 22 x(n — 1)? + Oxy? 


where if we replace x by mx, we obtain the desired 


8x 1 
ies. tattitwaS . 
series, tanh(zx) - d (2n — 1)? + (2x)? 
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oo 2 
infinite product for the sine, sin(x) = x | | (: = 3) (see [23, pp. 251-252]). 
nese 


n=1 
Then we write that 


CO 


ey 1 x 8% x 
/ mahi = - | 
0 x n%4+x? x Jo (2k — 1)? + (2x) 


k=1 


1 x ds 
x =— —>— S 
x n2 + x2 


{reverse the order of summation and integration} 


i x 1 x 
hh 2 2 73 ) 
mi 40 (2k —1)* + (2x) \x  n*4+x 


oo 0° 
=> ail (as as ) de 
(2k — = 0 n2+x2 (2k —1)2 + 4x? 
8 n 1 ‘ (*) 2 : 2x 
= arctan { — ) — ——— arctan | ——— 
T (2k — 1)2 — 4n? \n n 2k —1 2k — 1 


0° 2 


oA 
a 
k=1 x=0 


[o,@) CO 

1 2 1 1 
“420 oo 
= a n 2k-1 eS 2k—1 2k—-—1+2n 


1 1 
= a ame = 2 (Hy = 5H) = 2Ar, — An, 


and the second solution to the point iii) of the problem is finalized. 
The first part of the problem is solved immediately if we make the change of 
variable zx = y in iii) and then plug n = 1, 


[ n(x) (2 *. \ee 9 SO 
anh(x) {| — — x= - = 2, 
0 x mwe+x2 3 ! 


and the part i) of the problem is finalized. 
Next, to solve the point ii) of the problem, we assume in iii) the extension of n 
to the reals, n > O, and we write that 


fore) 1 1 i 
I ae (= + 2x a 64x3 + 4x ™ 512x3 + 8x = ) : 
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lee) 3 
tanh(wx) 
> eae ea + 2x ~ “Dx Qn =f tanh(zx) (=- (Q- 2 He x2 +) a 
{make use of the result from the point iii)} 


N 


(oe) 
-) (2-0 Fyn = 2-" Hy-n) = im (2-0 Fyn sg Hy») 
n=1 
=1- lim 2-%Ab-w =1, 
N->oo 


and the part ii) of the problem is finalized. 

The result from the point iv) is obtained immediately if we use the identity 
from the point iii), where we multiply both sides by 1/n* and then consider the 
summation from n = | to oo. So, we write 


3 1 i hisex) 1 x P (ie a >> 1 x 
a anh(zx) | — — ———, ] dx = anh(s x ee ES 
= n* Jo x n2+x? 0 — \x n2 + x? 


© tanh(arx) Ca (1 1 
=f ao Ee: awe dx 


n=1 


_ ia ae (@+ i - 4 eee) dx 
0 x 2 x 


1, fx? x* tanh 3 tanh(ax) — 3 ~ H 
_ i m-x~ tanh(zx) + 3 tanh(z x) ge 2n 
6 Jo 5 = 


x 


S Hy, <> Eh 2 An 
eee +d a i Loa 


n=1 


CO 
A, 
Sen 
{make use of the results in (3.45), the case n = 4, and (4.89)} 


31 
= 7 $0) — 8 Q2)5@), 
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whence we obtain that 


00: 22 = 
[ mx tanh(zx) + 3 tanh(ax) — 32x dx = 3(31¢(5) — 14¢(2)¢(3)), 


x 


and the part iv) of the problem is finalized. Note that in the calculations I used that 


th(x) zg. SNS : hich is obtained by replacing x by z-xi in th 
co ms = wnicn 1S obdtaine replacin IU in the 
Xx ee z = x2 a ke’ ry Pp gx Vy XI 


[o,@) 
Euler’s infinite product for the sine, sin(x) = x I] (1 _ 
n=1 
252]), and then taking log of both sides and differentiating once with respect to x. 
For the point v) we assume in ii7) the extension of 7 to the reals, n > 0, which 
is achieved through the use of the Digamma function, and then, differentiating once 
with respect to n, we get 


oe 
5 >) (see [23, pp. 251- 
cf 


°xtanh(rx), 1 es 3 
i (n2 + x2)2 dv = On (36) ai, = 4H. ) . (3.224) 


Multiplying both sides of (3.224) by 1/n* and then considering the summation 
from n = | to oo, we have 


x tanh(zrx) oe fas x tanh(zx) 
a n2(n2 + x2)? = Dee eae” 


= i wars) : : )ax 
0 x3 n2 x(n2 + x?) x3(n2 + x7) 


[ 2n7x? tanh(zx) + 12 tanh(ax) — 627xesch(27x) — OX 
xX 
0 12x5 


HO Ho 
= (360) + He) — 4H) = 520) ae i 6 Gn) 


1 
“24 


ie 


,t0 a 
= Sree +8 Di eee 


n=1 n=1 


{make use of the results in (4.90) and (6.67) } 


= 31¢(5) — 16¢(2)¢ (3), 


206 3 Solutions 


whence we obtain that 


ia 2n*x? tanh(zx) + 12 tanh(x) — 627x2esch(27x) — Ox | 
xX 
0 


rf 
= 12(31¢(5) — 166 (2)¢(3)), 


and the part v) of the problem is finalized. Note that in the calculations I used 


the SPOS aaa of coth(x) (see the previous point) a with the fact 
‘hee ae me x? esch? (zx) + 2x coth(zx) — 


5 = , which is obtained 
24 x) 4x4 


MEAs by ea from the series representation of coth(x). 

To add a final note, it is worth mentioning the power of the Euler’s infinite 
product for the sine I used in the present work, which gives an elegant solution to 
the point iii) of the problem. Also, the solution to the challenging question shows 
once again the huge potential of the Beta function, so useful in many problems. 

The integral version proposed at the point iii) of the problem may represent a 
good researching ground for investigating other versions similar to it and possibly 
establishing other connections with the realm of the harmonic numbers. 


3.41 A Little Integral-Beast from Inside Interesting Integrals 
Together with a Similar Version of It Tamed by Real 
Methods 


Solution The integral from the point i) is one of the integrals that probably will 
always make me think of the book Inside Interesting Integrals, which appears in 
the Challenge Problems section (see [64, Chapter 8, p. 340]), where Paul proposes 
a beautiful way to attack it by employing the contour integration!® (for details, see 
[64, p. 406]). 


In this section we’ll take Paul’s saying, Jt is easily done with contour integration, 
but would (I think) otherwise be pretty darn tough., as a challenge and will try to do 
it differently. 

Before passing to the integral from the point i), we prepare the following result, 


\ p" sin(nx) 
y ee = sin(p sin(x))e? 8), (3.225) 
Nn: 


n=1 


— aa oe 
'°Considering the contour integral § —dz and choosing the proper contour C as indicated in 


Cc Zz 
the given reference (try first to find it alone without using the reference!), we get immediately the 
desired value. 
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Proof Based upon the Euler’s formula, eX = cos(x) +i sin(x), we write 


n! 


3 p” sin(nx) = fy (pe'*)” | = sere = 1} = yf e? 00804) ip sin(x) 


n=1 
= S{e?S (cos(p sin(x)) + i sin(p sin(x)))} = sin(p sin(x))e? °°, 
and the result in (3.225) is proved. 


sin(nx si : 
“ ) = sin(sin(x))e%S, and returning 


Upon setting p = | in (3.225), y 


n=1 
to our integral, we have 


[ sin(sin(x))eos®) ie 1 
Se ae = 
0 x 0 x 


ne x D5 =[- a ax 
= mi 


iMe 


and the solution to the point 7) is finalized. The value of the integral is neat, 
expressed in terms of wz and Euler’s number (if interested to find more details about 
these two constants, see [14] and [46]). In the calculations I also used the famous 


Dirichlet’s integral (see [30, 3.721.1, p. 427]), [ “es 


Proceeding similarly as in the previous solution, we ite that 


dx = . sgn(a),aER. 


2 


00 @ coe eee cos(x) OO oF ae 
i; sin(x) sin(sin(x))e 2s i sin(x) ‘ sin(nx) re 
0 0 


Xx 


ol f® sin) sin(nx), — LA 1 f® cos((n = 1)x) — cos((n + 1)x) 
2a 2 oy), x2 ” 


x 


20Without loss of generality, it is enough to consider the case a > 0, and making the variable 


. © sin(ax) © sin(y) ee mes = 
change ax = y, we write dx = dy = sin(y)e >’ dt} dy = 
0 x 0 y 0 0 
1 


foe} foo} CO 
{reverse the order of integration}= / ( / sin(y)e ay) dt = / 5 dt 
0 0 o i+t 


t=00 


t=0 


arctan(f) 
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= : 2 - , ( ~) (cos((n — 1)x) — cos((n + 1)x))dx 


n=1 


{integrate by parts once} 


Xx 


_ ls 1 Lr (n+ Dsin( + Dx) ~ (n= Isin(@ = Dx) , 
~ 2Lal Jo . 


te © sin((n + 1)x) © sin((n — 1)x) 
=a (orf dx —(n vf mee ax) 


n=1 


1Oilsax cA ane | TU 
=z (getD 3” N= Tv G= 7 ), 


n=1 n=1 


and the solution to the point i7) is finalized. 

Using the series like the one in (3.225) is a good alternative to the powerful 
contour integration approach. Moreover, if playing with such series one can get 
various appealing integrals like the proposed ones. The solution to the integral 7) is 
one of the first solutions I was glad to communicate to Paul immediately after the 
publishing of his wonderful book, Inside Interesting Integrals. 


3.42 Ramanujan’s Integrals with Beautiful Connections with 
the Digamma Function and Frullani’s Integral 


Solution J ask, “Who’s this guy Ramanujan? What did he do?” My father tells me 
the most incredible story, about the life of Srinivasa Ramanujan. It is the story of 
an Indian man who overcame incredible odds to become one of the most romantic 
and influential figures in the history of mathematics. It is the story of a self-taught 
dropout whose ideas came to him as visions from a goddess. It is the story of a man 
who had the courage to send his ideas to random mathematicians at the University 
of Cambridge, and then to accept the invitation of a world-class mathematician 
who recognized his genius and travel halfway around the world to work with him 
in England. It is the story of a man who suffered racial prejudice as he strove for 
accomplishment and recognition. It is a story of aman who would then die tragically 
at the young age of thirty-two.—Ken Ono in My Search For Ramanujan. 

Srinivasa Ramanujan Iyengar (1887-1920) was an enigmatic Indian mathemati- 
cian who, without formal education in advanced mathematics, was able to derive 
thousands of unproved, yet valid, mathematical formulas and identities —Ken Ono 
in My Search For Ramanujan. 
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Ramanujan was an artist. And numbers — and the mathematical language 
expressing their relationships — were his medium.—Robert Kanigel in The Man Who 
Knew Infinity: A Life of the Genius Ramanujan. 


In this section we will experience Ramanujan’s creativity and try to know, 
understand him through mathematics, by two beautiful integrals proposed by him. 

To calculate the integral from the point i), we rearrange the integrand and prepare 
it for using the integral representation of Digamma function, w(s + 1) = —y + 


Dl 5s 

-1 

/ . i dx (see [30, 3.265, p. 333], [61, Chapter 10, p. 127]), and then we write 
0 x 


[ (1+ax)-? —(1+ bx)~4 
dx 
0 


Xx 


ape (1+ax)~?—(1tax)7!—((+bx)~4—(1+bx)7!)+(.+ax)7!—(.+bx)7! dx 
0 XxX 


Sax)? =O tas ee (bey 1 be 
= / dx / dx 
0 0 


Xx XxX 


Xx 


er 
0 


{let the changes of variable ax = y in the first integral, and bx = y in the second 
one} 


oo =p _ ae | oo —q _ =! 
-j~o G45)" ay —— arm) 5, 
0 0 


Xx Xx 


(3.226) 


a ee ee 
0 


Xx 


Before calculating the first two integrals, note the third integral is an elementary 


1 
integral, and we have that ij ——— dx = log(x) — log(1 + ax) + C, whence 
x(1 + ax 


) 
x=00 (2) 
=log{ —). 
x=0 a 


© (1 +ax)!— (1+ bx)! (*) 
/ dx = log 
: (3.227) 


x l+ax 


On the other hand, this integral can also be viewed as a Frullani’s integral (see 
the conditions and the derivation in [75, pp. 148-151], [64, Chapter 3, pp. 86-87], 
[20, pp. 432-433] [106]), named after the Italian mathematician Giuliano Frullani 
(1795-1834), 


i; ey as = (f (0) — f(co)) log (2) . (3.228) 


a 
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1 
Setting f(x) = i and applying (3.228), we get the result in (3.227). 


Using the result in (3.227) and continuing the work in (3.226), we obtain that 


Xx 


[ (1+ax)-? —(1+ bx)? 
dx 
0 


ene) = —1 lee) — =1 
=f (+xy?-Gta)7 | (1+x)74 —(14+x) ar ties (2) 
0 0 a 


Xx Xx 


1 
{make the change of variable ee = yin both integral 
x 


Lyp-l_y ae | b b 
=| ~ “ays f > “ay + tog (7) = wi — vp) + log (7), 
o y-l o y-l a a 


that finalizes the part 7) of the problem. 

For a different way of approaching the integral by the Ramanujan’s means, see 
[15, Chapter 9, pp. 314-315]. 

For the Ramanujan’s integral from the part ii) of the problem, we make the 
change of variable x = e~”, and then we have 


1 a-1 b-1 [o,@) —ay —by 
/ ee i saaeeeeice dy. (3.229) 
o \l-x 1-<x¢ 0 l-ey l-e 
Now we recall the following integral representation of Digamma function (see [61, 
Chapter 10, p. 125], [79, p. 26]), 


[o-e) et e*t 
w(x) =i (— = —) dt. (3.230) 


Letting the variable change t = cy in (3.230), we get 


CO / e-cy ce7oxY 
— —— — —— ] dy, 
wor= (CE -aa 


and setting x = b/c, we have 


ioe) —cy —by 
v (2) = ; (‘ = <—S) dy. (3.231) 
Cc 0 y l-eY 
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On the other hand, letting x = a in (3.230), we get 


[o.e) et eat 
v(a) -{ (— ee —) dt. (3.232) 


We return to (3.229), and then we write 
loo) en ce7Y 
res 
0 l-eyvy l-e 
CO / e-cy ce” e ey ey —e 
= j — = dy 
0 y 1l-eo y 1-—e-Y y 
Oo /e-ey ce Py OO /e-y ey OO e-Y _ eA ey 
= — ]dy / _ ay f ——dy 
0 y l=<_? 0 y Ler? 0 y 


{use the specific values of Digamma function from (3.231) and (3.232), } 


{and then apply (3.228) for f(x) = e * to calculate the Frullani’s integral} 


b 
=v (2) — (a) + log(c). 


Hence, we obtain that 


1 ya-1 cx?! b 
/ ( = ) dx = (2) — W(a) + log(c), 
0 1-x 1—x°¢ c 


that finalizes the part i7) of the problem. 

For alternative solutions, see [8, p. 154], [53]. One must be very careful with 
approaching the integral from the second point, it is deceiving and one may be 
easily led to a result without the log part. 


3.43. The Complete Elliptic Integral of the First Kind 
Ramanujan Is Asked to Calculate in the Movie The Man 
Who Knew Infinity Together with Another Question 
Originating from His Work 


Solution In the movie The Man Who Knew Infinity (2015) there is a memorable 
scene when Ramanujan, at Cambridge, during the class is invited by the cruel 
Professor Howard to bring his contribution to the calculation of the integral we have 
at the point 7). Amazingly, instead of trying to write the solution, Ramanujan simply 
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writes the final answer (blowing all the coals in the relation with the mentioned 
professor), a scene that aims to emphasize the genius of Ramanujan. 


May the scene presented in the movie be an exaggeration of the Ramanujan’s 
talent? No, I don’t think so. If having in mind the evaluation of the Wallis’ integral 
(see [17, p. 113], [30, 3.621.3-3.621.4, p. 397]) combined with the use of an 
elementary integral result (presented below), it looks like everything becomes pretty 
easy to do. Here is how to do it: 

First we use that if 1 > a, we have 


i dx nx 1 (3.233) 
0 l—asin2t(x) 2 /1—a’ 


To prove the auxiliary result above, we start out by using the fact that sin?(x) + 
cos?(x) = 1, and then we have 


m/2 dx n/2 dx 
[ 1—asin?(x) _ [ (1 — a) sin2(x) + cos2(x) 
1 m/2 (tan(x))’ 
=i), 


= —— ba 
l-a tan2(x) + (1/1 — a)? 
1 x= /2. 
— arctan VT=atan(x)) 
JVl-—a ( x=0 
_ a 1 
oe = 


The indefinite integral form of the integral above may also be found in 2.562.1 
from [30]. 
Thus, based upon the result in (3.233), we obtain that 


w/2 1 
av) do 


oa m/2 de 2 m/2 
w= f Ji-ksim'(6) OO eee 
2 rl m/2 & 
eee / ( 1 be at sin?” (6) sina) do 
T JO 0 


n=0 
2 oo /2 /2 
== yk" : sin” (Wd / sin™” ()d0 
- n=0 0 0 
ae oe a (2n—1)!! 
make use of the Wallis’ integral, sin” (0)d0 = — - ———_— 
0 2 (2n)!! 
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OO (Qn- DN!) on 
=>( (2n)! ie 


n=0 


1 ANP to PAROS ey fea oe 
= jl ~)k —J|k ko +e: 
| +(5) +(54) a 2-4-6 * : 
which finalizes the part i) of the problem. 


For the second part of the problem, we make use of the part i) of the problem 
where we set k = i, and then we obtain 


; (3) +43) eer -2;" do 
2 2-4 2-4-6 a Jo /1 + sin2(6) 


{make the change of variable sin(@) = x} 


ya. a | Ces We i 
= =| dx wSY =| y Aa — yy dy 
mr Jo JS1—x4 2m Jo 


1 
{use the Beta function definition, B(x, y) = / “a AS) dal 
0 


i arey eae 
== Bl 
2n € ;) 


a ne P(x)I(y) 
use the Beta-Gamma identity, B(x, y) = ————_ 
T'(«t+y) 
1 1 
r(-)r{= 
— ek 4 2 
~% 3 
4 
: ; 1 . : : 
and if we use the special value, I” 5 = ./z, combined with the Euler’s reflection 
a 1 3 
formula, (a) I°(1 — a) = ————, where we seta = 1/4, (-]I[{-] = 
sin(za) 4 4 


J2n, we conclude that 


yr : 
e) (=) (ey (;) 
1 + t...=2 4, 
2 2-4 2-4-6 Tony 


which finalizes the part ii) of the problem. 
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During the calculations I also used the Beta-Gamma identity, B(x, y) = 
POL) 
P(x + y) 

For an alternative solution to the point ii) of the problem, see [16, Chapter 10, 
p. 24]. If interested, one may find in Ramanujan’s Notebooks, Part IT by Bruce C. 
Berndt more such splendid results involving the hypergeometric functions. 


, and a proof of it may be found in [94]. 


3.44 The First Double Integral I Published in La Gaceta de la 
RSME, Together with Another Integral Similar to It 


Solution I submitted the double integral from the first point to La Gaceta de la 
RSME and it was published in Vol. 19, No. 3 (2016), the problem 306 (see [41, 
p. 589]). The thing we don’t see immediately (and that, of course, represents a key 
point of the problem) is the connection with the Inverse tangent integral we already 
met in Sect. 3.25, where I provided some information about the mentioned function. 
Then it’s about those strange integration limits that make us wonder what kind 
of approach would be useful, fruitful here. Those integration limits are puzzling! 
Seriously, do we really have V/3-/2? 


First we want to prove a curious representation of the Inverse tangent integral, 


IG : ax) a La = 3) (3.234) 
x = i . : : 
a We @+tyPt+dtayr J 2 *\ita 146 


where 1 >a,b> 0. 


1- 1- 
Proof Make the variable changes x = as and y = 7 
l+u l+uv 


copter)" (fs) 
—t og —7 du Uv 
a Io @+yP FU tare J 2Syp Vy TF uv? 
1 jg aretin (70) I 1a Jb tan(t) 
= = ~ Fa‘ T+b arctan 
= / + dy (1-D/Gtbe Sf a 
0 2 Jo t 
1. l-a 1-b 
= Tig ’ 
2 l+a 1+b 


. * arctan(t) : 
where I used that Ti2(x) = ce oe and the proof of the result is complete. 
0 


respectively, and we 


get 


Now, for a = co 2, we have 


3.44 The First Double Integral I Published in La Gaceta de la RSME, Together. . . 215 


I-a_1-W3-vB _1-W3-Vvd 1-W3-vD 


lta 1473-72 1473-V2 1-G/3-+2) 
_34+V2-v3-V6 _34+V2-V3-V6 /642 


eo - Vo=a 6 +2 
_v6-V2_ V3-1_ | (3-1)? 
~ 2 fp 2 

Sq as. (3.235) 


Therefore, based upon the results in (3.234) and (3.44), we obtain 


1 1 1 \ . 
= (5 x +y?+0+ =) d= iu V3), (3.236) 


where Ti7(2— 4/3) is a special value of the Inverse tangent integral (see [44, Chapter 
2, p. 45). 

To write Tiz (2 — /3) in known constants, we consider the well-known Ramanu- 
jan’s formula (see [44, p. 45 ], [111, (3)]), 


3 sin(2(2n — 1)x) 
(2n — 


Dp? = Ti(tan(x)) — x log(tan(x)), O< x < -. (3.237) 


n=1 


that is proved by differentiation and the use of the Fourier series of log(tan(x)) (see 
ba 

(3.74)). Then, by setting x = D in (3.237), we get in the left-hand side of the 

equality, 


_ (Qn—n 
2 6 oe fs ee eee 
(Qn—1)2 = 2 32° §2 6 7 Se 


n=1 


2 
a rid (3.238) 


(2n — 1) 


1 1 
are written as 3 - — — ~ when 
6 2 2 


where the numbers generated by sin ( 


getting 1, and ia 3. 5 when having —1, and then the terms are grouped as seen 


above. 
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Using in (3.237) the fact that tan (S) = 2 — /3 combined with the result from 
(3.238), we immediately get 


2 
3 
Hence, by plugging the result from (3.239) in (3.236), we conclude that 


Te=1/3)=—C + a log(2 — V3). (3.239) 


1 1 
[. y 5 : zdxdy = : 
Jfi-f2 bf3=f2 YP + xy) 3 


(G+ _ log (2 v3)), 


and the part i) of the problem is finalized. 

An alternative solution to the present double integral may be found in La Gaceta 
de la RSME, Vol. 20, No. 3 (2017) (see [42, pp. 566-567). 

For the second point of the problem we need an introduction to the Legendre’s chi 
function’! of order 2, and then return to Lewin’s book in [44, Chapter 1, pp. 18-21]. 
The Legendre’s chi function of order 2 is defined in terms of Dilogarithm function 


io) = 
xan 1 


(no wonder why it appears in the referenced book), x2(x) = > (Qn—12 = 
n— 


n=1 


1 
5 (Li2(x) — Liz(—x)). Also we may notice the similarity with the Inverse tangent 


function which has the alternating series version of the Legendre’s chi function of 
order 2. 
Now, for the point ii) of the problem, we start out by proving the auxiliary result 


1 1 I l-a 1—b l 
1 1+b 
i (/ ae" )w= f we i ay 5 dx dy 
a \Jpn @&t+y)d+xy) 0 0 1—x*y 


. fiaa- eb as 
= \ ag Lab) 


te 
Proof Letting the variable changes, x = a and y = a we get 
l+u : l+uv 


1 1 
{ Uae) 
a \Wp @&+y)A+xy) 


44 ; sacl 7~2n—1 
More generally, we have the notation, x,(z) = a 
n=1 


nab” which represents the Legendre’s 
a 


chi function of order v. 
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l—a 1—b l-a 1—b 


Tra [ tsb 1 ie a Suck 
= — sy du } dv= (uv)" “du | du 
0 I ea 0 0 D 
; 5 tae Io 
= = sano 
ey ie 86 THB yy —\i+a 1+5 
= > ue" 2 du por 2dv — > - 
n=1 0 0 n=1 (2n a 1) 


and the proof of the auxiliary result is finalized. 


1- 1-—b 
Then, if we replace a by if = and b by lob in (3.240), we obtain 
a 


1 1 1 a b 1 
heal seapazm) eee 


I+a 1+b 
(3.241) 


(v2 — 272+ ») (v2 + 272+ D) 
: af 4 f ts/2>b 1) 


2 _y¥v241-1 ¥v2-1 | 1-y¥v2-1 
aes  aei4 a= eee ah 


Since we have that 


6=VJ24+1- 2(v2+1) = 


we see we can choose a = ¥/2—1landb = VV2—1 in (3.241), and then we 


obtain the desired result, 


LE — ax)a = x2(V2 n= (5) a7) 
oe Cepia ee “AG 2 


Note that x2(./2 — 1) is a special value of the Legendre’s chi function of order 2, 
and it can be derived from the well-known identity (see [44, Chapter 1, p. 19], [78, 
Chapter 2, p. 108]), 


1 1, \ 1+x 
(7 ) +200 = 7 + 5 lox tos (7+ =). 
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where we set x = 2 — 1, and the part ii) of the problem is finalized. 
To conclude, we have seen this time that choosing the right variable change made 
a huge difference for both proposed integrals, and in particular the variable change 


of the type, x = ae, sometimes is proving to be very useful. For example, 
y 


1+ 

Mog(1 + x) 
0 14+ x2 
competition, 2005 (see [73]), where such a variable change works perfectly nice 
and it was also considered in [74] (see (3.92) from the solution to the Sect. 1.18). 
As a note, the mentioned Putnam integral is an old problem in the mathematical 
literature, also known as Serret’s integral, after the French mathematician Joseph 
Serret (1819-1885), according to [64, p. 54], and an alternative solution you may 
also find in [62, pp. 121-122], [64, pp. 53-54], and [25, Chapter 4, p. 76]. 


remember the problem A5, Evaluate dx, from the 66th Putnam 


3.45 An Out-of-Order Integral with an Integrand Expressed 
in Terms of an Infinite Series and a Generalization of It 


Solution That’s a cool, different type of integrand, one involving an infinite series!, 
a possible reaction at the sight of the results. The calculations are straightforward if 
we choose the right tool, which in this case is one of the Ramanujan’s integrals. 
More exactly, the generalization presented in this section may be viewed as an 
application of the first Ramanujan integral from Sect. 1.42. 


It’s enough to solve the point ii) of the problem since the point 7) is the case 
6 = 2 of the generalization, and making use of the Ramanujan’s result in (1.65), we 
write 


co 1 n —6" 
; - » (ors +1)" — ("tx +1) ) dx 
0 n=1 
ntl - (ort1x +4 i 


= X 
n=1 9 ae 


= 3 (v (6") — (o"*") Be log(@)) 


ae : (v (0") —w (o"*') + log()) 


= (6) + lim (log@)n —w (6%*")), 
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where if we consider the asymptotic behavior of Digamma function (see [1, p. 259], 


1 
[78, Chapter 1, p. 22]), that is w(x) = log(x) + O ({): we conclude that 
x 


[- : 3 ((ors + as (ors p 1) ") dx = (0) —log(6), 


n=1 


which finalizes the point ii) of the problem. 
To get the part i) of the problem, we set 9 = 2 in the generalization above and 
use that y(2) = a — y, based on the series representation of Digamma function, 


1 


w(x) = + 3 : that further gives 
x a i] 
4 ay + lon +x & 


a ee ei ; _on 
i => (e+ ij oe (a ies 1) ) ax = 1—y —log(2), 
0 x 
n=l 


which finalizes the point 7) of the problem. 

For such problems, one might usually think to reverse the order of summation 
and integration (assuming its validity) and try to integrate first as in my problem 
(where we had to make use of a challenging integral by Ramanujan). 


3.46 Pretty Charming Ramanujan-Like (Double) Integral 
Representations of the Riemann Zeta Function 
and Its Derivative 


Solution Soon after obtaining the results meant to be proved in this section, I felt 
a looking-similarity with at least one of the results by Ramanujan like, for example, 


f(a) Sete = (Fh) ~ eZ) ee wm 


and hence that désctiption in the title, Ramanujan-like (double) integral, although 
we speak here about a double integral (and if you’re interested, the result I just 
mentioned can be easily proved by using Ramanujan’s integral in (1.66)). In the 
present section I'll try to approach the part 7) of the problem in two different ways, 
therefore giving two solutions. 


For a a solution to the mee from the point 7), we start with the fact that 
lee) 
———___—_— —— ., and then, making the change of variable x = 
ees a2 : ‘ 


1 — t, we have 
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be l en 1S (=o 
"dx }dy = ——__——dt ] d 
I (/ a-dspy 2 7 i (/ Land") ® 
1 00 t= 
= i y (pee = -ny" 4 ‘Ja 
1 10x co Uk sua ; 
“L(UE(B%e~% me 
~ ~ : S4+j—1 Pg 1 7 
= leo “a—n"ar)d 
E(EE fe(f aoa) a) 


=> (dae n' Dy =a) 


earl 


make use of the identity, B(x, y) = 
| Te Paty) 


Of Hera athe ol SOLS od (PRPrU+) 
-3(E Tw 4) wa = » > im, (Feros) 


k=1 
Sf. €(Areres+y of 4 (x 
=-)) (1, dx (= aCe he 2X im, So Bk. x +1) 


_ ioe) lore) ; : 
Elaea(l Breve 


=— lim a(t (L=y)5" 'ay) 
reais dx 
lee) lee) 


l-y=z s d 1 =] 
= - lim — *dz)= lim — =¢(2 
ae Fe ip. z :)=- 2 im ae )- 72s = ¢(2s), 


and the first solution to the point 7) of the problem is finalized. 
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To prove differently the result from the point i), we start with writing that 
1 


oe a xe —x)y)*-!, and then we have 
Te yy 


k=1 


1 1 1 oo : 
a vd d 
I (/ x — (= )y) Gy) ‘ * 
-f (o> (03 Sx = Se) ss) dy 
0 x= n=l 


{reverse the order of summation and integration} 


co / © Al 1 
= > (> f (/ x a = ot tyrtas) ) 
0 0 
[e.e) oo Bin’, k) [e.¢) oo Vk) (n’) 
“(> k+n 02 qn) 
n=1 k=1 \n=1 
P T(k) 
-Dre ( rere) 
2 s ra’) > ( rk) Pk+1) ) 
~ ns T(k+n’) P(k+n5 +1) 


“Taf. af re rk+ 
= a ( lim > )) 
= ns N->00 Pa V(k+n’) P(kK+n'+4+1) 


a(n’) 1 : P(N +1) ae I 7 


n=1 


Zz 
where the limit is 0 based on the Stirling’s formula, (z+ 1) © /27z ( a) (see 


[1, p. 257], [9, p. 21], [34, p. 86-88], [33, Chapter 2, pp. 165-167], and [78, Chapter 
1, p. 8]), and the second solution to the point 7) of the problem is finalized. 

The second point of the problem is straightforward if differentiating the identity 
from the point 7) with respect to s and then letting s — 1, which gives immediately 


log (xy) = 7 7 oe) meV 
Clare Mada axdy = tog (“E), 
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j a 2meY 
where I used that ¢°(2) = 6 log AD 
(see [109], [27, pp. 135-136], [78, Chapter 1, p. 25]), and the point iz) of the 
problem is finalized. 

It’s pretty enjoyable how things play out during the solutions, the options to 
consider on the way. The first solution seems to be less obvious if we consider 
the given form of the geometric series as a starting point. 


) A is the Glaisher—Kinkelin constant 


3.47 The Elementary Calculation of a Fractional Part 
Integral Naturally Arising in an Exotic Triple 
Fractional Part Integral 


Solution In this section we have arrived in the realm of the fractional part integrals, 
and some of them are really interesting and tricky as you’ll see soon. Particular cases 
of the proposed generalized integral may be seen as the desired forms to which one 
might like to reduce some of the problems involving the fractional part integrals, 
and an immediate example would be the integral in the next section. In the present 
solution I will try an elementary approach involving the integration by parts that 
will lead to a useful recurrence relation. 


Considering the well-known relation between the fractional part function ([{105]) 
and the integer part of x ({104, 110], [31, pp. 67—70]), {x} = x — Lx], and making 
the change of variable x = 1/y, we write 


1 1 q lee) 
/ {| dx = / y P*ty}4dy 
0 x 1 


{split the integration interval into intervals of the type [k, k + 1)} 


k+1 
k 


oo CO Ak+1 
=)" i y ?ty}4dy = > / y? (y= Ly fy 
k=1 k=1 k 


{turn |y] into k since y runs on [k, k + 1)} 


CO k+l 5 
= / y ?(y — k)fdy, (3.242) 
Se 

Tp.q,k 


where I denoted the last integral by Ip .¢,k- 
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Then, integrating by parts, we have 


—p-1 y=k+1 q k+1 1 1 
=- —k)f + —— ~P~"(y — k)t™ dy 
pei” ) - ma; y (y —k) : 
1 


= aa zs Tp-1,q-1,k> 
(es hake pale oe 


whence we obtain, after multiplying both sides by p + 1, that 


(p+ 1)Ip.q,k = + qIp-1,q-1,k: (3.243) 


(k+ PH 


Setting p = q =n in (3.243), we have 


1 


(n + WInnk — Un-1.n-1k = ~hk+ Ds 


(3.244) 


1 


&+ DH 
toi from i = | ton and then summing up all these relations, we get (n+ l)In.ng = 
n 


Replacing n by i in (3.244), @+ DJing —iTj-1,i-1,4 = — , giving values 


1 1 
kk +1) dX, G+ par 


fe 1 > 1 
mk K+ DO FD ntl & EDA 


(3.245) 


Thus, by combining the results in (3.242) and (3.245), we have 


1 1 n [o@) [o.@) 1 1 n 1 
2 on a 
i: . {-} x=) Inn » (antes Rar) 


k=1 = 
[oe] lo.) n 
-— ae =a? rena 
k=1 k=1 i=1 
1 t <o.5 1 1 


ea mT eye k+ DAT n+l Let 


1 | 
oie reheat Pests. 
(3.246) 
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Before treating the case with p > g > 1, we calculate another particular case, the 
initial integral with g = 1, and we have, by making the change of variable x = 1/y, 


1 1 ee) 
/ xP )—) dx =} Ay} ay 
0 x ti 9 


{split the integration interval into intervals of the type [k, k + 1)} 


=) ee y-b] aD teal 
=>] yprat vf yP2 => | Pte dy 


CO 


k+l k+l 
= | oi®) Df oi dy 

y=k+1 00 k y=k+1 
yak > (p+ lyr! y=k 


3 1 1 1 3 1 k 
~“P kP (k+1)P pal \ iP (k + 1)P+! 


_. 4 ~ (7 I ) LS 
Pp) a kp (k+1)P p+l aa 


k=1 
1 1 1 ¢(p+1) 
= +1)-l= . 3.247 
pp +) pri? )-D F =m ( ) 


For the case p > q > 1, we use the relation in (3.243) where we multiply both 


! 
sides by - that leads to 
q! 


(p+ 1)! 7 p! p! 
gq) Pak =~ Het eH ft G@— pi Pee 


and exploiting the difference between p and q, we can write the relation above as 


(p—qt+i+t+2)! (p—q+i+))! 

GDL LPr ait hit k 1 Tp—gtinik 
(p—qt+i+t+l)! 

G+ IMR + 1yPoatt2 are 
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Summing up both sides of (3.47) from i = | toi = g — 1, we obtain 


=4 
(p+1)! 7 : (p—q+it+)D! 
gE PORE eel ts d, G+ DIK + DP 


(3.249) 


Then, we sum both sides of (3.249), from k = 1 to oo, that yields 


(p+ 1)! 
q! 


[o,e) [o,e) 
Yo logk = (P-9 +2! 0 Ip-gtitt 
k=1 k=1 


> (p—qtitD)! 
G+ 1M + 1)p-atit2” 


k=1 i=1 


and based upon (3.242), the previous equality becomes 


a My fo{a 
q! 0 x 


1 1 2 pg ey 
_ _ p-qtl 4 a p q 1 
= g+onf z {=} 2 Gy DKeE DH 


k=1 i=1 


1 
1 
{make use of the result in (3.247) to get the value of i xP atl = ax| 


0 Xx 


=(p—q 42) : o(p—4q +2) ye (p—q+it))! 
— \pa=g +1 p-qt2 (G+ I)N(k 4+ 1)P-atit2 


i=1 k=1 
=1 
_ (p-q+2)! — (p—-qtitD! Spee 
Pog ee d, GaDr EP att -D 


{make the change of variable g — i = j in the remaining sum} 


(p—q+2)!  (p- f+! 
= 1)! a 
coge a ers 


(p—j+2)—-N), 
j=l 


whence we obtain that 


[ r {zi (p —q +2)!q! (p —4q + 1)!q! 
xP Y—} dx= 
0 (p-q+ (p+)! (p+ 1)! 


S(p—q+2) 
Xx 
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q-1 


q! (p-—jt+1)! 
@+ nL qi? j+2)—~1) 
(p—q+2)'q!_ (w=a+ Dig! (p= + Vlg! 
(p—a+De+D! FD! Gam ee 
t FHI De, i+ 2)—1) 
P+ @-jryy? 
{notice that we [ : aan a (¢(p — q +2) — 1) may be absorbed by the sum} 
Pp ! 
__ 7! , wo (p- i +0! ow ve 
= Gap | e-o dq jie? j+2-D], 6.250) 


and the case p > gq > | is complete. 
Lastly, combining the results from (3.246), (3.247), and (3.250), we obtain, for 
DP. positive integers, p > q, that 


! 4. (@—-7+D! 
CEST (Pa! ee preys 


j=l 
and the solution is finalized. 

Two particular cases of this generalization are presented by Paul in Inside 
Interesting Integrals, that is (p = 1,q = 1) and (p = 2,q = 1) (see [64, Chapter 
5, pp. 183-184]). For a generalization of the integral (one that expresses the final 
answer in terms of an infinite series, which is different from the type of my answer 
above that gives the exact value of the integral), with p,q positive reals, see [29, 
2.22, p. 103]. In his solution, the author also arrives at the integral in (3.242) where 
he makes the change of variable z = y—k and use the Gamma function. The curious 
reader might try to continue from this point to get another solution. 
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3.48 The Calculation of a Beautiful Triple Fractional Part 
Integral with a Cubic Power 


Solution I submitted the square power version of the proposed triple integral to 
The American Mathematical Monthly, the problem 11902 (see [87]). The difficulty 
with this triple integral comes from the very beginning, How to even start the 
calculations? An important objective is to reduce the triple integral to simpler 
integrals, and Ill show it can be reduced to calculations involving two particular 
cases of the generalization in the previous section. For getting a solution, we'll 
simply combine the variable changes with the integration by parts. 


Denoting the fractional part integral by .% and making the variable change x/y = 


“=f (E(L(IEM) @))« 
=f (Lo(0" EE) )) « 


and after changing the integration order 


= L9(0" (C(I) 4) 


we make the change of variable z/y = t¢ that yields 


LAL (UE HD s)s)" 


d f?@® b@) 9g 
Then, recall the Leibniz integral rule, — f(x, zdx = i — f(x, z)dx + 
dz a(z) a 0z 
d 


f(b), 2) FP) — f(a(z), Rate) (see [1, p. 11]), where if applying it for a 


(z) 


D(x) 
function of the form, g(z, x) = / f(y, z)dy, we obtain 
0 


d a(x) d a(x) b(x) 
ax / gz, x)dz} = — i; / f(y, z)dy | dz 
x 0 dx 0 0 


d b(x) 


a(x) d 
= So [ f(b(x), zdz + Stay f f(y, a(x))dy. (3.252) 
x 0 dx 0 
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Using the result from (3.252) in (3.251), where we apply the integration by parts, 
we have 


(5 “| I/y 
— lim =f / G 
y>0\ 3 Jo 0 


LoCo Ht 


{use that on [0, 1) we have {x} = x} 


SL (CCH) s)eest (0 Cots) ) 
HLL” Cobsllys)> oa 


where I also used that the limit is 0 by the Pinching theorem (see [114]) since 


o2 LCL (LIED) a23 


3.48 The Calculation of a Beautiful Triple Fractional Part Integral with a Cubic. . . 229 


Now, in (3.253) we make the changes of variable uy = w in the second integral and 
ty = z in the third integral, and then we get 


EL" Cotish) =) 0 (Co (SHED) 9) 


and for the third integral we have 


PL" Coty s)o= LC EHD *)» 


{use that on [0, 1) we have {z} = z} 


Ce) 


Using the results from (3.254) and (3.255) in (3.253), we get 
1 1 3 1 1 3 
rash (Le CAH) loreal (Cad) &)» 
3 Jo 0 t u 3 Jo 0 y w 
1 1 3 
Sh (L(G) 
3 Jo \Jo VI LZ 


{change the integration order in the first and second integrals } 


“EEL (Ee) aad 0 (Le (LE) 9) 
Af (fe(HED 9)» 


{note that all three integrals are equal} 


“LE (fe(Hs ses 


Next, we split the integral in (3.256), and based upon symmetry we have 


“f(e(ie)'*)s 


“L(G s)e£ (CoC Ds) 


If we make the change of variable u/t = s in the first integral from the right-hand 
side of (3.257), we get 


1 1 3 1 3 1 3 
1) {1 1 1 
-|/ (/ fs ({-H{-}) ss) a= f {=| ar f s{4 ds. 
0 0 t Ss 0 t 0 Ss 
(3.258) 
For the other integral in (3.257), using that {t/u} = t/u when u in (f, 1], we have 


CP ea) = 0 (Ceti) 
= [o-oefifae foffa- fafa. 029 


Hence, by plugging the results from (3.258) and (3.259) in (3.257), and using 


ae 
the particular cases of the integral from the previous section, / | dt =1—- 
0 t 


1 3 
: (22) + 63) +¢@4)) and f ‘| dt = — (2¢ (3) + 36 (4) + 4¢(5)), we 
4 0 t 2 20 
conclude that 


1 1 1 3 
=P 0 E (GHAED) eo 
0 0 0 y Zz x 
=1 : (2) : (3) : (4) + a (one (8) +— 23) 4 = (2)¢(3) 
3S 3° gs 3205 160° 40° 40° $ 


1 1 1 1 
+595 EO) aa 6s DEA + 99 § DEO) ae 908 MEO), 


and the solution is finalized. 
Another way of approaching the problem relies on exploiting the symmetry as 
you may see in the next section and in [5, 80]. 
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3.49 The Calculation of a Generalized Triple Fractional Part 
Integral with Positive Integer Powers 


Solution The full derivation of the result, using the strategy from the previous 
section, is given in my article The evaluation of a special fractional part integral 
with an integrand raised to positive integer powers published in MathProblems 
journal, Vol. 6, No. 1 (see [58, pp. 544—-550]). 


Now, for a different strategy that exploits the symmetry, considering the 6 
permutations in the chamber 0 < x < y < z < 1, we may assume x is the largest 
and we split into two cases depending on whether z < y or y < z, and then we have 


Vl el eed fy) fz)" 
a= KL SHEED) & 
0 JO JO y z x 
1 x y n 
te eee) 
0 0 0 YJ Les x 
1 x x n 
AL U. Gtzs) #)®)*): 
0 0 y YJ sx 
where I have dropped the fractional part notation on the factors that are smaller than 


1. With the change of variable z = yu in the first integral and simply doing the z 
integral in the second integral gives 


1 x 1 1 n 
FALL Usilal ae) ee) ® 
0 0 0 J: Uu x 
1 x a ie n 
+ (x — y) —t-—) dy)dx], 
0 0 yy x 
and making the change of variable y = xt in both integrals yields 
1 1 1 n 1 1 n 
In =s( [ (f geet {=| (/ i? {=| au) ar) ay 
0 0 t 0 u 
1 1 1 n 
+ x (/ d— t)t" {=| ar) ax) _ ntintnn + Inn — n+1,n 
0 0 


3 I sn 
=A Ue ey (Eee 


x (3° + Dei +9), 


i=1 
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1 q 
1 
where for the penultimate equality I used the integral Jp,, = i, xP {=} dx in 
0 Xx 


(1.67), and the solution is complete. 

Similar solutions to the square power version of this integral I proposed in The 
American Mathematical Monthly, the problem 11902 (see [87]), and that can also 
be successfully adjusted for the present generalization, may be found in [5], [80]. 

A generalization of the integral version with n = | appears as an open problem 
in [29, 2.58, p. 108]. 


3.50 A Pair of Cute Fractional Part Integrals Involving the 
Cotangent Function 


Solution In this section we still explore the land of the fascinating fractional part 
integrals, and now we want to calculate a curious, appealing couple of cotangent 
integrals. If you went through the previous sections with fractional part integrals 
and grasped the strategies presented there, it wouldn’t be hard to figure out how to 
initiate a solution. For each integral I'll reduce everything to the calculation of the 
corresponding series. 


I submitted the integral from the point 7) to The American Mathematical Monthly 
(writing the statement of the problem with tan(x) instead of cot(x)), the problem 
11924 (see [88)]). 

7! {cot(x)} 


Now, for the point i) of the problem it’s easy to note that / dx = 
0 cot(x) 


*/? ttan(x)} a 
ian dx, which is obtained with the change of variable x = 2/2 — y. 
0 an(x 


Then, using the fact that {x} = x — |x], where |x| denotes the integer part of x, we 
proceed as follows 


[ {tan(x)} | i tan(x) — [tan@x)] 
x= ae nese Se 
0 tan(x) 0 tan(x) 
y i ( |tan(x) | ) 
= 1 — ——— }dx 
k—=0 arctan(k) tan (x) 
oo arctan(k-+1) lee) x=arctan(k+1) 
qT k A 
=—+ if (1 a ) dx = —+) (x—klog(sin(x))) 
4 dX arctan(k) tan(x) 4 » x=arctan(k) 


{make use of the fact that sin(arctan(x)) = __* 


V1+ x2 
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oes + 3 (arctan + 1) — arctan(k) + k log (=) 
A 1+k 


k+1 
kl 
oe( =e) 


a + 3 (src + 1) —arctan(k) + k log ( ) 
4 Vi+k 


oe oud 
S| aay 


+ log a ) = + 2 (arctan(k + 1) — arctan(k)) 
V1+(k+ 1)? 4 


S| 


ss (ive (=) — (k + 1) log (=) 
i V1l+k v1+(k+1)? 


So 
CO 
k+1 
+) log (==) ; (3.260) 
mA 14+ & + 1D? 
S3 


Now, for the series S$; in (3.260), we write 


lee) N 
S,= ey (arctan(k + 1) — arctan(k)) = ee (arctan(k + 1) — arctan(k)) 
k=1 k=1 
li nny igs (3.261) 
= lim arctan = =—. ; 
N->00 4 2 4 4 


Further, for the series Sz in (3.260), we get 


(ee) 


S. = > (ive (=) — (k + 1) log (=e) 
= V1 +k J1l+(k+1)? 
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= jim > (se (seep) - + Dlg (Aes) 
+(k+ 


log(2 N+1 
25, Gi AEA oe (“= 
N>oo 


2 V1+(N +1)? 
Petes | in, (ioe | 1 —— 

=— = lim to) ——_—. 

OB ne 2 (N+ 12 
_ log) 1 2 1 log(2) 
5. one ie Oe ae 2 
en 
0 1 
(3.262) 
log(1 + x) 
where I made use of the elementary limit, ane ———— =]. 


x 
Lastly, for the series $3 in (3.260), we have 


— k+1 i< (k + 1)? ) 
: Yve( ats] PE Gee 
1g 1+(k+1)? 1 sinh(z) 
= 8( (k+ D2 je 5 Dle(1+ js) = 5 los ( = ). 


(3.263) 
and the evaluation of the series is accomplished by a: the well-known Euler’s 


infinite product for the sine, sin(x) = x M(1-; aa) (see [23, pp. 251- 
n=1 
sinh(zr) 
yy ae 


. [o,@) 
: ao sinh(z ) 1 
252]), where by setting x = mi gives ———— = I] 1+; } or 
a n 


n=1 


[o,@) 
1 
I] (1 + =) , and by taking log of both sides of the last equality, we get the precise 
n 


n=2 
value of the series in (3.263). 


Gathering the results from (3.261), (3.262), and (3.263) and plugging them in 
(3.260), we obtain the final result, 


[ {tan(x)} ie {cot(x)} 1 ( (=) 
dx = dx = a — log ; 
0 tan(x) 0 cot(x) 2 Te 


and the point 7) of the problem is finalized. 
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Alternatively, one can start with the variable change cot(x) = u and then show 
1 


that everything reduces to the integral nf / zw(z +i) - wena} , which the 
0 


curious reader might want to calculate. 

For slightly different solutions, one may check [81], [6]. 

I submitted the second problem to La Gaceta de la RSME and it was published in 
Vol. 20, No. 2 (2017), the problem 327 (see [43, p. 327]). Let’s start in a similar style 
as in the previous integral, and then we need to carefully handle with the resulting 
series, which represent the difficult part of the problem. 

m/2 m/2 

For the point ii) of the problem, note that ; / {cot(x)}dx = i {tan(x)}dx 
by the change of variable x = 2/2 — y. Now, after using that {x} = x — Lx], where 
|x| denotes the integer part of x, our first objective is to turn the integral into a 
series, and we write 


m/2 m/2 
/ {tan(x)}dx = i; (tan(x) — [tan(x) |)dx 
0 0 


(ee) 


arctan(k+1) 
a a / (tan(x) — [tan(x) |)dx 


k=0 arctan(k) 


x=arctan(k+1) 


0° arctan(k+1) 0° 
= > if (tan(x) — k)dx = Xe log(cos(x)) — kx) 


k=0 rctan(k) k=0 x=arctan(k) 
{a f the identit (arctan(x)) : 
make use O € identity cos(arctan(+ = == 
V14+ x2 


= *, (i arctan(k) — k arctan(k + 1) — 5 (loge? 41) = losl(k + 17 + 1») 
k=0 


(3.264) 
Rearranging the series in (3.264), we get 


x/2 N 
/ {tan(x)}dx = lim (> (k arctan(k) — (k + 1) arctan(k + 1)) 
0 Noo par 


~ 


An 


N N 
1 
+) t k+1)-~ 0 k +1) —los((kK+ 1)? +1 , 3.265 
2 arent ) gee ) — log(¢ ) )) ( ) 


By Cy 
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For the partial sum Ay in (3.265), we have a simple telescopic sum, and then we 
write 


N 
An = Yk arctan(k) — (k + 1) arctan(k + 1)) = —(N + 1) arctan(N + 1). 
k=0 
(3.266) 
Next, for the partial sum By in (3.265), we get 


N N+1 etal 1 
By = ¥ arctan(k + 1) = > arctan(k) = (N + oe _ y arctan (z) P 
k=0 k=1 k=1 
(3.267) 
1 
where above I used the identity arctan(x) + arctan (=) = -. x >0. 
X 


Then, for the partial sum Cy in (3.265), we deal with another simple telescoping 
sum, and then we have 


N 
Cy = Ydog(k? + 1) —log((k + 1)*+ 1) = —log(N + 1)7+1). (3.268) 
k=0 


Returning with the results from (3.266), (3.267), and (3.268) in (3.265), we have 
m/2 
7 {tan(x)}dx 
0 


1 
= lim (w 4 1)= + =log((N +1)? +1) — (N + 1) arctan(N + 1) 
N->0oo 2 2 


N+1 1 
=_ > arctan (;)) 
k=1 


1 
{use the identity arctan(x) + arctan (<) 
x 


ll 
| 
Se 
Vv 
S 
ey, 


. 1 1 1 
= lim (5 log (1 + wan) toven arctan (sa3) +8 (N + 1)— Ant 


N>o 
N+1 1 l 
ws ¥ (arctan (;) = ) ) (3.269) 
= k) ok 


_ 4 4, arctan(x) 
Letting N — oo in (3.269) and using the elementary limit = — = 
x> XxX 


1 and the limit representation of the Euler—-Mascheroni constant, limp—oo(Hn — 
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log(n)) = y (a dedicated book on the Euler—Mascheroni constant may be found in 
[34]), we get 


x /2 oo 
[ {tan(x)}dx =1—y—)° (arctan (z) = z) . (3.270) 


k=1 


[o,@) 
Since by Taylor series we have that arctan(x) = > 
n=0 


(—1)"x2nt! 


, the remaining 
2n+1 


series in (3.270) reduces to 


sia 1 1\ <= = (-1)" 1 
2 (arctan (z) 7 z) a (x Qn + area) :) 


n=0 


foe) foe) CO CO Co 
—1)" —1)" 2. 1 
Sy be a a ey pe ee 
(2n + 1)k27+1 (2n + 1)k20+1 2n+1 
k=1 \n=1 n=1 \k=1 n=1 
(3.271) 
In order to go further with the evaluation of the series in (3.271), we make use of 


(oe) 
the classical Riemann zeta generating function,” » cir =-wWil-t)-y 


k=2 
(see [30, 8.363, p. 912], [67, Chapter 5, p. 648], and [78, Chapter 3, p. 160]), that if 
we integrate from t = 0 to t = x, we get 


o0 k 
> c(h) = log(1 — x)) — yx. (3.272) 
k=2 

Then we plug —x in (3.272), and we have 


~ (—x)* 
b> 6K) — = log(P(1 + x)) + yx. (3.273) 
k=2 


The zeta series result expressed in terms of Digamma function we need in our calculations is a 


ioe) 
classical result. Writing ¢(k) as a series and changing the integration order, we get x c(t! = 
k=2 


> (>: =) = > (>: iE a > cn w(1—t)—y, and the last equality comes 


k=2 \n=1 n=1 \k=2 n=1 


foe) 
directly from the series definition of the Digamma function, y(z+1) = —y4 ¥ 7 , where 
“Fj nn + 2) 


we set z = —T. 
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Subtracting (3.273) from (3.272) gives 


3 (Qk +1) 2k+1 _ L (= (3.274) 
2% ee aa ay aa 


you may also find in [78, Chapter 3, p. 160]. 
Further, dividing both sides of (3.274) by x and letting x = 7, we obtain 


CO 


2k+1 1 ra-i 
pe yi =5 toe (Fase) y=—arg(F(1+i))—y, (3.275) 
k=1 


where in the last equality I used that log (=) = 2i arg(z). 
Zz 


Finally, by plugging (3.275) in (3.271) and then (3.271) in (3.270), we conclude 
that 


m/2 m/2 
i {tan(x)}dx = i {cot(x)}dx = 1 + arg((1 +1), 
0 0 


and the point 7) of the problem is finalized. 
Alternatively, as at the point i), one can start with the variable change cot(x) = u 


1 
and show that the given integral reduces to computing 3| / zWw(zt Hae], which 
0 


again the curious reader might want to calculate. 

It was a pleasant, unexpected moment to see the connection of my problem with 
the problem 11592 that appeared in The American Mathematical Monthly (see [36]). 
The strategy of calculating the arctan series in (3.271) follows the same line with 
the one presented in [29, p. 53]. For another approach you may see the solution in 
[59]. 


3.51 Playing with a Resistant Classical Integral Family 
to the Real Methods That Responds to the Tricks 
Involving the Use of the Cauchy—Schlémilch 
Transformation 


Solution It’s one of the problems I considered to add to the present book from 
the very beginning, and I was glad to include it (together with the solution) in my 
first book proposal at Springer at the end of 2015, mainly due to the beautiful way 
the solution develops when using Cauchy—Schlomilch transformation, which is an 
approach by real methods. In general, one expects to meet these integrals in the 
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Complex Analysis books, specifically in their sections dedicated to the calculation 
of the integrals by contour integration. 


To prove the first result (with the integral J), we recollect Cauchy—Schlémilch 
transformation (see [7, Theorem 2.1., p. 2] and [68, Chapter 2, p. 275]) which says 
that if f is a continuous function for which the integrals below are convergent, then 


0° b 2 1s” 
A= / f G _ -) dx = - | f (x”)dx, a,b>0. (3.276) 
0 x a Jo 
Proof To prove this result, we let x = b/(ay) in the left-hand side, and we get 
= b\? b TS b\*\ 1 
A= f f («-*) a= 2 [ f («r-*) —dy, 

0 x a Jo y y 

or coming back to the notation in x, we have 


oo b 2 b f® b 2 l 
A -{ Fa ((« a -) Jes = - f f ((« = -) aie (3.277) 


Upon adding up both integrals in (3.277), we have that 


2A = “[ 7 ((« - ‘') (« + =) dx “20 “f. f(y?) ay 


whence we arrive at 


and the proof of the auxiliary result is complete. 
To calculate the integral, we first note we may write that ———~ = 
b2 + x? 
ah D4 19% « 
/ e +x dy, and then we have 
0 


lo) Ce lo) 
I= i coset a = i (/ costae Ody) dx 
go be+x 0 0 


{change the integration order assuming the value of the integral preserves } 
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3 Solutions 


oe hb ee oo 
= e”* (/ cos(ax)e ** ax) dy 
0 0 
2n 


make use of the power series, cos(x) = ae 1)” pein 
ae (2n)! 


= . —b?y oo a so —yx2 
-[ e (/ y( 1) oa’ dx } dy 


n=0 
oo 2 oo qa oo ‘ 2 
—_ —bDry _ n nN —yx 
-|/ e? YS *(-1) on (/ xe ax) dy. (3.278) 
n=0 
OF 2 
If we denote Px, = / x7" e~Y* dx in (3.278), and then integrate by parts, we 
0 
have 


2n+1 X=00 
Poy = — [oceryerar = a 
2n+1 Jo 2n+1 r=0 
oe i, * mtg ay 
2n + 1 0 
2 oe 2 
a ay i x2nt2 ys" ay = y Pon 42, 
2n+1 Jo 2n+1 
P 2 1 
whence we get that eo a , or 
2n 2y 
P 2k +1 
ont (3.279) 
Pox 2y 


Giving values to k in the recurrence relation in (3.279), froomk = 0Otok =n—1, 
and multiplying out all the resulting relations, we get 


1-3---(Qn—-1) 
Pon = 
(2y)” 


{multiply both numerator and denominator by 2 - 4---2n} 


_ (2n)! 
~ 4° nly" 


0 


3.51 Playing with a Resistant Classical Integral Family to the Real Methods... 241 


ve 2 
{use the Gaussian integral, i e* dx = —— ees make 
0 


[o.e) 
{ie change of variable x” = yz’ to get Py = r edz = | 
2./y 


0 


2,/m(2n)! 
= geese (3.280) 


Alternatively, one may prove the result in (3.280) by using the differentiation if 
Vt 

0 2/9 
Now, we plug the result from (3.280) in (3.278), and we obtain that 


lee) oo oo 2 n 
, =| cos(ax) 5 _ = f ye Py SI)" (a“/(A4y)) ay 
0 2 Jo oar n! 


b2 + x2 


starting from an integral of the type i: eo dx = 


oo n 
x 
{ the power series, e * = y (-—1)" =| 
n! 


n=0 


ew [°° ene yz? OO 8 a yy 2 
_ Ff yey gy vi [ Poa? /(a2) g 
0 0 


{write the power as a perfect square} 
ee 2 
= Jqet i, en (be-a/22)) gy 
0 
{make use of the Cauchy—Schlémilch transformation in (3.276) } 


fa 


2 
-24 
; ed z 


a oS J 
employ the value of the Gaussian integral, e° dx= a 
0 
and the calculations to the integral J are complete. 


The integral J also appears in 3.723.2 from [30], and it is the source from which 
we derive immediately the other three integrals. 
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If you’re interested in a different approach of the integral 7, one using the 
powerful contour integration,”> you may see [64, Chapter 8, pp. 309-311] and [4, 
p. 224]. 

Now, by differentiating 7 with respect to a, we get 


= [ x sin(@x) 4. = ab 
0 b2 + x? 2 


To get the integral K, we differentiate 7 with respect to b and obtain 


ee i cos(ax) — m(1+ ab) ab 
9 (b2 +x?) 4b3 


Lastly, differentiating 7 with respect to a and b, we get 


°° x sin(ax) Ta _ap 
L={ (2 ae Ts , 
+ x?) 


and the solution is finalized. 

The Gaussian integral can be calculated by expressing it first in terms of Gamma 
function with the change of variable x” = y, and then continuing as presented at the 
end of Sect. 3.37. Also, a clever approach of the Gaussian integral may be found in 
Paul’s book, Inside Interesting Integrals (see [64, pp. 75—77]). However, I think the 
unbeatable approach is represented by the trick with two Gaussian integrals and the 
transformation to the polar coordinates (see [115]) as shown in [108]. 


3.52 Calculating a Somewhat Strange-Looking Quartet of 
Integrals Involving the Trigonometric Functions 


Solution The thing I particularly enjoy about these integrals is how the calcula- 
tions play out, the creative ways involved, the beautiful picture of mathematical 
connections revealed when looking over the complete solutions. During the reduc- 
tion process to simpler calculations, we’ll also note connections with alternating 


ee eee 
harmonic series like Ye) —,, which might not be that easy to calculate 
n 


n=1 


iaz 


?3Choosing the contour integral § dz along a semicircle in the upper half-plane (as 
Cc 


b? + 2? 
mentioned in the reference) and integrating in the counterclockwise direction, then showing the 
line integral along the circular arc vanishes and computing the residue at zo = ib, we arrive at 


[ cos(ax) 4 _ 1 jab 
oo Bh + x2 db 
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without a proper approach (but you shouldn’t be worried, it is calculated in the 
sixth chapter). 


One of the possible ways to calculate the integral J from the point i) requires the 
result in (1.11) where if setting s = 2n, we get 


oe ony i n+1 n 1 
7 tanh(x)e ax =3(v/ +) v (5) *). (3.281) 


and that we further use to prove the auxiliary result 


a (v (* = -) vu (5) -) sin(2nx) = — tan(x) log(sin(x)), 0 < x < ds 
a= 2 2 n : , 2° 
(3.282) 


Proof Now, if we replace x by y in (3.281), multiply both sides by sin(2nx) and 
then consider the sum from n = | to ov, we get 


» (v (* * -) v (5) -) sin(2nx) = ay [ tani) sin Onwe Vay 


n=l n=1 


{reverse the order of integration and summation} 


tanh(y) 
cosh(2y) — cos(2x) 


le) oo le) 
a9 / tanh(y) > sin(2nx)e~ 7” dy = sin(2x) / 
0 0 


n=1 


00 sinh(y) 
= sin(2x) | 7 dy 
0 cosh(y)(2 cosh*(y) — 1 — cos(2x)) 


1 
make the change of variable ———— = t 
cosh(y) 


1 t 1 i t 
= sin(2 dt = — sin(2 __* ig 
ant » | SStleenOye 2° » | i =eotor 


t=1 


— | snag) . ostsine@e) 
= 2 cos?(x) 


= — tan(x) log(sin(x)), 


_ pnd 2 
_ dso. ( log(1 — cos?(x)t?) 
2 2 cos? (x) 


and the auxiliary proof is complete. 
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For the calculation of the series, I also used the classical geometric series,2* 


yp" sin(nx) = = en => |p| < 1, in 1.4471 from [30], where we 
— 2pcos(x) + p 
2y. 


get the desired result by replacing x by 2x and p by e~ 


Returning to the integral 7, and using the result in (3.282), we have 


m/2 
l= / x? tan(x) log(sin(x))dx 
0 


> 00 
--[ vv) v (5) 7) asin) 


n=1 


{reverse the order of summation and integration} 


=D (6 (4) Gf) [enero 
0 


_1< Hal n 1 1 nm . (-1! 
=7d(¥( 2 ) v(5) ale. ) is n3 : 


(3.283) 


Now, from the proof of (1.11), we may deduce that 


n—-1 
1 t i at =wy ( 5 ) wv (5) a (3.284) 


and then, by plugging the result from (3.284) in (3.283), we have 


m/2 
l= / x? tan(x) log(sin(x))dx 
0 


foo} foe} 
4Both series > p" sin(nx), |p| < 1 and x p" cos(nx), |p| < 1 can be calculated easily if 


n=1 n=1 


" 
. : ‘ . ix ; ix ; 1 — (pe*)% 
tart th th t : ixyn | ixyn | : = 

starting wil e€ geometric series dpe ) slim, Do (ve ) Pe 2) op 
Po p(e'* — p) _ _pleos(x)=p) _ ,___psin(x) — 
ek — p (e-i* — p)(e* — p) 1—2pcos(x)+ p2 " 1—2pcos(x)+p2 
foe) 


equating the real and imaginary parts, we get immediately that yop" sin(nx) = 
n=1 
p(cos(x) — p) 
1 —2pcos(x) + p2 


psin(x) i 
ite |p| < Land ) ° p” cos(nx) = ,Ipl <1. 


n=1 
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Le yey 1 oe ee 
=F pe? got dt 
ay (= ic 2n + n ) 1+t 


n=1 


{reverse the order of integration and summation} 
a en a | m2 (-1)""1 (7 
ae 1 n—-1 poi dt 
4 i » (= CD 2n is n3 ) 1+t 


{calculate the series and split the integral} 


2 flog +t 1 ¢' Litt 1 f! Lig(-t 2 flogd +t 
-=/ og +) a if BO art i 13 ( Vas — | og(1 +1) 4 
0 0 0 


4 1+t 4 Jo 2 Lees 8 t 
1 f! Lig(—n) 1 La) a 15 
: dt =“ dt = — log?(2)c(2) — —c(4 
at , >| i eg g 08 CS) — 3584) 
1 f! Lig(-t 1 ff) List 
#. / a a / 13) ay (3.285) 
2 0 1l+t 2 0 l+t 
—<——__——4 — -—_—_———’ 
qT h 


For the integral J in (3.285) we might like to integrate by parts, and then we write 


t=1 


1 Ti3(—-1) ! hoe 
hi = a= f (log(1 + 1))’ Li3(—t)dt = log(1 + t) Li3(—1) 
o itt 0 


t=0 
—3/4 log(2)¢(3) 


t=1 


[ log(1 +t) Lio(-1) _ 
0 


27 2c3 Li t))* 
: ri 0g(2)e( )+5( i2(—t)) 


t=0 
= 2 (4) — d log(2)¢ (3) (3.286) 
= 6° Z og(2)¢ ‘ A 


Then, for the integral /2 in (3.285), we write 


! Li3(t) ee ne ol Dae 
I = - dt = ~gkta—l dt 


{reverse the order of summation and integration} 


o° CO ¢_1)k-1 1 
_ (> ( = ; ana 
n 0 
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HPD oa) y(e 2 Le =| 


k=1 k=1 


(SDE) Seve (S(t 5 
pe en Te ke (3: (5-4p)) = meereer— Feo 


k=1 k=1 n=1 


A 

k-1 

+ y (-1) ee 
k=1 


{the value of the remaining series is given in (4.85)} 
= 3 (4) si log(2)¢(3) + ae 2(2)¢(2) : log* (2) — 2 Li : (3.287) 
a) ae a7 8 2° oC) a 


By plugging the results from (3.286) and (3.287) in (3.285), we obtain that 
m/2 
l= i: x? tan(x) log(sin(x))dx 
0 


1 1 
= = 5, log" (2) + 56) log? (2) — we(8) + Lig (5). 


and the solution to the point 7) of the problem is complete. 
Passing to the integral J, and making use of the result in (3.282), we have 


m/2 
J= / x? tan(x) log(sin(x))dx 
0 


3 
--| Yo (v(#) v (5) =) x9 sin(Qnx)da 


n=1 


{reverse the order of summation and integration} 


= (0) 0) 2) [7 #sinannn 
~ +1 1 n— 3 n— 3 
--E((“H)-0@)-) (or -co B) 


{make use of the result in (3.284) } 
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[o.@) 


= > ( iv a ( iy 3m [ pro! 1 - bay 
16n 8n3 } Jo 1+t 


n=1 


{reverse the order of integration and summation} 


[o,@) 
— : ( i? * ( hie 3m pr} 1 _ bias 
0 16n 8n3 1+t 


n=1 


{calculate the series and split the integral} 


3 pl 3 pl ly; 
log(1 log(1+t Li3(— 
8 i; og( +H) a a / og(. + dat = | i3( t) at 
0 0 0 


8 1+t 16 t 8 t 
3 ! Lig(- 
3a 13( Oa. 
4 0 1+t 


{note that the last integral was previously calculated in (3.286)} 


3 3 


i” po einen 
= 960° 16." is” > 


and the solution to the point i7) of the problem is complete. 
Next, to calculate the integral K, we recall the result in (3.282) where if we 
replace x by 2/2 — x, we have 


PRS ae (v (4) ¥ (5) ~) sin na 


n=1 
= — cot(x) log(cos(x)), 0< x < as (3.288) 
Now, subtracting (3.52) from (3.282), we get 
2? wiat >) —wW(n) - x) sin(4nx) 
= 2 2n 
= cot(x) log(cos(x)) — tan(x) log(sin(x)), O< x < -. (3.289) 


Considering the result in (3.289), replacing x by t, and then integrating both sides 
from t = O tot = x, we get 
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x © I 1 . 
2f d (v (: + ;) —v@) — x) sin(4nt)dt 


{reverse the order of summation and integration} 


= 2" (v (« be 5) —~w(n)— =) [ sin(4nt)dt 
n=1 


_ 1 1 \ sin?(2nx) 
= (v(»+5) w(n) =) : 


n=1 


= [ (cot(t) log(cos(t)) — tan(t) log(sin(t)))dt = log(sin(x)) log(cos(x)). 
0 


Thus, we have 


= 1 1 \ sin2(2nx) 
Yo (¥(n+5) v(n) x) 


n=1 


= log(sin(x)) log(cos(x)), 0< x < -: (3.290) 


Moreover, if we use in (3.52) that H, = (nm + 1) + y, combined the fact that 
1 
v (x + 5) = 2p (2n) — y(n) — 2log(2) 


{employ the relation W(n) + y = Hy-1} 
= 2Aon-1 — An—-1 — vy — 21og(2) = 2A, — A, — y — 21og(2), (3.291) 
where I used the identity in (3.12), we obtain 


= 1 sin? (2nx) 
os 2, = 2H, Ae pe) ) 
2n n 


n=1 


= log(sin(x)) log(cos(x)), 0< x < -. (3.292) 


Multiplying both sides of (3.52) by x* and then integrating from x = 0 tox = 
m/2, we get 


m/2 
K= i x? log(sin(x)) log(cos(x))dx 
0 
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op 1 x? sin? (2nx) 
d 2Hon — 2H + =~ — 2log(2) ) dx 
n 


{reverse the order of summation and integration} 


ec) 1 1 m/2 
= > = (24 ay); Mae eee 21080) / x? sin? (2nx)dx 
n 2n 0 


ty! (9 2H, + + — 21002) Ee 
S-— = = — (0) — —. —— 
16 in 0 4 P 3 Qn 


lore) oe) 2 © lore) fore) 
-7(L4 8)> ae fae tbs 5-7 
n= n=1 = 


3 3 
16 n=1 ut 2 ) 6 n=l n=1 n=1 
an? 
+= - D0 = Hon — Hn toe) ) 


n=1 


n=1 n=1 n=1 


ee) H 1 oo H, ee) H 
2n n ils 
a use of the fact that = Qny3 = 5 (> a =F x 1)" a )| 
I 


us n=1 n=1 


an eg Th aye lad 
= (40 Deer aot Seth Das oes 


n=1 


: y ! ( 1 ( )) 
+ HA H og(2 
3 2n n g 


n=1 


{the first series is given in (4.85), and the second one is the case n = 3 in (3.45)} 


19 \ 
= =a + 5 ee (2) — a koe" (2) — om log(2)¢(3) — = = Lis (5) 


3 0 


oo. (Hoy — Hy — logQ2)). (3.293) 


For the remaining series that appears in (3.293) (as a note, a very similar version, 
which is known in the mathematical literature for years, may be found in [38], [79, 


p. 229]), we can write that 


250 


| 


3 Solutions 


lee) N 
yee: — H, — log(2)) = lim ya — H, — log(2)) 
7 2n n ge igs sn 2n n 2g 
n= 


n=1 


N H. N 
= lim @» fn He toga} -) 
n=1 


N->0oo 
n=1 


= lim (26 pyr a ay ge ~ 3° He toga) 


n=1 n=1 


{make use of the second equality in (1.5)} 


= aye ee 5 fim » (Hy =F +H0) —H? = 2 log(2) Hy) 


n=1 


oo 2 
H, 1 
the value of the alternating series is y (-1)” cs ; (tos” (2) — =) : 
n 


n=1 
{which is straightforward to prove if dividing both sides of (4.5) by x and} 


{then considering the integration from x = —1 to x = 0} 


1 x? 1 
= — ( log?(2) — — = ii Hoy — Hy)( H 
5 (2) ) +5 mM 2N N)(Hon + Hn) 
+HO) — HO — 2log(2)Hw) 


{use the asymptotic expansion, H, = y + log(n) + O(1/n), asn —> oo} 

1 \ 2(9) mr 
= = Oo = 

oe eas 6 

1 
+5 lim (dove + O(1/N))Qy + 2log(N) + log(2) + O(1/N)) 
> 00 
2) 7 @) 
+Ayy, — Ay 2 1log(2)(y + log(V) + oan) 


m2 
= log” (2) — = (3.294) 
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By plugging the result from (3.294) in (3.293), we get 


m/2 
K= / x7 log(sin(x)) log(cos(x))dx 
0 


4 igo oh Oya ales 2 | 
= —+-—lo — —lo — -z lo —-—Lig{ = 
a0 16” 43 °° gm os)s ee 8 


and the solution to the point iii) of the problem is complete. 


An alternative way of calculating the integral K may be found in [48]. 
Lastly, for calculating the integral L we proceed as before, and multiplying both 


sides of (3.52) by x? and then integrating from x = 0 to x = 1/2, we get 


m/2 
L= ij x? log(sin(x)) log(cos(x))dx 
0 


1/2 & 1 
= i d (2H 2 =WH, = = Foe) 
0 2n 


{reverse the order of summation and integration} 


) x? sin? (2nx) 
ee 
n 


oo 1 1 m/2 
= >, = (2% ey): ae oe 2108@)) / x? sin? (2nx)dx 
n 2n 0 


n=1 
2 [o@) 
TU 1 1 3 
4 © [e-e) lee) 
Sa 1 3 1 3 HA, 
= 05 + S77? log(2 y =. > a 
256 we a 082) 2s — 3567 Ln ¥ 64" 73 


: Aon 24 
n° d (2 aes is roe Fr (Hon — Hn — log(2)) 
=! 


{note the fourth series is the case n = 3 in (3.45), then for the fifth series use that} 


>> fOr = Ls( hae py a and the sixth series is calculated in (3.294)} 
= (2n)3 2 n3’ : 


= 7 109(2)¢(2)(3) + => 1092(2)¢(4) (6) + - 
= 39 08 C(2)F 32 °8 ¢ ss ae 


CO : Hy [o,@) Hy 
(>> yy" = » | 


n=1 n=1 


{the first series is given in (4.85), and the second series is the case n = 3 in (3.45)} 
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= SHO) + Flos eA) — F log"2e(2) — F toe ee) 
= 7 6 O) + 7g low DEA — 55 los" (2)6(2) — Fe los(2)E(2)é 


512 
9 1 
— 7S) Lis (5). 


and the solution to the point iv) of the problem is complete. 

The strategy presented in the solutions above can be viewed as a powerful way 
that also allows us to attack similar resistant integrals. The given solutions also 
answer the proposed challenging question. 


3.53 Two Beautiful Representations of Catalan’s Constant, 
Geta) 4 2244 5235; 
i 32 5 52 7 92 


Solution As in the title, we may view both results as beautiful representations of the 
Catalan’s constant. I submitted the integral from the first part, in a slightly modified 
form, to the MathProblems journal, Vol. 5, No. 3 (see [57, Problem 131, p. 442]). 
If you remember my saying at the end of Sect. 3.17, there I wrote that sometimes 
finding a simple integral representation of the integrand might be extremely useful. 
In fact, after the rearrangement of the double integral, it is enough to find a useful 
integral representation of the numerator of the integrand, and then we’ll also see the 
result in (1.1) from the first section of the current chapter will come into play. 


To start with the first point of the problem, we denote the integral by /, and then 
we write 


dx | dy 


1 2( pee) 


cos(x) — cos(y) 


1 
consider the identity cos (5) _ [Lt cos(x) 
2 2 
1 + cos(x) 1 + cos(y) 
log —, >} = leg oe 
m/2 2 5) 


m/2 
=} / dx | dy, 
0 0 cos(x) — cos(y) 


and making the changes of variable cos(x) = u, cos(y) = v, we get 


3.53 Two Beautiful Representations of Catalan’s Constant... . 
ai (f log + u) — log(. + v) | e 
= — u) dv, 
2Jo Wo (—v)V1—u2V1 = v2 


1 
u v 
and since we can write that log(1 + uv) — log(1+v) = — —— }dt 
3 i 3( ) Ces +.) 
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then the integral becomes 


1 1 1 1 1 
fae dr ) du) d 
a (/ (/ (1+ tu) +tv)V1— 2/1 — v2 ‘ “) : 


{change the order of integration} 


iprr 1 | 1 
= du )dv)d 
of, (/ (1+ tv)V1— v2 (/ (1+ tu)V1 — wu? “) ») 


1 f! arccos2(t) 
=. ———dt, (3.295) 
2 0 1— 72 


where to get the last equality I used the result in 1.1. 
Further, continuing with the last integral in (3.295), we write 


1 1 2 t = 1 m/2 Z 
pe al arccos* ( da? cos(x) >| Es: ay 
2Jo 1-22 2Jo — sin(x) 


{apply the integration by parts} 


m/2 _ m/4 
— i x log (tan (*)) dx =” 4 / y log (tan(y)) dy 
0 2 0 


{recall and use the Fourier series in (3.74)} 


m/4 & = = 
_ s | . 5 ee oe Pay 8 vfs cos(2(2k — 1)y) ay 


k=1 2k—1 
= ( i : 2 _ a (—1)*-! ine) l 
“Lao aT) aa (2k — 1)? > GE 


=1G 72@) 
= =a 


and the part i) of the problem is finalized. 
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Passing to the second point of the problem, we may use one”? of the well-known 
' log(x) 
14 x? 


integral representations of the Catalan’s constant, that is — i: dx = G, and 
0 


then all reduces to proving that 


[o.@) 
7 [ 1B) JZ Eevee | [ log(l + VI+2) 4 
9 1+x2 (2n — 1)2 0 1+.x2 


n=1 


or 


Xx 


1 


(HE =) 
, log OO 
= d. 
(2n — 1)? 0 1+ x? 


Xx. 


ie) 
/2 Lene ve 


n=1 
Using the integration by parts, we write that 


(=) 
_ bog or 


x 


1 1 / 2 
dx = / (arctan(x))’ log eve dx 
(0) 1 + x2 (0) Xx 


tal $22 \ P=" [ arctan(x) 
oa ree iiuabahaianaieaer 
x x0 40 xV14 x2 


= arctan(x) log ( 


1 n/4 
1 arctan(x) x=tan(y) I y 
= — log(1 + V2) +f iy SS oat ay ay 
4 0 xV1+ x2 4 0 sin(y) 


= “ log(1 + J2) + [" (log (tan (3))) ydy 


{apply the integration by parts} 
[ /4 y 
- log (tan (5) dy 
0 2 


y= /4 


= = log(l 44/2) + (we (tan G) i 


y=0 


0 


1 1 00 
1 
2>By simple manipulations it’s easy to see that f sa dx = / ) (—1)""!x?"-? log(x)dx = 
o l+x 0 


— _yyi-l 2n—2 = (-1" 
Yep [> log(x)dx = ) Bap = G. 


1 
n=l 0 n=1 


n=1 
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a/4 1/8 
[2=% 
=— log ( tan ) dy = -2 f log (tan(z)) dz 
[ ( (5) ; 


{recall and use the Fourier series in (3.74)} 


i> (2k —1 ors 2(2k — 1 
=i) cos(2( a ea 4 f cos(2( a 
2k —1 fa 0 2k — 1 


(ee) 


3 sin((2k — 1)7/4) 


= 2 
f+ (2k = 1) 


ee 1 t gly tl 1 Ly 
~ 32. 52 72 g2 42132 152 


1 


(n—1)(n—2)/2__ 
= VID ” (2n — 1)?’ 


n=1 


and the part ii) of the problem is finalized. 

For both results of the problem the calculations have been reduced to the point 
where I had to make use of the Fourier series of log(tan(x)), to transform the 
integrals into useful series. 

Often the integrals and series representations of the Catalan’s constant are 
beautiful problems to try and enjoy! More such Catalan’s representations may be 
found in [2, 19, 96]. 


3.54 Proving Two Equalities with Tough Integrals Involving 
Logarithms and Polylogarithms 


Solution Now we step up toward a problem where we need to prove that two 
equalities with integrals hold without calculating the integrals (in other words, we 
have to solve the problem under some restrictions). And the integrals do not look 
friendly! 


256 3 Solutions 
Starting with the left-hand side of the equality from the point 7), we write 
m/2 
3 / tan(x) log2(sin(x)) Lig (- cot”(x)) dx 
0 
cos” (x) 


m/2 = 
= -; / beth seer@)—— SY ee rasyas 
0 


cos? (x) 


{make the change of variable, cos? (x) = y} 


3 7) i (4) 
= a log?(1 — y —*—ay 
8 Jo y 
{make use of the result in (1.12), the case n = 3} 
1 !( f! log3(x) log?(1 — y) 
= .— dx | dy 
16 Jo 0 l1—y+yx 
{use the variable changes x = 1—u and y = 1|—v, and return to the notation in y, x} 
1 7} [ log? (x) log?(1 — y) 
= — dy | dx 
16 Jo 0 l1—y+yx 


1 1 1 ] 2 
= log? (1 —y) / 108) ay dy 
16 0 0 1 —yt+ yx 


{make use of the result in (1.12), the case n = 2} 


iis (4 ) 
1 3 y-1 
=-> | log’(1—-y) dy 
8 Jo y 
{make the change of variable, sin? (x) = y} 


m/2 1 
-2 i) cot(x) log? (<5) ice (- tan?(x)) dx, 


and the point 7) of the problem is finalized. 
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Acting similarly as before, we write 


m/2 
3 } tan(x) log?(sin(x)) Lis (- cot?(x)) dx 
0 


: cos? (x) 
re (SS - :) 


cos? (x) 


3 m/2 
= -=/ log?(1 — cos*(x)) (cos*(x))/dx 
0 


{make the change of variable cos” (x) = y} 


1 Lis ae 
= 5] logd-—y) dy 
8 Jo y 


{make use of the result in (1.12), the case n = 4} 


1 f! ( £! log*(x) log*(1 — y) 
=-— dx } dy 
64 Jo \Jo L=y+ yx 
{make the variable changes x = 1—u and y = | — v, and return to the notation 
in y,x} 
i -< [ log? (x) log*(1 — y) 
=-— dy | dx 
64 Jo \Jo l—-y+yx 


1 
=a f we'e-o(f'; log") Beas) a 
0 —yr yx 


{make use of the result in (1.12), the case n = 2} 


iis (4 ) 
a i log*(1 — y) yrls, 
~ 39 fh g y , y 
{make the change of variable, sin’ (x) = y} 


m/2 
= / cot(x) log (cos(x))Li3 (- tan?(x)) dx 
0 


and the point ii) of the problem is finalized. 
In the next section, we’ll prepare to meet similar integrals where we’ll want to 
identify and calculate the harmonic series behind the scene. 
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3.55 Tough Integrals with Logarithms, Polylogarithms, 
and Trigonometric and Hyperbolic Functions 


Solution If in the previous section we could avoid the calculations of the harmonic 
series, in this case I think we have to prepare ourselves for encounters with tough 
series (which also accounts for the Tough integrals part from the title of the section). 
We may also observe some similarities with the previous integrals that make us think 
to proceed as before for getting the transformation of the integrals into series. 


Let’s make the change of variable sin?(x) = y, and then we write that 


ws 
/ cot(x) log(cos(x)) log? (sin(x)) Li3 (- tan? (x)) dx 
0 


m/2 


= log(1 — sin?(x)) log?(sin?(x)) Li3 ( 
16 Jo 


sin? (x) (sin2(x)y’ 


1 — sin? (x) 


1 [f! log*(y) log — 
= ; og*(y) log( — y) Li3 y ay 
16 Jo y y= 


y 
L a= 
6(=4) 


make use of the result in (4.11) to express ——-~——— as a series 
y 


sin? (x) 


H2 + ee 
“a5 a ys "i 1 ——*— log?(y) log(1 — y)dy 


{reverse the order of summation and integration} 


1 oo H2 H® 1 
a i y"~! og?) log(1 — y)dy 
0 


32 = n 
1 #2 +H? os (i 4 

= y’ log - »vdy) 
3 n n2 0 


{make use of the result in (1.4)} 


2 n2 


1S) 


n 


1 ae a = ( Hat oty) 
n 


n=1 
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{differentiate and write the result in terms of the generalized harmonic numbers } 


tf 2a He 
2¢(3)— + 2¢(2) - 2 -2 
n n n~ 


| > H2 + A 
n 


~ 32 n2 n 
n=1 

_! ee a2 5 eee es ype _ 3 (Hy 
ee | n4 16 n3 16 n2 16 ne 

n=1 n=1 n=1 n=1 

1 oo HB 1 oo HO 1 oo HY 
Hae n+ = eo 2 Lay 

n=1 n=1 n=1 n=1 


oO 


oO 2 
—3260) SS OL = 
=1 


{the values of the series are given in (4.58), (4.53), (4.59), (4.65), (4.61), } 


{(4.63), (4.30), (6.67), (4.29), (4.14), the case p = 2, withn > oo} 


23 1 
= = eit) - 3p OS sa 765 PEO), 


and the solution to the point 7) of the problem is complete. 
Proceeding similarly for the point ii) of the problem, we employ the change of 
variable sinh? (x) = y, and then we have 


log(1+V/2) 
; coth(x) log(sinh(x)) log (2 — cosh? (x)) it (tanh? (x)) dx 
0 


{make use of the identity cosh?(x) — sinh?(x) = 1} 


1 plogdit+v2) 
=] / log(sinh? (x)) log (1 = sinh*(x)) 
0 


— { sinh2(x) —\ (sinh2(x))’ 
x Li dx 
1+ sinh2(x))  sinh?(x) 


_ 1 fllogyylogd-y),. ( y 
= Lin dy 
4 Jo y bay 


{make use of the identity in (4.10)} 
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1 i n—1.n-1 An 
=7) DCD ly"! —* log(y) log (1 — y) dy 
0 n=1 
reverse the order of summation and integration} 
g 


Li H, f 
=e i, y"~log(y) log (1 — y) dy 
n=1 


n— ee d n—-1 _ 
3 1) 2 log = yey 


a 


{make use of the result in (1.4)} 


[e.e) 


1 n-1n d wn+l)+y 
Hg ” | n ) 


n=1 


{differentiate and write the result in terms of the generalized harmonic numbers } 


ihe H, [Hy HY 1 eee H2 
= ) 1 nal 2 n g) = y 1 n—1**n 
4 2 ) n (4 7 n oC y 4 2 ) n3 


1 ~ n—1 Ha” 1 . n—1 Hn 
ag I er 


n=l n=1 


{make use of the results in (4.93), (4.95), (4.88) } 


= Toe > (5) A6(2)23), 

and the solution to the point 77) of the problem is complete. 

At the opening of Sect. 3.5, where I said a few things about Digamma function, 
I also mentioned that the extension of the harmonic number H,,, for the non-integer 
values of n, that is achieved through the Digamma function relation, H, = w(n + 
1) + y, is very useful in many cases, and you may see such examples right above 
where I used the Digamma function for being able to differentiate. 

Then, no concern, every harmonic series involved in the calculations above is 
fully derived (evaluated) in the sixth chapter. 
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3.56 A Double Integral Hiding a Beautiful Idea About the 
Symmetry and (Possibly) an Unexpected Closed-Form 


Solution If running Mathematica, just out of curiosity, based on the numerical 
evaluation one might easily arrive to conjecture the value of the double integral 
is 1/3, which seems too nice to be true. In fact, this is the right value! But how to 
prove it? 


This section is also meant to emphasize the importance of switching from 
Cartesian coordinates to polar coordinates (see [115]) or vice versa (more exactly, 
for this problem we will be focused on the latter part, the switch from polar 
coordinates to Cartesian coordinates). Then, last, but not least, we will have to make 
use of the symmetry eye (supposing the experience gained in the previous sections 
helped), and wisely exploit the symmetry. 

Denoting the integral by / and starting with reversing the order of integration and 
the change of variable tan(y)/ cos(x) = t, we write 


1/4 /4 
= / (/ arctan(cos(x) cot(y)) sec? (x) tan? (y) sec? (ar) d 
0 0 


m/4 m/4 
= / (/ arctan(cos(x) cot(y)) sec? (x) tan’(y) sec*(y)dy) dx 
0 0 


m/4 sec(x) 1 
=) / arctan ( *) t?dt ) dx 
0 0 t 


{switch from polar to Cartesian coordinates } 


“L ((verP ml ets) 


{exploit the symmetry of the integrand} 


=i (/ y/x2 + y? stn (oss :) ax) 
Vx? + y2 
17 1 Lo y24 y? 
=— ——.— dz } dx } dy. 2! 
a (| (/ ane eee :) :) 4 are 
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Now, exploiting the symmetry in (3.296), we write 
ir I 1 2 2 
s1=5 / (/ (/ aia) dr) a 
2Jo Wo Wo x*+y* +2 
1 1 1 2: i: 2 
+5/ (/ (/ SS = str) dy) de 
Z4q. \do. \o RP YZ 
h(E (see?) *)« 
246. Sd We yee 


{reverse the integration order in the second and third triple integrals } 
1 Pf 1 1 2 2 
=;/ (/ (/ eee dz) dv) dy 
230 Wo Mio 2 ey 
lr 1 1 2 io2 
tak Wy Ge eee) ")” 
236 \Jo \o a by? +b 2? 
1r 1 1 424 72 
FS > oa dz |} dx 
at (| (| neck yor ee ) ) 
lf 1 1 9(,2 24,2 
SDMA as pee) 
240 \doo Wo. a yeas 
1 1 1 
L(L(Es)s)o- 
0 0 0 


whence we conclude that 


m/4 
T= / i arctan(cos(x) cot(y)) sec? (x) tan?(y) sec?(y)dxdy = > 
0 0 


and the solution is complete. 

To summarize, in this section we saw the power of fruitfully combining the 
switching from polar coordinates to Cartesian coordinates and the passing from a 
double integral to a triple integral with a symmetrical integrand, where we could 
easily exploit the symmetry, a strategy good to keep in our portofolio of strategies 
for approaching the integrals. 


3.57 An Exciting Representation of Catalan’s Constant with 
Trigonometric Functions and Digamma Function 


Solution At some point in the writing process of the book I included the problem 
in Sect. 1.53. However, after pondering more over the beauty of the present result, I 
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considered it is fair to assign it a separate section such that all attention to be given 
to it when the reader arrives at its dedicated section. 


If you didn’t miss Sect. 1.52, I guess you will easily figure out how to proceed 
and prove the result. 

Now, we already met both series in (3.282) and (3.52) from Sect. 3.52, and then 
we write that 


m/4 oo 
[ rane) DD (v (5) v (4 -) i -) sin(2nx)dx 
m/4 i ied n n+1 1\ . onx)d 
-| cou 2 (¥ (5) v( 5 ) +5) sin nx)dx 


m/4 m/4 m/4 
=i log(cos(x))dx -[ log(sin(x))dx = -| log(tan(x))dx 
0 0 0 


{recall and use the Fourier series in (3.74)} 


1/4 © = 
5 fi cos(2(2k — 1)x) 4 
: 2k —1 


k=1 
{reverse the order of summation and integration} 


awe [74 cos(2(2k— Dx), a cos(kzr) 
=2) f ci ray, 


= 1 
_ _1)k-1 -_ 
=) pe 


and the solution is complete. 

Once we have obtained the functions behind the series, everything nicely 
reduces to a classical integral representation of the Catalan’s constant (which 
is easy to calculate as seen above). The integral I reduced to the calculations, 


m/4 
-| log(tan(x))dx, is also found in [19, (9), p. 2] and [78, Chapter 1, p. 36]. 
0 


3.58 Evaluating an Enjoyable Trigonometric Integral 
Involving the Complete Elliptic Integral of the First 
Kind at Its Roots 


Solution In the present section we find ourselves in the arena with another integral- 
beast (just remember my Preface, if you had a chance to read it, or the first integral 
from Sect. 1.41, where I used the same words to portray two integrals coming from 
the Paul’s book, Inside Interesting Integrals). 
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Although not one like some of the integrals from the previous sections that 
eventually got reduced to tough harmonic series, but still a daunting integral, and 
we see this right from the beginning since we need a (promising) starting point. 

A first step is to denote the integral by J and then split it such that we can use a 
result previously obtained, that is 


(1 + sin*(x)) — sin*(x) 


m/2 1 m/2 
[ (1 + sint(x)) V1 + sin? (x) ‘ I (1 + sint(x)) V1 + sin? (x) : 


i 1 P [ sin* (x) 4 
= XxX xX, 
0 V1-+sin?(x) 0 (1+sin*(x))V1 + sin? (x) 
—_——<_—X<X—Ssa__-__—’ —_——_<_—<—¥<—s—<—_—_—K—K—K—“_ll___’ 
vf h 


where using that the integral J; has been calculated during the solution to the point 
ii) from Sect. 1.43, we get 


fo (1) i i‘ = d (3.297) 
= xX. 7 
4/2n \4 0 (1 +sin*(x))V1 + sin?(x) 


1) 


For the remaining integral in (3.297), we write 


‘ [ sin* (x) P 
= X 
** fo (1 + sin*(x))V 1+ sin? (x) 


{make use of the result in (3.233)} 


2 [ i sin’ (x) ais 
— xX 
x Jo 0 (1+sin*(x))(1 + sin?(x) sin?(y)) id a 


and due to the symmetry, it’s easy to see all reduces to 


ee ‘fe [ sin* (x) 4 F 
2 ae Ie . (hartGidasm@anron ) 


, [ sin*(y) 
So dy | dx 
0 0 (1 +sin*(y))(1 + sin?(x) sin? (y)) 


1 i ie sin*(x) + sin4(y) + 2 sin*(x) sin*(y) 
=o : - - - dy }] dx 
0 0 ©(1 + sin*(x))(1 + sin*(y))(1 + sin? (x) sin?(y)) 
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=e [ i (+ sin?) + sin*(y)) — C= sin@) sin | 
~ «Jo 0 (1 + sin4(x))(1 + sin*(y))(1 + sin? (x) sin?(y)) 


wa 
1 m/2 m/2 1 
=— dy |} dx 
mal (/ 1+ sin2(x) sin2(y) > ) 
ee ae 


b 


1 m/2 m/2 1 F 4 
=a, (/ (1-+sin?@y (+ sin*Q)) > ) 
—_—_—_—_—_—_—_————_———=— 


14 


ve 


m/2 m/2 ‘ ‘ 2 
1 | (/ cue) sin(y)) . ay) au. (3.298) 
0 o (+sin"(x))(1 + sin"(y)) 


Is 
By the result in (3.233), the integral J; in (3.298) becomes 


n/2 m/2 1 nx ft 1 
OU" cana)” ret 
0 0 1 + sin?(x) sin?(y) 2 Jo 1 + sin?(x) 
~ 


q 


a ee aes 
— T ; (3.299) 
To get the value of the integral /4 in (3.298), note that 


m/2 1 1 aie 1 1 m/2 1 
/ dk = / ae / ae 
o  L+sin*(x) 2Jo  L+isin“(x) 2Jo  1—isin*(x) 


{make use of the result in (3.233)} 


=7( 1 . 1 ) 
4 Iti VYl-i 


{ise the fact that aa- Fi “= (cos (=) Fi sin (=))| 


= 539 005(5) = pavVit2=% ty v241, 
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which immediately leads to 


“(lO ‘ee wa 
n= f (/ (1 + sin*(x))(1 + sin4(y)) r) x= 7eW2+1). (3.300) 


Then, for the integral /5 in (3.298), we write 


m/2 sin? (x) 1 7/2 — sin2(x) 1 7/2 — sin2(x) 
a dx = — 45k aa 
o  L+sin*(x) 2Jo  L+isin“(x) 2Jo  1—isin*(x) 
1 [ (1 + isin?(x)) — L, 1 i (1 —isin2(x)) — 1 
X 
2i Jo 1 +isin?(x) 2i Jo 


i m/2 1 i m/2 1 
= i =a ] —— a 
2Jo  L+isin*(x) 2Jo  1L—isin*(x) 


{make use of the result in (3.233)} 


Xx 


1 —isin*(x) 


-_ i. ! I 
ae (a= 7) 
{ise the fact that ase = 35 (cvs (F) Fisin(F))| 
= 534 sin (= je av? Vie t v2 1, 


which also immediately leads to 


7 m/2 m/2 (sin(x) sin(y))? _ — 
= I (/ (1 + sin*(x))(1 + on) dx = oie 1). (3.301) 


Next, if we plug the values of the integrals 13, [4, and Is from (3.299), (3.300), 
and (3.301) in (3.298), we get 


j -{" sin’ (x) 1f1 r(t) zs 
* do Gssn'G) Jina ~ 8\ vax \4 


(3.302) 


Finally, upon plugging the result from (3.302) in (3.297), we conclude that 


n/2 1 1 1 a 
I= dx = + rT , 
i (1 + sin*(x)) V1 + sin?(x) = 8 (. J2n (;) 


and the solution is finalized. 
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The hard, unnoticeable part of the present solution comes from the very 
beginning where one is supposed to be aware of the auxiliary integral in (3.233) 
and then use it in order to turn the integral J) into a double integral (and further 
exploit the symmetry of the integrand). 


3.59 Integrating Over an Infinite Product with Factors 
Containing the Secant and the Hyperbolic Secant 
with Powers of 2 


Solution We prepare now to meet an integral with an integrand expressed in terms 
of an infinite product. And what a gorgeous infinite product!, some of the possible 
reactions. After I created the infinite product, I couldn’t resist the idea to include it 
under an integral, which gave birth to the present problem. 


The strategy to attack the problem involves two divergent series, we let them 
clash and produce the result we need to derive the infinite product. 
Let’s start the solution with stating an auxiliary result we want to prove and use, 


oo 1 ; . . 
2 (5 (2-"x) sinh 5] = coth (5) — cot (5) ; (3.303) 


1 


Proof Let’s note and use the simple identities,° ————— = eon x} = 
sin(2—"x) 
1 
cot(2~"x) and ————— = coth(2~”~!x) — coth(2~"x), and then we write 
sinh(2—"x) 
= sin(2—"x) — sinh(2~"x) 


©The right-hand side of the first identity can be written as cot(2~"—! x) — cot(2-"x) = 
cos(2—"—! x) cos(2~"x) 
sin(2—"—!x) sin(2—"x) ” 
we replace x by 2-"-ly, that is sin(2~”) = 2sin(2~"—! x) cos(2—"—!x), we get cot(2~”"—! x) - 
2cos2(2—"—!x) — cos(27" x) 

sin(2—”"x) sin(2—”x) 


the identity 1 + cos(x) = 2cos? (5). The second identity can be obtained in a similar style, or 


and if we consider the identity sin(2x) = 2sin(x)cos(x) where 


cot(2-"x) = , and for getting the last equality I used 


if we want to make use of the previous identity, then it’s enough to replace x by ix that leads 


1 
immediately to ————— = coth(27""!x) — coth(2~"x). 
sinh(2—"x) 


268 3 Solutions 


N 
= > (co(2-""x) — cot(2~"x) — coth(27"~! x) + coth(2-"x)) 


n=1 


Seth (5) — cot (5) + cot(2-%—1x) — coth(27-*—! x), (3.304) 


If we let N — oo in (3.304) and use that cot(x) = 1/x + O(x) and coth(x) = 
1/x + O(x), as x — 0, we obtain 


[ee 


1 1 
2 (= ao) a G) Pace G) 


n=1 


and the proof of the auxiliary result is complete. 


n 


One may find in [25, Chapter 7, p. 131] the variant, ye 
k=1 


sin(2x) => cot(x) = 


cot(2”x), where if setting x = i and letting n — oo, we also get a solution to the 


[o,@) 
1 
problem 11853 about the calculation of > sinh") proposed by H. Ohtsuka in 
sin 


i= 
The American Mathematical Monthly (see [65]). 
Considering the result from (3.303), and then integrating from y = x/2to y = x, 


we get 
a 1 1 
d 
(> sin(2-"y) sinh (2-"y) J > 


{reverse the order of summation and integration} 


— f? 1 1 
= d 
d I p (= (2-"y) sinh (2-" 5) . 


= 5. G log(tan(2~""! yy) = 


n=1 


— 2” log(tanh(2~"! y)) 
y=x/2 


y=x 
yauysz 
= 2 2” (log(1 + sec(2~"—!x)) — log(1 + sech(2~"~!x))) 


n=1 
ee 1+ sec(2-"-1x) \" EF gaat ay ye 
=) log =o) =be(TT] a 
a 1 + sech(2~"—'x) bolle 1 + sech(2~"—*x) 


3.59 Integrating Over an Infinite Product with Factors Containing the Secant 269 


x 


= [ (com (5) (5) ay =2 (10 (sink (3)) — 8 (sn (3))) 
= log (sec? (=) cosh? (=) ; 


x 
2" = 
1 bo — ( 
whence we obtain that 1 | ( —~ < _ >) = a or if we replace 
sec x ek (= ) 
4 


y=x 


yeuyZ 


n=1 


x by 2x, we get 


7 (: + a), a (5) 


— = : (3.305) 
on 1 + sec(2~"x) anak? (5) 


Integrating both sides of (3.305) from x = 0 to oo, we obtain 
im 1+ 1+ sech(2""x) "x) 
“1+ sec(2-"x) + sec(2~"x) 


1 2 3 
_ ie 1+ sech (2-*4) : 1+ sech (23) : 1+ sech (2-°x) : d 
~ Jo 1 + sec (2-!x) 1 + sec (2-2x) 7 


1+ sec (2-33) 


2 Xx 
-[~ a (5) - eof” cos? (y) si 
0 0 


= 2 [ann ) — 1)’ cos*(y)d 
cosh? (5) cosh? (y) . 0 » — 


{apply the integration by parts} 


y=00 


= 2(tanh(y) — 1) cos”(y) ef (tanh(y) — 1) sin(y)dy 


eS ee 


2 


=2-4[" sin(2y) | 
0 


1+ ey f 
pe © sin(z) St, Hah ph 
=o 2 f ae ee 2 f sin(z) )\(-1)""!e "dz 


n=1 
{reverse the order of summation and integration} 


=2- 2s oa ‘fe sin(ze"™dzg = 2-2) 0(-1)""! : 


2 
n 1 
n=1 n=1 + 


= 1+ csch(z), 
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1 n 
and in the calculations I used that csch(x) = — “+ 2x B a = a which is 
+a 


derived by combining the facts that csch(x) = Se / 2) _ ST eRhes and coth(x) = 
1 1 
= + 2x yD ae where the latter is obtained by replacing x by xi in the 


0° x2 
Euler’s infinite product for the sine, sin(x) = x I] (1- 72 za) taking log of both 
n=1 
sides and then differentiating once with respect to x, and the solution is finalized. 
This is an example of a creative way of manipulating two divergent series that 
finally leads to a beautiful infinite product, which might be an idea of interest also 
for those who enjoy creating mathematical problems. 


3.60 Linking Two Generalized Integrals Involving 
the Polylogarithm Function to Seductive Series 


Solution The key core of the solution is represented by The Master Theorem of 
Series, the relaxed version (the second version) of it, we’I] meet in the fourth chapter, 
a theorem I created for mainly generating helpful identities for the derivation of 
the harmonic series. So, before proceeding we need to make a short review of the 
theorem, and then return to solve the proposed problem (see Sect. 4.15). 


For both points we need two classical results, that is sin (5 ) EB sin(kx) = 


sin (>) sin (S ) and sin (5 ) 3 cos(kx) = sin (> ~ cos (ae =“). 


which we obtain immediately by sorisidenie the real and imaginary parts of the 
n 


geometric sum, y en 


k=1 
Now, if we consider the relaxed version (the second version) of The Master Theo- 


(4 ) ( (k + 1)0 ) 
sin 5 5 
rem of Series , where we set m(k) = sin(k0), @(k) = 


mG) 
sin | = 
2 


_ ({kO\ . ((kK+1)0 
1 x sin (F) sin (SS i : pau 


a()F ka bkaw yD ie 
2 


we obtain 


k=1 ee 


an 


3.60 Linking Two Generalized Integrals Involving the Polylogarithm Function. .. 


-iyy fe xt] sin(kO)dx = — aA ye ie sin(k0)dx 


j=l k=l 


— 2pcos(x) + p 


n=1 


[oe] 7 
a use of the result, > p” sin(nx) = ; pemix) , ipl < 1 


7 if (1 — x")x sin(@) 
“alo G—x)d — 2x cos) +x)’ 


and using this result, we have for the first point of the problem that 


re ee ia 3 ; 
sin@ysin (5) f° 5 (etn + 1) — Ling (a) 


Senta fy esas 
= sin(@) sin (5 [> 4 4 nT — x)(1 — 2x c0s(6) +42) 


{reverse the order of summation and integration} 
Vo 1 Pf 1 — x")x sin(@ 
= sin ( js / (1 — x”)x sin(6) say 
2 I nl fy (l—x)C — 2x cos(@) + x7) 


ag ( eee 
Ze) 


(k+ D(k+n+ In” 


n=1 \ k=1 
{reverse the order of summation } 


goa) ge 1 


k+1 = (kn + In 


{make use of the result in (6.58)} 
Hy _ (kO\ . ((kK+1)96 
= 1 k+1 
=(-1l)”" = oe sin ( ; ) sin ( ) 


(=) (a) 
love) sin 5) sin >) 
+(-1)"" se 1 BOD, 


(k+ Lym—it2 , 


and the point 7) of the problem is finalized. 
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Next, for the point ii) of the problem, if we consider the relaxed version (the 
second version) of The Master Theorem of Series, where we set m(k) = cos(k@), 


: (=) (S + ~) 
sin > COs > 
Mk) = 4 
sin (5) 
2 


_ (kO (k +16 
1 eas 0 il 2 ) 1S cou 
n* 


(5) — (k+1)(k+tn+1) 
sin 5 k=1 


, we obtain 


l n ow 1 1 yon lee) 
=- J+k! cos(kO)dx = ~ | it k cos(k0)d 
>>| x cos(k@)dx al 2 2 cos(k0@)dx 


j=lk=1 


CO 
make use of the result, > p" cos(nx) = pice) 2) , |pl<1 
1 — 2pcos(x) + p? 


n=1 


’ 


1 a x(1 — x”)(cos(@) — x) 


“nado G—x)U — 2x cos(@) + x?) 


and using this result, we have for the second point of the problem that 


(6 | x(cos(@) — x) aap 4 
sin (5) f G=Dd=a cn 


for fi x(1 — x")(cos(@) — x) 
= sin| = Se i 5, dx 
2/ Jo Er n™+l(1 — x). — 2x cos(@) + x7) 
{reverse the order of summation and integration} 
Vo 1 Pf 1x" 0) — 
Sa a GO 
2 an nmr! Jo (L—x)C — 2x cos(@) + x7) 


. {ke (k + 1)é 
oo | oo Sin (F) cos () 
=)0 | 


(K+ 1)R+n+ 1)n™ 


n=1 \ k=1 


{reverse the order of summation} 
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gee) gy 


k+1 (k++ In” 


{make use of the result in (6.58)} 
[oe 
=(-1)""! > pies sin sae cos oa 
= (k+1)m+1 2 2 


(2) (a) 
lee) sin ) cos a 
+(- ie yOd, 


(k+ Lym—it2 : 


and the point iz) of the problem is finalized. Note in the calculations I used that 
[o,@) 


_ psin(x) __- p(cos(x) — p) 
ye ae 1 — 2pcos(x) + p? Due" a 1 — 2pcos(x) + p?’ 


| Fa < 1, which are found in 1.447.1 and 1.447.2 from [30]. Both results are proved 
within Sect. 3.52. 

The problem can be seen as an application of The Master Theorem of Series, 
since I created the problem based upon this theorem. It would also be interesting to 
explore other ways, independent of my theorem, to establish the results. 

Having said that, we are at the end of the first major chapter dedicated to the 
calculation of the integrals, where I hope you had a lot of fun! And the party is not 
over yet! There is another major chapter that lies in front of us. 

For more fun, let’s prepare to enter the next chapter dedicated to the calculations 
of sums and series. Enjoy it! 
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Chapter 4 
Sums and Series 


Check for 
updates 


“In their hearts humans plans their course, but the LORD 


establishes their steps.” —Proverbs 16:9 


4.1 The First Series Submitted by Ramanujan to the Journal 


of the Indian Mathematical Society 


Prove that 


(2S ee iO). 
“ do Gay tr 7 lost?) 


A (little) challenging question: Calculate the series without using integrals. 


4.2 Starting from an Elementary Integral Result 
and Deriving Two Classical Series in a New Way 


Prove that 


(”") ie 


n 


i) se (2x)*"-! — arcsin(x) 


nl 


Then, use 7) to prove that 


oo 2n 
ii) =e an = arcsin’ (x). 
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(4.1) 


(4.2) 


279 


280 4 Sums and Series 


4.3 An Extraordinary Series with the Tail of the Riemann 
Zeta Function Connected to the Inverse Sine Series 


Show that 


se Gee egae 2 a oR eee rn te 6h 
Saree) 4 log’ (2)¢(2) ee (2) sLiu(5), 


where ¢ denotes the Riemann zeta function and Li, represents the Polyloga- 


rithm function. 


4.4 The Evaluation of a Series Involving the Tails of the 
Series Representations of the Functions log (4) 


x arcsin(x) 


and 
Vv 1—x? 
Show that 


(Qn = 3)! fey Ti Oa 
(3. 82) — © gaat) ($- see 


Qn —2)! 


n=1 


IU 


1 1 3 
=?) ] - 
Vartan () + 5 tos (5) z? 


n-(n—2)---5-3-1, n > 0 odd; 
6-4-2, n>Oeven; _ is the double facto- 


where n!! = n-(n—2)--- 
1, n=-—1,0, 


rial. 


4.6 An Eccentric Multiple Series Having the Roots in the Realm of the Botez-... 281 


4.5 A Breathtaking Infinite Series Involving the Binomial 
Coefficient and Expressing a Beautiful Closed-Form 


Show that 
lee) 2 oo k 
2n 2 
Yosua(*) wD Ok = 1-2 +log(1+¥2). 
n=1 fer (7 } 


4.6 An Eccentric Multiple Series Having the Roots 
in the Realm of the Botez—Catalan Identity 


Let n > 2 be a natural number. Prove that 


(oe) (oe) (oe) so k we ki 1 
yD] eb plog@y- 
ail \eS j=l k=1 Di ki +k iki tk 


log(2) + 


earl ee hay 
n 
= (-1) (5 NOES hs Secor me 2 iQitl nt? £ ia) 
j= 


gn+1 


pail 


gas AN eats 
Bol) c y 


Wheres yon, i denotes the nth harmonic number. 
Examples: 
The version with two variables, 


ioe) apf] 1 


a ee 1 
yt? | lesQy = = —(5log(2) — z); 
YC? | log@2) ee g Slog(2) — x) 


3 leat My 5 | 
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4.7 Two Classical Series with Fibonacci Numbers, One 
Related to the Arctan Function 


4.9 Useful Series Representations of log(1 + x) log(1 — x) and... 


4.8 Two New Infinite Series with Fibonacci Numbers, 
Related to the Arctan Function 


Calculate 


Co 
|) Se (arctan ( : ) + arctan ( : ) + arctan ( z ) 
i 

a F4n—3 F4n—2 F4an-1 


1 
— arctan ( )) - 
EF, 4n 


ii) SSelat arctan (=) ; 


—I\ 


where F,, represents the nth Fibonacci number. 


4.9 Useful Series Representations of log(1 + x) log(1 — x) 
and arctan(x) log(1 + x7) from the Notorious Table of 
Integrals, Series, and Products by 1.S. Gradshteyn 
and I.M. Ryzhik 


Prove that 


i) — log + x) log(1 — x) 


CO 2 2k-1 n-1 oo CO 2k 
ae (-1) op Hox — Hy 1 x : 
OS) reg ere rela 
all (j=l k=" [=i 


(4.3) 


CO 

Be Su An; 1 > 

it) xeon 1,2k+1 _"** _ = — arctan(x) log(1 +x), |x| <1, (4.4) 
= yO 


where Hy = oe 7 denotes the kth harmonic number. 
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4.10 A Group of Five Useful Generating Functions Related 
to the Generalized Harmonic Numbers 


4.11 Four Members from a Neat Group of Generating Functions Expressed in... 285 


4.11 Four Members from a Neat Group of Generating 
Functions Expressed in Terms of Polylogarithm 
Function 
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4.12 Two Elementary Harmonic Sums Arising in the 
Calculation of Harmonic Series 


4.13 A Strong Generalized Sum, Making a Very Good Cocktail Together with. .. 287 


4.13 A Strong Generalized Sum, Making a Very Good 
Cocktail Together with the Identities Generated by The 
Master Theorem of Series 
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4.14 Four Elementary Sums with Harmonic Numbers, Very 
Useful in the Calculation of the Harmonic Series 


of Weight 7 
Show that 
nal Dy n 
Hy; Ak 
Sim) =) = Hy — 2HnHy + ) a5 (4.17) 
k=1 kl 
n—-1 9) n 
H, H, H 
Hi = doo =p = HHO —4HyHO—(HOY+2 9) a +2Hn ) a 
i=l k= i 
(4.18) 
n—1 (2) 2 n Hy 
= kK _ (7) _ 5) aS 
S3(n) = > Gopi = (4) ) SESE ee (4.19) 
k=1 i=l 
n= 3 n 
H 1 ie it H, 
= kK _ 4 _ 3727 _ 2 (Wp @)Y _ iW al 
Sa(n) = Y= Hy — 3H, Hi ee ) a = 
k=1 fie—Il 
Sect ake eae 
= = gz +3Hn Daa (4.20) 
i ik 


where HH” ={[+ a ds goo db a m > 1, is the nth generalized harmonic 


number of order m. 
A challenging question: Could we derive the sums by elementary manipu- 


lations only? 


4.15 The Master Theorem of Series, a New Very Useful 
Theorem in the Calculation of Many Difficult 
(Harmonic) Series 


(The first version) If k is a positive integer with .Z@(k) = m(1)+m(2)+---+ 
m(k), and m(k) are real numbers, where ie m(k) = O, then the following 
—>Co 


double equality holds 


(continued) 


4.17 The Second Application of The Master Theorem of Series on the 289 


Mk) = my (= 1 Jes 
n n¢ 


2 GED ED 


where H, = 1+ 5 fore i is the nth harmonic number. 
(The second version, the relaxed version) If k is a positive integer with 
Mk) = m(1) + m(2) + --- + m(k), and m(k) are real numbers, where 


Mk 
lim Ae = 0, then the stated double equality follows. 


k>oo 


4.16 The First Application of The Master Theorem of Series 
on the (Generalized) Harmonic Numbers 


Show that 
H2 +H 
(m) ae = ie 
x A, = 2n ; i 
(kK+ 1l)(kK+n+1) (=~ n Hi a Ree 
sh F (=e ra ee GYR 9d) re 2 
(4.21) 


+ we m > 1, is the nth generalized harmonic 


where Hi” = 1+ ow tot 
number of order m and ¢ represents the Riemann zeta function 


4.17 The Second Application of The Master Theorem 
of Series on the Harmonic Numbers 


Show that 


3 _ HB +36Q)Hn+3Hn Hy) +2H 1 Ai 
ay (k+ aa ee 3n Cae i2” 
(4.22) 


(continued) 
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where H” = 1+ om ee eee ar m > 1, is the nth generalized harmonic 
number of order m and ¢ represents the Riemann zeta function. 


4.18 The Third Application of The Master Theorem of Series 
on the Harmonic Numbers 


Show that 


H; 


eee TAT 


_ HA + 6¢(2)H? + 16¢(3)H, + 8H, Hy + 6H2H, + 2¢(2)H, +3H,> 


A, Hi; 2 
—3 _ ; 4,23 
n — i2 n oe 2n 2S i2 ( ) 


where A” =1+ ou feeeft mm m > 1, is the nth generalized harmonic 
number of order m and ¢ represents the Riemann zeta function. 


4.19 The Fourth Application of The Master Theorem of Series 
on the (Generalized) Harmonic Numbers 


Show that 


Hea 


2 EEDA ED 


(continued) 
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ee ene “eee Hy, a4 ed 


Sey 
ee n 2n 2 i 4n 


se 24) 
where H” ={[+ = doo ak a m > 1, is the nth generalized harmonic 
number of order m and ¢ represents the Riemann zeta function. 


4.20 Cool Identities with Ingredients Like the Generalized 
Harmonic Numbers and the Binomial Coefficient 


Show that 
n—-1 D) (2) 
H2 —H, 
MD eee ee ee (4.25) 
k=1 
. HR-H® «3 43H, HY + 2H? 
k+)kK+n+1) 3n 
Pyar hip 
= S 2 ( ih (4.26) 
; — 3H HY? + 2H 
3 = + D&+n+1 
_ HA + 6H? HO + 8H, He +3 + 6H 
a 4n 
ean oped 
2. = & as A (4.27) 
4 = — 6H? H,” + 8H H, + 3(H,)Y’ — 6H,” 
ram (k+Dktn+h 


_ HS + 10HB HO + 15H, (HO)? + 20H? HO + 20HO HY.) + 30H, HA? + 24H 
= Sn 
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Ee vale al 
= 24 ; 4.28 

i ee (4.28) 
where Hy” =14+ 44.. 


+ sz, m = 1, is the nth generalized harmonic 
number of order m. 


4.21 Special (and Very Useful) Pairs of Classical Euler Sums 
Arising in Many Difficult Harmonic Series 


Calculate 
ee) (2) or) (3) oo (4) 0° (2) 
A, A, A, 
)Ns=) 4+.H=) +: )S=) 4.S=) —; 
=) 2= ii) =) = OG 
n=1 i pall n=1 
oo (5) ee (2) oo (4) oo (3) 
A, A, A, A, 
iii) $5 = SS ——; iv) S;= roe —., 
ys Ss 6= 5 iv) 5 = D> Ss 4 
n=1 n=1 n=1 n=1 
where HM” =1+ om SPOOFS sre UE 1, is the nth generalized harmonic 
number of order m. 


4.22 Another Perspective on the Famous Quadratic Series 
of Au-Yeung Which Leads to an Elementary Solution 


Prove that 


HA” AT 
» (+) = —¢(4), (4.29) 
om ue 4 


where H, = )77_) i denotes the nth harmonic number and ¢ represents the 
Riemann zeta function. 


4.25 An Advanced Harmonic Series of Weight 5, )-7— ; Hay” , Attacked with... 293 
4.23 Treating a Big Brother Series of the Quadratic Series 
of Au- Yeung by Elementary Means 


Show that 


as 
>> + = 566) — £22), (4.30) 
n @ 


WHelcte ees i denotes the nth harmonic number and ¢ represents the 
Riemann zeta function. 


4.24 Calculating Two More Elder Brother Series of the 
Quadratic Series of Au- Yeung, This Time the Versions 
with the Powers 4 and 5 in Denominator 


Show that 
Re es oe 
» d er ae (4.31) 
eo & 
id) YP ay = 8E(T) — €2)E(5) — SSE), (4.32) 


n=1 


where H, = 275) i denotes the nth harmonic number and ¢ represents the 
Riemann zeta function. 


4.25 An Advanced Harmonic Series of Weight 5, 


(2) 
Dane ae , Attacked with a Special Class of Sums 
Prove that 
HH 
Da = 628) +56). (4.33) 


n=1 
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where H,” = 1+ om oe eee ar m > 1, is the nth generalized harmonic 
number of order m and ¢ represents the Riemann zeta function. 
A (super) challenging question: Is it possible to reduce everything to the 


Ce 
: 7 ; AA 
calculation of some cases of the classical linear Euler sum, a and 
kill 
ee) HY ee) ie 
the symmetrical pair of series, — ae dp ——., by elementary series 


k=1 
manipulations only? 


3 
4.26 An Advanced Harmonic Series of Weight 5, )°°~_, 4, 
Attacked with a Special Identity 


Prove that 


(o@) 


H? 
do ar = $253) + 105(5), (4.34) 


ni 


WBete iyo ae = i denotes the nth harmonic number and ¢ represents the 
Riemann zeta function. 


4.27. The Evaluation of an ee igs Cubic Harmonic Series 
of Weight 6, )--, (% 2), Treated with Both The 


Master Theorem of Series and Special Logarithmic 
Integrals of Powers Two and Three 


Show that 

ea NS aa 

(+) - 5(F £(6) — 5¢ 0), (4.35) 
n 2 
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n=1 


where Hn = y= i denotes the nth harmonic number and ¢ represents the 
Riemann zeta function. 


4.28 Another Evaluation of an Advanced Harmonic Series 


of Weight 6, )--, 
Theorem of Series 


n 
n 


Show that 


= inte 1 
ae 5 (se? (3) - tO). (4.36) 


where A” =1+ om feeet ms m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.29 And Now a Series of Weight 6, )-"~_, HaHa” , Treated 
with Both The Master Theorem of Series aad Special 
Logarithmic Integrals 


Prove that 


© A, = 227 
Ss (5 £(6) — 3¢ 9), (437) 


=i! 


where Aw” =1+ aa feeef a m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 
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4.30 An Appealing Exotic Harmonic Series of Weight 6, 


co | HH? F : 
n—“_, Derived by Elementary Series 


n=1 n2 
Manipulations 
Prove that 


ae (6) + 2¢7(3) (4.38) 
ae oe Wee 


where HH” =1+ SH feeef a m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.31 Another,Appealing Exotic Harmonic Series of Weight 6, 


es —x» Derived by Elementary Series Manipulations 


Prove that 


3 cla ae (6) + 3¢7(3) (4.39) 


where p=) a pa, i denotes the nth harmonic number and ¢ represents the 
Riemann zeta function. 


4.32 Four Sums with Harmonic Series Involving the 
Generalized Harmonic Numbers of Order 1, 2, 3, 4, 5, 
and 6, Originating from The Master Theorem of Series 


Show, without calculating each series separately, that 


SSH eA oe Ol 
DO = OC) (4.40) 


n=1 n=1 


(continued) 
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4.33 Awesomely Wicked Sums of Series of Weight 7, )-°°. Hatin” and... 297 


n=1 


ue HH 1 9 
ii) 2 5 a= 5 (sexs) - See): (4.41) 
nM 
SHG CH. NRGAT 
Ds ac eS (320 + 11¢(3)¢(5) — 3¢0)2°0) 
f ite (4.42) 
H,H® 2 HH” 19 15 
iv) Da eg = BAEM- FLOLO-FLALO+e@), 
n=1 n=l 
(4.43) 


where H” =1+ a feet om m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.33 awesomely, Wicked Sums of perles of Weight 7, 
Da Halt” and °°, iy , Originating 


from a Strong Generalized s Sum: The First Part 


Prove, without calculating each series separately, that 


TS ree ye” 7 3 
2 nd +> > = ae ee (4.44) 


n=1 n=1 


where H”™ =1+ a feeeft a m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 
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4.34 Awesomely Wicked Sums of Series of Weight 7, 


(2) (2) 77(3) 
co )«6AAH, co «CA, A, 
er aT and )° 1 —7- Originating 


from a Strong Generalized ‘Stini: The Second Part 


Prove, without calculating each series separately, that 


ae He 00 2) Hy 
_— ee SOO) OC (4.45) 


n=1 n=1 


where AH” =1+ on feeef ms m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.35 Awesomely Wicked a of Series of Weight 7, 


Ho Ho 2772) 
[o,e) anaes foe) H H,, 
Dat ee pa ete 1° and ) i=l a 


Derivation Based upon. a anew Identity: The Third Part 


Prove, without calculating each series separately, that 


ae 298) © 772772 
Ay, oe Hy Ay, A; HA, 23 1 
3 > 7—+)0 2 = FEOEAM—FEQES)+4E), 
n=1 n=1 
(4.46) 
where HM” =1+ on feeet am m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.36 Deriving More Useful Sums of Harmonic Series 
of Weight 7 


Prove, without calculating each series separately, that 


aie He DB) 1B 
a2) = a = FEQea— 36; (4.47) 


n=1 


(continued) 
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le) H,H® le.e) H)2 
2) cer ~~ = 13¢(7)—¢(2)6(5)—8¢(3)6(4); (4.48) 
n=1 


nil 


ee) HB oo H4 
iii) 10° eo Se ay = TSE(D) + 5E(2)E(5) — 636(3)E(4), (4.49) 
=i! n=1 


where jen =1+ a feeef an m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.37 Preparing the Weapons of The Master Theorem of Series 
to Breach the Fortress of the Challenging Harmonic 
Series of Weight 7: The 1st Episode 


Show, without calculating each series separately, that 


SH os 
3 Se ore a = 4¢(2)¢(5) + 156 (3) (4) — 24¢(7), (4.50) 
n=1 n=1 


where H” =1+ sn feeet on m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.38 Preparing the Weapons of The Master Theorem of Series 
to Breach the Fortress of the Challenging Harmonic 
Series of Weight 7: The 2nd Episode 


Show, without calculating each series separately, that 
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55 13 46 

= me ar my SEO) = 3 SOSA, (4.51) 
where HM” =1+ om feeef ar m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.39 Preparing the Weapons of The Master Theorem of Series 
to Breach the Fortress of the Challenging Harmonic 
Series of Weight 7: The 3rd Episode 


Show, without calculating each series separately, that 


oo) foro) oo (2) oo (2) 
ee ere SS eae. 
OB eo eee ie ee a 
n=1 nl nl n=1 
15 11 29 
= GO GA A) (4.52) 
4 2) 4 
where HH” =1+ sm feeeft on m > 1, is the nth generalized harmonic 


number of order m and ¢ denotes the Riemann zeta function. 


4.40 Calculating the Harmonic Series of Weight 7, 
co Ha Hy, 
ena n> 
of Series 


, With the Weapons of The Master Theorem 


Prove that 


° HA 19 
ee ome = BF QEA) — 26(2)f(5) — 76 (7), (4.53) 
n=l 


where Hi” = 14 a ae pete a m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.42 The Calculation of an Essential Harmonic Series of Weight 7: The Series... 301 


4.41 The Calculation of Two Good-Looking Pairs oe 
Harmonic Series: The Series Yam ; a yD i= i ak ; 


H 

pares rel yi VE ze and Dine =1 a Sy 1 a 
H 

rei? ocd i 


Prove that 


“HH, (ih H, 9 23 
ie (+ be pop *) = 106(7) + 5S(2)6(5) — $654); 


<r 13 23 
(4.54) 
An (Ft Hy 23 ll 
i oe (3 tees =) = FSBEA)— FEES) — AEM. 
=! 
(4.55) 
Then, show that 
wy Wo He (Fi, Eb He ees 17 : 
iil) re (F+ Cone = = ae ie go colin SNe Ga 
(4.56) 
ee pe H?\ 93 Balers 5-2! yea) 
Oe. Gt get a ee OO) =): 
(4.57) 


where (Hye a =4 i denotes the nth harmonic number and ¢ denotes the 
Riemann zeta function. 


4.42 The Calculation of an Essential Harmonic Series 


(2) 
of Weight 7: The Series )°°~_, au! 
Prove that 
°° Ay, Hy” 3 51 
yi = 26(2)5(5) + 45 BEA) = 7650): (4.58) 


i 


n= 
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where H,” = 1+ om eee ar m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


A (super) challenging question: Derive the result by series manipulations 
only. 


4.43 Plenty of Challenging Harmonic Series of Weight 7 
Obtained by Combining the Previous Harmonic Series 
of Weight 7 with Various Harmonic Series Identities 
(Derivations by Series Manipulations Only) 


Prove that 
°° HHO mee 9 
ye 16 o(7) — 5S 250) — 66(3)¢(4); (4.59) 
H, ee 9 3 51 
ii) = = 55(2)0(5) — 5c(3)E(4) — EM; (4.60) 
ili) ne Fau(D) + 26(2)¢(5) ~ E(3)E(A) (4.61) 
H* 185 43 
iv) SS ee = oe oe + 5¢(2)o(5) — BS QE; (4.62) 
7 
0 Oy 134 5 3 
Yaa Te Os Or a Gen 
5 nt? _ 83 Un ero eel ne 
De gh) gtOROT FON Gos 


(continued) 


4.44 A Member of a Glamorous Series Family Containing the Harmonic... 


& ee 


vil) s 


19 155 
= 50(2)E(5) + 3 SGA) = Toe 


OS 383 5 27 
viii) a =e = Zo Q2ES) + BE QE; 


[o.@) 


H> 2051 
ix) d ons = ieee a 2 E2DE(S) + 3363); 


H, LDS 2 13 217 
x) SS = = 5¢(3)¢(4) + oe) = To 
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(4.65) 


(4.66) 


(4.67) 


(4.68) 


where A” =1+ om feeef ar m > 1, is the nth generalized harmonic 


number of order m and ¢ denotes the Riemann zeta function. 


A (super) challenging question: Derive the results by series manipulations 


only. 


4.44 A Member of a Glamorous Series Family Containing 


the Harmonic Number and the Tail of the Riemann 


Zeta Function 


Prove that 
si yi : : = 2¢(2)¢(3 L 5 
as g@) = on ae Ad hia ( yO) sae dy 


(4.69) 


Where eye ag i denotes the nth harmonic number and ¢ denotes the 


Riemann zeta function. 
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4.45 More Members of a Glamorous Series Family 
Containing the Harmonic Number and the Tail of the 
Riemann Zeta Function 


Prove that 

— 1 yee 

) d Sr (< alae ik ay =) =k (4.70) 
Ss 1 ie 3 
2) d on (< Sie = i =] = SE2)ECO)+35C)E A)—OFM), 


(4.71) 
Whetcr at 2 sa i denotes the nth harmonic number and ¢ denotes the 
Riemann zeta function. 


4.46 Two Series Generalizations with the Generalized 
Harmonic Numbers and the Tail of the Riemann 
Zeta Function 


Let p => 2 be a positive integer. Prove that 


= 1) (Pt 
0 rei (s0)-1- 35 a 7 2(p — ! 
, gptl 
y>0 
Se 1 1 (-1)? 
eae (sw - 1-55 oan ee 


gpt2 


plays (4.73) 
y>0 


(continued) 
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where H” = 1+ om See ar m > 1, is the nth generalized harmonic 

number of order m, ¢ denotes the Riemann zeta function, and B(x, y) 

represents the Beta function defined as B(x, y) = ie feeling eared 
Examples: 


For the generalization at i) with p = 2, 


For the generalization at i) with p = 3, 


[o.@) 


dX aa ose re es = 2(2¢(5) — ¢(2)¢(3)); 
ree 23 ns : 


For the generalization at ii) with p = 2, 


He a 1 1 
yy (<a = Il a5 oo8 = =) = 6¢(5) — 2¢(2)¢(3); 


92 
n=1 


For the generalization at ii) with p = 3, 


He HO 1 1 35 5 
yea (<@ = a x) = {5 — 36°03). 


4.47 The Art of Mathematics with a Series Involving 
the Product of the Tails of ¢(2) and ¢(3) 


Prove that 


1 >) 4 1 1 3 1 As a 
~(e@- =hyer a =) (%@- ir ae =) 


eee 
= SA els 


iM 
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where ¢ denotes the Riemann zeta function. 
A (super) challenging question: How about calculating the series without 
using the particular values of the nonlinear harmonic series of weight 6? 


4.48 The Art of Mathematics with Another Splendid Series 
Involving the Product of the Tails of ¢(2) and ¢(3) 


Prove that 


se Oe Ea es i eye Gan ess i 
n 22 n2 23 n> 


n=1 


11 
= 7 EGE) — 26(2)86), 


where Hy, = oy i is the nth harmonic number and ¢ denotes the Riemann 
zeta function. 

A (super) challenging question: Could we calculate the given series 
eaepUE using the ee values of the nonlinear harmonic piles of weight 


é ee ee ee ee ae 
Ls pee yey ee and 
nm n=1 n=1 


4.49 Expressing Polylogarithmic Values by Combining the 
Alternating Harmonic Series and the Non-alternating 
Harmonic Series with Integer Powers of 2 in 
Denominator 


Prove that 


Reena 
i) tin(5) 


Ho nee HY 
= Langt +4 se ce Die! Ga) 


(continued) 
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eel 
fi) Lis (5) 


lee) (3) lee) lee) (3) 
= La aarti see Sah ee ye 
pont + 12 aa nin+1) 6 oe n(n + 1) 


Po cen g chi 
ae ) n(n +1)’ 
tii) Li 1 
Ul (5) 


0° (4) oo 4 ce 
A, 1 A 1 
as. =i n—-1 n ay =I n—-1 
= La age + ag 2 ) n(n + 1) 7 g ) n(n+1) 


Hp Hy ay ed) (A, H)2 ed) aH, H® 
n—-1 n—-1 n n—1 nfin 
oF De! ) roi a ) we a ) n(n+ 1)’ 


where H,, ON + om fete Ht aa m > 1, denotes the nth generalized 


harmonic number of Ger m al Li, represents the Polylogarithm function. 
A challenging question: Is it possible to derive the results without calculat- 
ing the series? 


4.50 Cool Results with Cool Series Involving Summands with 
the Harmonic Number and the Integer Powers of 2 


Show that 


; x Ay as Ay = 1 1 daw. 
i) los) 2 Toe oe Des = gh) tg he 
(4.74) 


oe = A el my Hk 
k=1 


(oe) 


(continued) 
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4.51 Eight Harmonic Series Involving the Integer Powers 
of 2 in Denominator 


(continued) 
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4.52 Let’s Calculate Three Classical Alternating Harmonic 


2) 
, 1H, _1H 
Series, )°°° ,(-1)” es py (- 1)” aoe and 


_1 H? 
a (-D" a 


(continued) 
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4.53 Then, Let’s Calculate Another Pair of Classical 
Alternating Harmonic Series, yeh) al 
and ere ada 


4.55 Encountering an Alternating Harmonic Series of Weight 5 with an Eye-... 311 


4.54 A Nice Challenging ino of Alternating Harmonie 
Hy 
Series, °°. (-D" 1-4, Fe (-D"- 15, 


Ho 
Dre (-1)" 


Prove that 
ae H? 5 1 
: So Wiebe aie occa . 
i) 2a 1) ae gf EG) 39 § (4.90) 
HO 3 21 
ii) De ies a = Se 396) (4.91) 
Ho 3 7 
iii) De as ia = 2¢(5) — 36 283) — g oss), (4.92) 


where HH” =1+ aa feeef a m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.55 Encountering an Alternating Harmonic Series 
of Weight 5 with an Eye-Catching Closed-Form, 


_1H2 
pr Ge aia 


Show that 


2 


Co 
H 
n—1**n 
LCV 7 
oho 


eae ; aus Bia? setae: 
= Fs loe*(2) — FS QEB) — FS) + 7 log”(2)E(3) — 5 log*2)E2) 


+ 4log(2) Lig (5) + 4Lis (5) ; (4.93) 


Whete a= ee, ; is the nth harmonic number, ¢ represents the Riemann 
zeta function, and Li, denotes the Polylogarithm function. 
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4.56 Encountering Another Alternating Harmonic Series of 
Weight 5 with a Dazzling Closed-Form, 


_1 3 
yr (-1)" oe 


Show that 
(oe) 
HB 
n—1**n 
2B 


ee Oy ieee alee ee ae 
mee log” (2) — log" (2)¢(2) + 8 log*(2)¢(3) 160 (5 3) 7°) 


+ 6log(2) Lig (5) + 6 Lis (5) ‘ (4.94) 


whete.H, = 5, =) i is the nth harmonic number, ¢ represents the Riemann 
zeta function, and Li, denotes the Polylogarithm function. 


4.57 Yet Another Encounter with a Superb Alternating 


, , ; 66 n—-1 Hn 
Harmonic Series of Weight 5, )°- ,(—D) a 


Show that 


oe) (2) 
Oe 
n2 


n=1 


Bee eee ne? Ee us mapa 
mg (5) 4 08 (2)¢(3) + as (2)¢(2) + 162 (75 3) 15 log” (2) 


— 4log(2) Lig (5) — 4Lis (5) , (4.95) 


where Hi” = 14 so ate acrete on m > 1, is the nth generalized harmonic 
number of order m, ¢ represents the Riemann zeta function, and Li, denotes 
the Polylogarithm function. 
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4.58 Fascinating Sums of Two Alternating Harmonic Series 
Involving the Generalized Harmonic Number 


Prove that 
Hi (2) a 2 


i) De 1 Sn - eae 


log? (2) 
10 


= 26(2)6(3)— g(9)+5 log*® (2)6(2)—F log? Qear+5 log(2)¢(4)— 


1 1 
+4 log(2) Lig (5) + 8 Lis (5) ; 


ii) Ye pris ee yi ie 2G? 4 a4) 
64 bg 


n=1 


where Hm” = eet sm fee Hf an m > 1, is the nth generalized 
harmonic number of order m, G denotes the Catalan’s constant, ¢ represents 


the Riemann zeta function, and Li, designates the Polylogarithm function. 


4.59 An Outstanding Sum of Series Representation of the 
Particular Value of the Riemann Zeta Function, ¢ (4) 


Show that 
(4) 
8 3 Hy Hon — 64 3 (Hon)? 64 y Hoy 
5 n2 5 eae & (2n + 1)3 
n=l n=1 n=1 
poh 2 Al eee See 64 ee, IRSA | he 
on ee 2n) és Se n#12n < log(2) )~ 2n a 3 on 
5 n2 5 (Qn+1)2 5 (Qn+1)? 5 n2 
n=1 n=l n=1 n=l 
(4.96) 


where HM” =1+ ou fete f om m > 1, is the nth generalized harmonic 
number of order m and ¢ represents the Riemann zeta function. 


314 4 Sums and Series 
4.60 An Excellent Representation of the Particular Value of 
the Riemann Zeta Function, ¢(4), with a Triple Series 


Involving the Factorials and the Generalized Harmonic 
Numbers 


Prove that 
¢(4) 
a Dye seys te da DID) 
~ 45 444 ve! 


2 2 
x (Cis jet — Ay)? + [ee ee an He.) ; 


where HH” = jl 45 a feee Hp a m > 1, denotes the nth generalized 
harmonic number of order m and ¢ represents the Riemann zeta function. 


Chapter 5 ®) 
Hints giesk 


5.1. The First Series Submitted by Ramanujan to the Journal 
of the Indian Mathematical Society 


= 1 1 1 1 S 1 
that = log(2) and 
ee 28 Cee. WD” tet =) nee) ae (= 


n=1 


1 
-7| = log(2). 


5.2 Starting from an Elementary Integral Result 
and Deriving Two Classical Series in a New Way 


For a first solution to the point 7) of the problem, make use of the result in (1.1), and 
for a second solution, wisely employ the Beta function. 


5.3. An Extraordinary Series with the Tail of the Riemann 
Zeta Function Connected to the Inverse Sine Series 


z=1 


1 
t 
Use the Trigamma function integral representation, pO@=- / i log(t)dt. 
0 


=f 
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5.4 The Evaluation of a Series Involving the Tails 
of the Series Representations of the Functions log (4) 
and x arcsin(x) 


V1-x? 


Make use of the results in (3.179) and (3.182). 


5.5 A Breathtaking Infinite Series Involving the Binomial 
Coefficient and Expressing a Beautiful Closed-Form 


Use the key identity in (3.173). 


5.6 An Eccentric Multiple Series Having the Roots 
in the Realm of the Botez—Catalan Identity 


Exploit the classical Botez—Catalan identity, 


1 ee ama : : + : + + : Vn > 1 
aad = as —, n>. 
2 3 4 2n n+1 n+2 2n 


5.7 Two Classical Series with Fibonacci Numbers, One 
Related to the Arctan Function 


Recall and use the recurrence relation of the Fibonacci numbers, Ff, = Fy,—1 + Fy—2 
where F; = 1| and Fy = 1, which we combine with Cassini’s identity that states that 
Fn-1Fasi- F? = (—1)”. Then, to calculate $2, also use the trigonometric identity, 


—b 
arctan(a) — arctan(b) = arctan [ . 
l+ab 


5.8 Two New Infinite Series with Fibonacci Numbers, 
Related to the Arctan Function 


At the point 7) split the series into two simpler series. Then, for the series from 
the point i7) make use and combine Cassini’s identity, d’Ocagne’s identity, and the 
recurrence relation of the Fibonacci numbers. 
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5.9 Useful Series Representations of log(1 + x) log(1 — x) 
and arctan(x) log(1 + x”) from the Notorious Table of 
Integrals, Series, and Products by 1.S. Gradshteyn and 
I.M. Ryzhik 


For a first solution to the point 7) of the problem, start with combining the Taylor 
series and the Cauchy product of two series, and for a second solution, start with 


log. + x) log( — x) 
l1-x 1+x 


[o.@) 
= 2S > xl (2k — 1), where y(k) = 
k=1 


proving that 


k 
aa n—-1 
a ae and then use the idea of telescoping sums. As regards the point i/) 
n 
n=1 
of the problem, for a first solution use again the Cauchy product of two series, 
x arctan(x) log + x?) _ 
14 x? I+x2 0 


and for a second solution start with proving that 2 
CO 
2 Xe 1)‘—!x?* Hb,, and then, as suggested for the second solution at the previous 


k=1 
point, employ the idea of telescoping sums. 


5.10 A Group of Five Useful Generating Functions Related 
to the Generalized Harmonic Numbers 


The strategy for all five results is to multiply both sides of each equality by 1 — x 


and then use the idea of telescoping sums. 


5.11 Four Members from a Neat Group of Generating 
Functions Expressed in Terms of Polylogarithm 
Function 


For all four results, combine the logarithmic integrals in Sect. 1.3 with the 
generalized integral in (1.12). 
5.12 Two Elementary Harmonic Sums Arising 


in the Calculation of Harmonic Series 


Use the complete homogeneous symmetric polynomial identities. 
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5.13. A Strong Generalized Sum, Making a Very Good 
Cocktail Together with the Identities Generated by The 
Master Theorem of Series 


n—1 Hw” n—1 (m) 
G = k = n—k 7 F 
Consider S,m = 2 woe = 2 ik where the last sum is obtained by 


reversing the order of summing the terms of the initial sum and then exploit the 
difference Spm — Sn—1,m- 


5.14 Four Elementary Sums with Harmonic Numbers, Very 
Useful in the Calculation of the Harmonic Series of 
Weight 7 


n—-1 H2 n—-1| H2 
For the first sum we can write S — Laer nk and then exploit the 
1) =) dX : P 


difference S;(n) — S,(n — 1). We may proceed similarly for the other three sums. 


5.15 The Master Theorem of Series, a New Very Useful 
Theorem in the Calculation of Many Difficult 
(Harmonic) Series 

To prove the theorem, we start by making use of the simple result, 


n 


1 1 1 
nu GEG FEED ~ (k+D(kKtn+1) 


5.16 The First Application of The Master Theorem of Series 
on the (Generalized) Harmonic Numbers 


A very useful application of The Master Theorem of Series is related to the use of 


; (m) | u 
the generalized harmonic number by setting .@(k) = H,’ = 1+ oe free t i 


1 
and m(k) = pn 
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5.17 The Second Application of The Master Theorem 
of Series on the Harmonic Numbers 


Another useful and powerful application of The Master Theorem of Series is 
obtained by setting .W(k) = ae and m(k) = bck _ Has Later in the calculations 
we make use of the second equality in (1.6). 


5.18 The Third Application of The Master Theorem of Series 
on the Harmonic Numbers 


Consider The Master Theorem of Series where we set @(k) = H; and m(k) = 
HR - Hp ,;- During the calculations one also needs to make use of the second 
equality in (1.7). 


5.19 The Fourth Application of The Master Theorem of Series 
on the (Generalized) Harmonic Numbers 


As in the previous sections, use The Master Theorem of Series where 


we set @(k) = HAY? and m(k + 1) = Aes AE - HH” — 


(2) 
it —— |) | AO 4 ——_ | - Oe 
( i+) k + Gap ee ea? pel eee 


5.20 Cool Identities with Ingredients Like the Generalized 
Harmonic Numbers and the Binomial Coefficient 


Some needed identities are already found in the previous sections. 


5.21 Special (and Very Useful) Pairs of Classical Euler Sums 
Arising in Many Difficult Harmonic Series 


Use series with ¢(k) — H® instead of HS, which one may combine with Abel’s 
summation, the series version that states that if (dy )n>1, (bn)n>1 are two sequences 
of real numbers with A, = a 1 2k, then we have that 


[ee 


[o@) 
Ys axby = lim (Anbn41) + D> Ae(be — bet): (5.1) 
ar n—>0o a 
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5.22 Another Perspective on the Famous Quadratic Series 
of Au-Yeung Which Leads to an Elementary Solution 


Make use of the series identity in (4.21), the case m = 1. 


5.23 Treating a Big Brother Series of the Quadratic Series 
of Au- Yeung by Elementary Means 


Make use of the result in (4.21), the case m = 1. 


5.24 Calculating Two More Elder Brother Series 
of the Quadratic Series of Au- Yeung, This Time the 
Versions with the Powers 4 and 5 in Denominator 


Follow the same strategy as in the previous section and make use of the result 
in (4.21), the case m = 1. 


5.25 An Advanced Harmonic Series of Weight 5, 


bene An He 
n=1 n2 


, Attacked with a Special Class of Sums 


For a first solution, employ the identity in (4.16), the case m = 2. For a second 
solution, make use of the results in (1.5) and (1.6). 


3 
5.26 An Advanced Harmonic Series of Weight 5, )---_, “, 
Attacked with a Special Identity 


For a first solution, make use of the identity in (4.26). For a second solution, make 
use of the identities in (1.5) and (1.6). 


oe) HEH 
n=1 wens 
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5.30 An Appealing Exotic Harmonic Series of Weight 6, )~ 


5.27. The Evaluation of an Adyanced Cubic Harmonic Series 
of Weight 6, °°, (4+) , Treated with Both The 


Master Theorem of Series and Special Logarithmic 
Integrals of Powers Two and Three 


For a first solution, make use of the identity in (4.26), the first equality, where we 
multiply both sides by 1/n? and then consider the sum from n = 1 to oo. Fora 
second solution, make use of the results in (1.5) and (1.6) and create a system of 


oo 3 oo (2) 
7, HH, 
relations involving the series ) (=) and ) as = 
n n 
n=1 


n=1 


5.28 Another Evaluation of an Advanced Harmonic Series of 
AA, 


Weight 6, D771 —_3"—> Treated with The Master 
Theorem of Serbs 
For an elementary solution, make use of the identity in (4.21), the case m = 1, 


Sf Hes? H, He 
to establish a relation between the series, > (=) and » li 7 , which is 
n n 


n=l n=1 
combined then with the value of the former series in the previous section. The 


second approach is common to the one in the previous section. 


a 


5.29 And Now a Series of Weight 6, )-"~_, , Treated 
with Both The Master Theorem of Series jad Special 
Logarithmic Integrals 


For a first solution, make use of the identity in (4.22). Further, for a second solution 
involving integrals, make use of the result in (1.4). 


5.30 An Appealing Exotic Harmonic Series of Weight 6, 


2) 
eee —";"_, Derived by Elementary Series 
Manipillations 


To get a first solution, make use of the identity in (4.24). For a second solution, 
check the next section. 
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5.31 Another Appealing Exotic Harmonic Series of Weight 6, 


cae =, Derived by Elementary Series Manipulations 


For a first solution, make use of the identities in (4.21), the case “= = I, and (4.26), 


oo HA HH (2) 
the first equality, to get two relations with the series ys and ae 
n=l 
CO 772 72) 


a second solution, combine the calculation of y in the previous section 


n=1 
with either of the two identities suggested in this section. 


5.32 Four Sums with Harmonic Series Involving the 
Generalized Harmonic Numbers of Order 1, 2, 3, 4, 5, 
and 6, Originating from The Master Theorem of Series 


Make use of the result in (4.21). 


5.33 iors yee Sums of eae of Weight 7, 


pia a “and = 4 fnty | Originating from 
a sinus cCenevalived Sait "The First Part 


Consider the identity in (4.16), the case m = 1. 


5.34 awesomely wacked Sums of Series of Weight 7, 
(2) p73) 
pBeue set Hy Hy” oad ae Aa he, Originating from 
a Strong ‘Coueralized Sum: The Second Part 


Make use of the identity in (4.16), the case m = 2. 
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5.35 Awesomely Wicked Sums of Series of Weight 7, 
Hy HO Hate HH, 
Dei af nel az 9 and Yop 


Derivation Based upon. a New Identity: the Third Part 


’ 


Use the identity in (4.17). 


5.36 Deriving More Useful Sums of Harmonic Series 
of Weight 7 


For the first part of the problem apply Abel’s summation, and for the last two points 
of the section check carefully the other sections in the nearby. 


5.37 Preparing the Weapons of The Master Theorem of Series 
to Breach the Fortress of the Challenging Harmonic 
Series of Weight 7: The 1st Episode 


Use the first equality of the result in (4.26). 


5.38 Preparing the Weapons of The Master Theorem of Series 
to Breach the Fortress of the Challenging Harmonic 
Series of Weight 7: The 2nd Episode 


Make use of the first equality of the result in (4.26), multiply both sides by H,/n, 


and then sum from n = | to oo. 


5.39 Preparing the Weapons of The Master Theorem of Series 
to Breach the Fortress of the Challenging Harmonic 
Series of Weight 7: The 3rd Episode 


Make use of the first equality of the identity in (4.27). 
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5.40 Calculating the Harmonic Series of Weight 7, 
2 7) 
b Bens a , with the Weapons of The Master Theorem 


n=1 
of Series 


Combine fruitfully the identities from (4.51) and (4.52). 


5.41 The Calculation of Two Good-Looking Pairs of 
Harmonic Series: The Series Xnet at Fn vie ae 


3? 
H, 
aay ape 1B and yo ot >Ee i 


yal 
ee a re 


For the first two points of the problem, exploit the identity in (4.21), the case m = 2, 
and for the last two points, use the result in (4.24). 


5.42 The Calculation of an Essential Harmonic Series 
of Weight 7: The Series )°°-_, a“ 


a 


For a first solution make use of the identity in (4.19). Then, for a second solution, 
make use of the identity in (4.18). 


5.43 Plenty of Challenging Harmonic Series of Weight 7 
Obtained by Combining the Previous Harmonic Series 
of Weight 7 with Various Harmonic Series Identities 
(Derivations by Series Manipulations Only) 


For i) employ the identity in (4.46), then to get i7) use the identity in (4.41), for ii7) 
consider the identity in (4.50), as regards iv) employ the identity in (4.49), for v) 
consider the identity in (4.45), to obtain vi) use the identity in (4.44), to get vii) 
make use of the identity in (4.48), regarding viii) employ the identity in (4.20), for 
ix) consider the identity (4.28), and finally, to get x), use the identity in (4.27). 
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5.44 A Member of a Glamorous Series Family Containing 
the Harmonic Number and the Tail of the Riemann 
Zeta Function 


For a first solution consider Abel’s summation as a starting point. Then, for a second 
solution, use a generalization from one of the next sections. 


5.45 More Members of a Glamorous Series Family 
Containing the Harmonic Number and the Tail 
of the Riemann Zeta Function 


Consider the use of Abel’s summation and follow the same way as in the previous 
section. For a second solution, consider a result in the next section. 


5.46 Two Series Generalizations with the Generalized 
Harmonic Numbers and the Tail of the Riemann Zeta 
Function 


Use that 


[oe 


a ) 1 I ares i = 3 i — (-1)?7? Sf et lo P-l(y)dx 
- 2P nP L4(@th? (p— DI ado . 


k=1 


5.47 The Art of Mathematics with a Series Involving 
the Product of the Tails of ¢(2) and ¢(3) 


Apply Abel’s summation (see (5.1)). 


5.48 The Art of Mathematics with Another Splendid Series 
Involving the Product of the Tails of ¢(2) and ¢(3) 


OO 72 (2) 
Ay (¢(2) — A 
Make use of Abel’s summation applied to the series ) eee) 
we 
n=1 
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5.49 Expressing Polylogarithmic Values by Combining the 
Alternating Harmonic Series and the Non-alternating 
Harmonic Series with Integer Powers of 2 in 
Denominator 


Make use of the result in (1.59). 


5.50 Cool Results with Cool Series Involving Summands with 
the Harmonic Number and the Integer Powers of 2 


eee aa log(2) 1 
Exploit the identities x" log(x)dx = and 


(k+ 1)2k+1 (k+ 1)22k+1 
1/2 
i x* log? (x)dx = 
0 


0 
log? (2) log(2) ” 1 
(k + 1)2k+1 © (hk 419224 © (k +1932" 


5.51 Eight Harmonic Series Involving the Integer Powers 
of 2 in Denominator 


Make use of the relations in (4.74), (4.75), and (4.76). 


5.52 Let’s Calculate Three Classical Alternating Harmonic 
. oo n—-1 4h ie.) n-1 HO 
Series, )ina1(—-D" Fs Viner (-D" 5, and 


2 
0° _1H 
ne (-b" 1 


1 2 
log 1 
og(l + x) log’). 
x(1 +x) 
Then, for the second series combine the result in (1.53) with the value of the series 
from the previous point, and for the third series reduce everything to the calculation 


' log(x) 2 
of the integral ——— (log*(1 + x) + Lig(—x))dx. 
o x(1+~x) 


1 
Reduce the first series to the calculation of the integral 5 i 
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5.53 Then, Let’s Calculate Another Pair of Classical 
Alternating Harmonic Series, V2 (-p" 1S and 


-147, 
02 (1 


; "log*(1 + x) 
Reduce the first series to the calculation of the integral ———_——— dx, and the 
x 


0 
1 ] 
log( 1 
second series to the calculation of the integral / ona) es @) 
0 x(1 +x) 


5.54 A Nice Challenging Trio of Alternating Harmonic 
. 1H He 
Series, Pp (—D" "=, 2 (—)" |, and 
1H” 
2 (-pn tae 


n=1 


For the first two points of the section, exploit the result in (1.4) and the Cauchy 
product of two Polylogarithms to create a system of relations with the given series. 
For the last point, make use of the Cauchy product of Lig(x) and — log(1 — x). 


5.55 Encountering an Alternating Harmonic Series of 
Weight 5 with an Eye-Catching Closed-Form, 


2 
fore) -14, 
nai (—1)" 
CO 


Make use of the fact that, x x" (H - a) 


n=1 


_ log*(1 — x) 


1-x 


5.56 Encountering Another Alternating Harmonic Series 
of Weight 5 with a Dazzling Closed-Form, 


_1 3 
=)" or 


Make use of the result in (1.6). 
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5.57 Yet Another Encounter with a Superb Alternating 


2) 
Harmonic Series of Weight 5, De (1a 


Exploit the result in (1.5). 


5.58 Fascinating Sums of Two Alternating Harmonic Series 
Involving the Generalized Harmonic Number 


[o.e) 
For the part i) of the problem, consider the use of the result > x (4; — HO) — 
n=1 
log?(1 — x) ee 
———_—_—.. Then, for the point i7) of the problem reduce the calculations to one 


—x 
of the integrals from the chapter Integrals where we can successfully exploit the 
symmetry. 


5.59 An Outstanding Sum of Series Representation of the 
Particular Value of the Riemann Zeta Function, ¢ (4) 


Use the first application of The Master Theorem of Series in (4.21), the case m = 1. 


5.60 An Excellent Representation of the Particular Value of 
the Riemann Zeta Function, ¢(4), with a Triple Series 
Involving the Factorials and the Generalized Harmonic 
Numbers 


Prove and use that 
[oe] 


= POrOre)\. 17 ,.a/* w(t ) 
» LPs i+ =3(¥ (G) ¥ 2 : 


i=l j=1 


Chapter 6 Mm) 
Solutions Cheek for 


6.1 The First Series Submitted by Ramanujan to the Journal 
of the Indian Mathematical Society 


Solution Let’s open the sixth chapter of the book with a series proposed by the 
famous mathematician Srinivasa Ramanujan in his first problem from a total of 58 
problems submitted to the Journal of the Indian Mathematical Society between the 
years 1911 and 1919 (see [8]). 


This is another problem that I was very glad to consider together with the solution 
in my first book proposal at Springer in 2015, since it allows us to finalize it 
exceptionally beautifully by series manipulations only, with no use of integrals 
at all. It’s one of the easiest problems in this chapter (a high school mathematics 
background would be enough to calculate it), and to understand and appreciate its 
beauty I would recommend to consider the proposed challenging question that asks 


you to calculate it without using integrals. 


1 1 1 1 1 
Since we have that = + by partial 
(4n)3 — 4n 2\4n—1 4n+1 = 2n 


fraction decomposition, we write 
1 i: 1 1 
4n-—1 4n+1 2n 


1 1 i 1 1 
(gate An a) 


n=1 


CO 


1 1 
2 ae 


n=1 n=1 


{add and subtract the term 1/(4n + 2)} 
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i 1 1 1 1 1 1 
=3 + ' 
2 4n—1 4n 4n+1 4n+2 4n 4n+2 


n=1 


jess 1 1 1 1 jee ie | 1 
= ' > , 
2 4n—1 4n 4n+1 4n+2 4 2n 2n+1 


n=l n=1 


(6.1) 

Then, noting that 3 : ! + : : ae ee 14 
EO La\ Gn 1 an an An 2) ~ 37 473 6 

1op(2) 1 iy 1 1 1 Ll is — 

---=lo —-an = a 16 ; 
Bee DO Laon nt) 2-374 5 . 


CO 
1 
where I used the simple fact that xe a log(2), and plugging these results 
n 


n=1 


in (6.1), we get that 


[ee 


> en 
Gibsae - O° ao 


n=1 


which we can write in the expected form, 


= 1 3 
142)°—_— —-_ = ~ log), 
7 ZG 9 los) 


and the solution is finalized. 
To conclude, all we had to do was to skillfully use two different series 
representations of log(2), after employing the partial fraction expansion. 


1 
Now that we had to deal with conditionally convergent series (: 5 + a 
1 1 
ri =+ - ), it is worth mentioning that an important point that requires a special 


attention is the Riemann series theorem (see [59]) which says that if an infinite series 
of real numbers is conditionally convergent, by a suitable rearrangements of terms, 
it can be made to converge to any desired value, or to diverge. In our approach 
we carefully considered this point and made the rearrangements only in ways that 
preserve the value of the initial series. 
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6.2 Starting from an Elementary Integral Result 
and Deriving Two Classical Series in a New Way 


Solution J have seen these classical results in the book Irresistible Integrals by 
George Boros and Victor H. Moll!, the kind of reaction I would expect to receive 
in this section from the lovers of calculations with integrals that read the book 
on integrals I just mentioned. That’s right, both results appear and are proved in 
the mentioned book (see [9, Theorem 6.6.2, pp. 119-120] and [9, Exercise 6.6.4, 
p. 122)). 


Now, let’s try to get first an alternative solution by exploiting again the power of 
the integral in Sect. 1.1 from the first chapter, which I successfully used for solving 
the (famous) Basel problem. 

To derive the stated results I'll employ the integral result in (1.1), where upon 


using the identity arcsin(x) + arccos(x) = 3° we obtain 


(6.2) 


[ 1 eee a arcsin(y) 
0 (UtyxWI-x 2/1-y J1—-y2) 


Returning to the left-hand side of the result in (6.2), we can write 


i | Foae= | ey GL a 
0 UI+tyx)VI—x2 Jo V1 — x2 


n=1 


{reverse the order of summation and integration} 


= 1 1 : xn! x=sin(t) = 1 1 mee 1 
=n !yr- / A pe (-1)"- lyr i; sin”! (t)dr 
» 0 V1—x? > 0 


n=l n=1 


{split the series according to n odd and even} 


60 m/2 cad m/2 
— > a sin™”~? (t)dt _ >. ae i sin?! (t)dt 
A= 0 0 


n=1 


m/2 4 mz (2n 
{use Wallis’ integral results, / sin” (t)dt = smi )} 


n 


2n 1 


2n+1 (2n 
n 


m/2 
and then i sin?’+! (¢)dt = 
0 
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oo 2n—2 
=r G yo oe can Ce, 


ee 


n= 
n—1 


{reindex the first series and start from n = 0, and for the second} 


. . 2n —2 n 2n 
series employ the simple fact that i Qn) 
n- n— n 


n=0 n=l n 
n 


_t 3 2n (2) > (2y)2"—! 
2 n) \2 (*") 
{for the first series recall the generating function of the central binomial} 


coefficients, that is 3 (*") a : where we replace y b 214 
? = n y = J1—4y Pp y 'y y 


y)” 1 


“=e =) 


(6.3) 


By combining the results from (6.2) and (6.3), we obtain that 


2n\ a4 
n=1 n 
n 


and the first solution to the point 7) of the problem is finalized (as regards the Wallis’ 
integral results, see [9, p. 113] and [23, 3.621.3-3.621.4, p. 397]). 
For a second solution to the point 7) of the problem, we’ll want to use the 


Beta function and the identity connecting the Beta function and Gamma function, 


P(x) 
Bix, y)= es) O) and then we write 
P(x + y) 


3 (2x)?"-! — arcsin(x) 


oo o° Q2n y2n+1 (q1)2 


oo (2x)?” 1 = (2x)2n+1 = 
> (*") ~ » (7?) p= (2n + 1)! 
n 


=1 =0 1 
n n n (n+ 1) niet 


1 2 2 
T 1 ! 
use the fact that : "(1 —t)"dt =Bin+1,n+1)= cael = em) 
( TQn+2) (n+)! 
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0 


1 Xx 
= —________—d 
9 1—4x2r(1 —1) 


(14+u)/2=1 | ! x : x 
= du = —.— du 
2 J) l— x? + x22 go l—x24+x2u? 


1 x 
= —— arctan | ———— 
V1 —x2 (=) 
_ arcsin(x) 


7 V1 — x2’ 


and for the last equality I used the trigonometric identity, arcsin(x) = 


x 
arctan { ————— ], and the second solution to the point i) of the problem is 
V1— =) 


finalized. 
To get the series from the point ii), we consider the series from the point 7) in y 
which we integrate from y = 0 to y = x, and then we get 


,X = oy a ->f (2y)2"- 7 _ s (2x)2" _ “geen, 
Ey El ey eat ae 


n=1 
n 


: in? (x) 
= x= arcsin* (x), 
2 


whence we obtain that 


1 oo 2 2n 
5 ss ad) — arcsin’ (x), 


and the part ii) of the problem is finalized. 

In some problems we might find these series representations very useful, and one 
such example we’ll meet right in the next section where we’ll want to make use of 
the result from the point i7) of the problem. For the series representations of the 
inverse sine functions with higher powers, you may consult [3, p. 226]. 
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6.3 An Extraordinary Series with the Tail of the Riemann 
Zeta Function Connected to the Inverse Sine Series 


Solution With the picture of the results from the previous section in mind, it’s not 
hard to guess what we might need in the calculation of the present series. Also, the 
connection with the first integral in Sect. 1.52 will be shown, which will help us to 
finalize the last step of the solution. 


Let’s consider writing the tail of the Riemann zeta function in terms of Trigamma 
function (see [61]) and then express the latter function in terms of the integral rep- 


1 te} 
resentation, Ww) (z) = -| i 
0 


we write that 


oo 22n 1 1 =, 2 
De 2) (co hegre =) => 2) 
n n=1n 


n=1 
n 


: log(t)dt (see [23, 4.251.4, p. 543]). Therefore, 


oO 22n 1 n 2 oo g2nt+2 1 \.2n+1 
=-) Ss y Y— log(x)dx 
7 0") 9 l-t - 0") 9 1-x? 
n n=l)n 
n n 


{reverse the order of integration and summation} 


= 2f log(x) — (2x)*"*1 
0 


{employ the inverse sine series in (4.2)} 


fei 2 ah 1/2 
~ 8 [ ee a8 [ y? tan(y) log(sin(y))dy 


{make use of the result in (1.68)} 


= 1 ¢(4) — 40g2(2)¢(2) — + tog'(2) — 8Li (5) 
=a og"(2)g(2) — 5 log ia( 5), 


and the solution is complete. 
Surely, the hard part of the problem is represented by the calculation of the last 
integral which happily is already evaluated in the third chapter. 


6.4 The Evaluation of a Series Involving the Tails of the Series Representations. . . 


6.4 The Evaluation of a Series Involving the Tails 
of the Series Representations of the Functions 


x arcsin(x) 
log (;2;) and “27a 


335 


Solution Aesthetically speaking, one might easily assert we have in front of our 
eyes a daunting series, one involving a summand with the product of the tails of two 


functions, and then all multiplied by a fraction with double factorials. 


Despite such a first impression characterized by the adjective daunting, the 
evaluation strategy of the series is pretty simple once we have in hand the brick 
results I employed in Sect. 3.32, and this is what we’ll use in the present solution. 


Based upon the results given in (3.179) and (3.182), we write that 


n—-1 


n=1 


1 Gy)? y ) 
dx jd 
vf (/ (Q+x0+yy" J 


lox (xy)*"-2y iy \ dk 
o (142704) 


n 


1 1 1 
y ff 2 2 
= ——_dy }dx = — log(2 + x“) — log(1 + x*))dx 
i (| Oe a a ’) 2 a a a ‘ 


1 1 
= a x’ (log(2 + x”) — log(1 + x”))dx 
0 


{apply the integration by parts} 


© Ca = 1 x 2 Ceo 
ae (3 log) > ar] (; > eae) 


ee y= Jos(1 + x? 
= 54 (log(2 + x°) — log(1 + x°)) 


x=1 x=1 


1/2 log(3/2) 
= : lo (5) + V2 arctan (=) — arctan(x) 
7 2 2 J/2 x=0 


ee eo rem owe 
arctan 1) 
eos 3) A 


and the solution is finalized. 


x=0 


a - a | 
+2 f dx / dx 
x=0 (0) 2+ x2 0 1 + x2 
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In this section we saw that sometimes using integral representations of the sum- 
mand is the key for getting a short, elegant solution. Usually such representations 
come from the experience gained in the work with lots of integrals and series. 


6.5 A Breathtaking Infinite Series Involving the Binomial 
Coefficient and Expressing a Beautiful Closed-Form 


Solution The thing that is not immediately obvious is that one of the results used 
in the previous section may also be of great help for the current problem, and we see 
this after bringing it into the form with the central binomial coefficient. It’s about 
the result in (3.182) that can be turned into the useful form already used in (3.173) 
from the third chapter, Sect. 3.31. 


ne 9 mz (2n 
Considering the use of Wallis’ integral, sin“ (t)dt = —— , we have 
0 22n+1\ yn 


k 


— n (") 3 ok 
= (2n — 1)16" \n = (7) 


k=n k 


nsin2”(y) = oO 
Ef" ea? ") 2 (4) ey 
k 


{make use of the result in (3.173)} 


2 iad x /2 Ty 2n-2 gq 2n (y) 
a > i: / — dy | dy 
1 0 gq G-e) 
a=] 
{reverse the order of integration and summation} 


2 1 mw/2 © \2n-2 Qs 2n 
= =f : SS ee O) ay dx 
wJo \io A= +x") 


1 
2 1 m/2 Soa 
=| i Egy ay 
aJo \Jo 14x? cos2(y) 
2 1 m/2 _ 2 
_ =| / cos“ (y) dy hax 
mzJo \Jo 14+x?cos2(y) 
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2 i 1 m/2 1 1 m/2 
=— 1+ +s d d d 
Fh (+s), treme (f #))* 


{make use of the integral result in (3.233)} 


: 1 1 1 1 S1+x? 
= ' see Jee dx = yt Aresinh() 


= 1 — V2 + arcsinh(1) 


x=1 


x=0 


{use that arcsinh(x) = log(x + V1+x?)} 
=1- V/2 + log(1 44/2). 


and the solution is complete. Note in the calculations some simple, elementary 
integrals! have been used. 

As in the previous section, the solution emphasizes again the power of using the 
proper integral representations for expressing the summand. 


6.6 An Eccentric Multiple Series Having the Roots in the 
Realm of the Botez—Catalan Identity 


Solution Let’s prepare now for an encounter with an appealing challenging 
multiple series. How about the strategies to use here? Basically, the plan is to first 
turn the multiple series into an integral, and then try to calculate the integral and 
finish the solution. Having said that, for a good start we may employ Botez—Catalan 
identity (you may see it stated below) which one may find very useful in many cases. 


For example, a simple classical problem is to use the mentioned identity to prove 


that | — 5 + = log(2), and such a solution? is fast and elegant. 


1 v1 2 
'It’s easy to observe that loa dx = [= - “dx Tes and since we 


x2J/T x2 1+ x? 
/\ 2 /\ 2 
have by the integration by parts that _ ae — ‘fa 5 dx, we get 
Vi+ x? 
ae 


1 
dx = + C. Alternatively, we could simply use the 
2 sie 


change of variable x = sinh(y). 


immediately that i 


2Let’s recollect the limit definition of the Euler-Mascheroni constant, jim n (Hn — log(n)) = 
fore) 1 2n i 

y, and then, by Botez—Catalan identity, we have Yoepit = jim vag an = 
k=1 k 
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Recollecting and using Botez—Catalan identity, 


1 ates i : : + : + es Vn > 1 
nee = Peed —; n> i, 
2 30 <A 2n n+l n+2 2n 


n 
and replacing n by >: ki, we get 


i=1 


1 1 1 


(S74) +1 (S4) +2 (Sa) +56 i (sox) + 


(6.4) 


=1 ie 
8. 


207k 
i=l 


[oe 
1 
Now, combining the result in (6.4) with the fact that xe i — = log(2), we 
n 
n=1 


get that 


or) or) e viet kj 
= oe (—1)Li=1 kj log(2) — 3 oo 
kj=1 | ko=1 kyg=! k=] (> 7 +k 


lore) lore) lore) fore) | 
=> a 3 ais yi (edie ki jo 
ky=1 | ko=1 kn=l k=1 2( ‘| +k 
i=l 
oe) oe) oe) ‘i lore) 1 2 
ys oe heer Yo pda ki yen f 2a ki +k-1 gy 
k=l \o=1 ky=l k=l 0 


lim (Aa, — An) = lim (A2y, — log(2n) — (Hn — log(n)) + log(2)) = log(2), and the calcu- 
n—->oo now 
lations are finalized. 


6.7 Two Classical Series with Fibonacci Numbers, One Related to the Arctan... 339 


1 «0 oe) lore) lore) : 
=i a > hace Yo pdiai ki (Sneeze) we bd 
0 ky=1 \ko=1 kn=1 k=1 


1 [ © 00 25% ki) 
=} Ss > SO dia & * wddx 
0 1+x 


, 
=| I+x ! 


[e,e) 


foe) foe) 
(-1)k1x2h1 = (-1) 2x22 a > (—1) kn xn dx 
1 


1= ko=1 ky=1 


xan 
— cof A 
o (+x)d + x7)" 
{make use of the result in (1.60)} 


1 n—-1 


1 1 H, ” 1 p72; 
_ n n 
=(-)) (5 log) + saqi los) + sa » 4 GQ ne > 4 2 ( ) 
i= j= 


and the solution is finalized. 

Even after reducing all to the calculation of the integral above, the challenging 
work is still there since the resulting integral requires a careful approach with 
recurrence relations (as you may see in the third chapter). The case n = 2 also 
appears as a problem in [29, 3.107, p. 158]. 


6.7 Two Classical Series with Fibonacci Numbers, One 
Related to the Arctan Function 


Solution A close look at the Fibonacci sequence reveals that it has a fascinating 
property: every Fibonacci number, except the first two, is the sum of the two 
immediately preceding Fibonacci numbers. - Thomas Koshy in Fibonacci and Lucas 
Numbers with Applications. 


In this section (and the next one) we are found on the realm of the intriguing 
Fibonacci numbers. More specifically, we'll approach two classical series with 
Fibonacci numbers, preparing the ground for the challenge in the next section. 
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Let’s use the recurrence relation fF, = F,-1 + Fy—2 with fF; = 1 and Fo = 1, 


(—1)""! 1 oe 
= < shows the series is absolutely 
nFntl Fn Fn+1 n(n + 1) 


and note that 


convergent. 
Then, if we make use of Cassini’s identity, Fu-1Fati- F? = (—1)", our series 
becomes 


= N 
ep ya ya ee (fe 7 fst) 
mai PoFntt fot Fett Nor Fatt Fn 
F F 
= lim =a 2 =¢-1, 
Noo \ Fin+1 Fy 


that is precisely the desired limit. 


F 
The limit, / = lim ane which I used above, exists because the series 
Noo Fy+1 
converges as seen at the beginning of the solution. 
Thus, 
Fut F F 1 1 

ee ig es ae ae ei die 

Noo Fy4, Noo Fn+i Noo Fy+i ian Fy+1 
Fy N>oo Fy 


1 
whence the limit is the positive root of 1?—1—1=0, thatis/ = 5 (1 + V5) =, 


and the solution to the series Sj is finalized. The series together with a solution may 
also be found in [5]. As a fact, one might also like to notice that when replacing 
the Fibonacci numbers with the Lucas numbers (see [55]) under the limit above, the 
value of the limit remains the same as stated in [27, p. 36]. 

To calculate $2, we first consider the partial sum, that is 


N 
) = = arctan (2) : (6.5) 


Using Cassini’s identity, F,—1 Fr41 — 2 = (—1)”, where we multiply both sides 
by (—1) and then replace n by 2n — 1, we have 


3 To prove the identity by induction we first see it holds for n = 2. Supposing that Fy—1Fi41 — 
F? = (—1)” is true, then we want to prove that also F, Fr42 — Fe 4 = (—1)""! is true. So, using 
that Fy = Fy—1 + Fn—2, we have Fy Fn42 — F24, = Fr(Fn4i + Fn) — Fnti(Fn + Fn—1) = 
Fy Fag + Fo = Fro. Fa — Fag Fn—1 = FB? - Fag Fn-i = (- Db". 
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Foy = 1+ Fon Fon-2. (6.6) 


On the other hand, from the recurrence relation of the Fibonacci numbers, F, 
F,—1 + Fn—2, where we replace n by 2n, we get 


Fon—1 = Fon — Frn-2. (6.7) 


Thus, continuing the work in (6.5) where we use the relations in (6.6) and (6.7), we 
have 


> arctan (2 F2 


n=—N 2n—-1 


> (2 Foy — Fon—2 ) 
arctan 
Pama 1+ Fon Fon—2 


—b 
{se the trigonometric identity, arctan(a) — arctan(b) = arctan ( ; 5) 
a 


N 


De (arctan (F>,) — arctan (F'2)_2)) 
n=—N 


{all but the first and last terms cancel} 


= arctan (Foy) — arctan (F_2y-2). (6.8) 
Note that limy— oo Fx» = oo, and then based upon Binet’s formula, F, = 
aay cian where g = iis is the golden ratio, which allows us the extension 
to the negative integers, we get 
: gol = (=g)"? 
lim F_2y-2 = = —OO. 


N->0oo J/5 


Hence, letting N — oo in (6.8), we conclude that 


So = aun (arctan (Foy)) — arctan (F_2y_2)) = (arctan (oo) — arctan (—oo)) = z, 
—>0o 


and the solution to the series S> is finalized. A very similar series together with a 
solution that uses the same telescoping idea may be found in [24]. 
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6.8 Two New Infinite Series with Fibonacci Numbers, 
Related to the Arctan Function 


Solution The series with Fibonacci numbers from the first point I submitted to 
The American Mathematical Monthly, the problem 11910 (see [48]). In the solution 
we’ll see the series actually reduces to a sum of two series, a classical one and a new 
one (which, in fact, was the series I planned to submit initially), where the difficult 
part is represented by the evaluation of the latter series. 


Splitting the initial series into two series, we arrive at 


= 1 1 1 1 
> (arctan ( ) + arctan ( ) + arctan ( ) — arctan ( )) 
F4n—3 F4n—2 F4an-1 Fan 


n=1 
= 1 1 1 
= = Yaetan (5 )+Deo" arctan ( ) =— + arctan () 
wal Fron— 1 REI Foy, 2 Q 
——<$—_—_ ~ 
Sy So 
N 1 N 

here I used the facts that S$; = li t = li tan (F2,)— 
where I used the facts that 5; lim Dare n( = -) slim > are an (Fy) 


n=1 


XT 
arctan (Fo,_2)) = Pe arctan(Foy) = 5? based on the point ii) of the previous 
—>0o 


1 
section, and $2 = arctan (<). a result from the point ii) of the current section. 


For an alternative solution to the proposed series problem, see [44]. 
To calculate the series from the point ii), we start by placing (—1)"~! inside the 


argument of arctan, and we get 
_ 1)"- 1 
-) = > arctan (— ): (6.9) 


yep arctan (z 


n=1 


From Cassini’s identity, F,—1 Fr41 — ee = (—1)”, which we multiply ye (—1), we 
get (—1)"— / = F?- Fy—1F 41, that if we combine with Fo, = FF, yy» Which 
is known as d’Ocagne’s identity,* and then plug these results in (6.9), we obtain 


4A brief way of proving the d’Ocagne’s identity relies on the use of the Binet for- 
nN (_py—n 

mula of the Fibonacci numbers, and using Fy, = =. we have that 

> grt! — (-g)-"! : Longa , 1 mn—2 _ 2 1 2 

Fai = = a aia 1)"~" and F, = 

( Wi ) 5? 5 ?) 5 ) n-l 
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oo oo 2 
_ 1 Fe — Fy-1F 41 
YS)" arctan (=) = )~ arctan (Sa) (6.10) 


n=1 n=1 


Then, in the recurrence relation of the Fibonacci numbers, Ff, = Fy—1 + Fp_2, 
we replace n by n + 1, and we get Fy41 = Fy + Fn—1, whence we obtain that 
Fy = Fnii1 — Fn_1. Using this last relation in (6.10), we have 


[o@) CO 

1 noe ane 
) baa arctan ( ) = ) arctan ( : aad ) 
a= Foy w= (Fnoi — Fa W(Fi41 + Fr 1) 


[ee [ee 
= arctan (fe) = > arctan ( Fr = Fn-1F n+l ) 
Fy (Fn+i + Fn-1) Al Fy Fnoit FaFn-1 


n=1 


and dividing both numerator and denominator by F, F,+1, we obtain that 


F, Fy x Fi, Fy-1 
oS _ _ 
- Fu+i Fy _ 4: Fn+1 Fy 
arctan | —————__—— | = _ lim arctan | ———____——_ 
Fin Fn-1 N->0o Fin Fn-1 
n=1 —__——_ n=1 1 + ——_ 
Fn+iFn Fu+iFn 


ll 
ie: 
9B 
a 

e 

S 

poe] 

i=) 
, aS 
5) 
Paes 
~ 

| 

& 

et 

fev} 

i=) 
— 

= 

mh 
Seer 
Sa” 

ll 


: Fy 
lim arctan 
N->00 Fn+i 


(7) 
arctan | — ]}, 
g 


where in the calculations I used the trigonometric identity, arctan(a) — arctan(b) = 


—b F 
arctan baled , and the limit lim alu 
l1+ab 


N->0o N 


= @, which is calculated at the point 


i) from the previous section. 

As you may see, the telescoping sums are at the origin of these beautiful series, 
and to get there one needs to know and wisely use and combine some relations with 
the Fibonacci numbers (which is in general the way to go for such problems). 


n—-1 _ ¢_ay—nt+l 2 1 1 2 
(° a ) = 7"? 4 5¢ gy nt ra 1)"~!, and if considered together, we 


2n _ (__,h\—2n 
have Ff, Fea = 502" (#— 35) 3(-02" (#— 5) = OO = ry, an 


is the golden ratio. 
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6.9 Useful Series Representations of log(1 + x) log(1 — x) 
and arctan(x) log(1 + x”) from the Notorious Table of 
Integrals, Series, and Products by 1.S. Gradshteyn and 
I.M. Ryzhik 


Solution The series representation of log(1 + x) log(1 — x) from the first part of 
the problem can be pretty useful in the calculations of some integrals that have in 
the integrand log(1 + x) log(1 — x), and you may find one such example in the first 
chapter, in Sect. 1.10. 


Actually, only the first equality appears in [23], more exactly in 1.516.3, and the 
second equality may be found in [9, Exercise 5.2.8, p. 76], which can be derived 
immediately by using Botez—Catalan identity, 


1 1 1 1 1 1 


1 
| eee 1s} = Hoy — Hy, Vn = 1, 
0°35 4 ae ae” 


For a first solution to the point 7) of the problem, we use the Taylor series which 
we combine with the use of the Cauchy product of two series (see [25, Chapter III, 
pp. 197—199]), and then we write 


—log( + x) log(1 — x) = (>: “) (S02) 


n=1 n=1 


_ — n+l “ n—k 1 
=) ( ee Tay ee 


{since log(1 + x) log(1 — x) is even, the odd powers of x in the series must cancel} 


n=1 k=1 
7 3 x2n (4 > (- 1k 1 : (-1)2?-*-1 
- n \2 k 2n—k 
n=1 k=1 
2n 2n—1 a 1 CO 1.2n 


254 ce ae 


n=1 k=1 n=1 n=1 


where for getting the last equality I used Botez—Catalan identity, and the first 
solution to the point 7) of the problem is complete. 
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For a second solution to the point i) of the problem, let’s prove first that 


log +x)  log(1 — x) ee 
=95 y) abe 6.11 
1-—x 1+.x 4 9 ) ( ) 


k (-1)""! 
where y(k) = y : 
n 
n=1 


Multiplying both sides of (6.11) by 1 — x7, we get for the right-hand side that 


[o.@) 0 ia 
257 Nd = x?) p(2k — 1) = 2 Sx 19k — 1) — 25> x71 (2k — 1) 
k=1 k=1 = 
ioe) oO 1 1 
= 2) x leak — 1) — 27 x1 ( Qk + 1) —- —— + — 
ume j= 2) 2 POET ID oe ag oy 
k=1 k=1 
ok kt Se a 
=) Aol =1 = 2 2k+1)+2 
k=1 k=l it = 
00 2k-1 OO xk 
employ the series, arctanh(x) = d a1 and log(l — x) = — 2 rs 


N 
= lim Sax (2k 1)—2x7*+1 9(2k+1)) —2x+2 arctanh(x)+x log(1—x7) 
N>oo kel 


= lim (2xp(1) — 2x°Nt+!o(2N 4+ 1)) — 2x + 2arctanh(x) + x log(1 — x”) 
00 


= (1+ x) log(1 +x) — (1 — x) log(1 — x), 


where I used that limy_,.5 x2Nt+1Q(2N + 1) = O because |x| < 1 and 
limy-+o g(2N + 1) < o. Therefore, the result in (6.11) is true. 


k 
=| n—1 
Upon integrating back in (6.11), and considering that g(k) = y a we 
n 


n=1 


get the first equality, 


—log(1 + x) log(1 — x) = > a 
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The second equality follows immediately by employing Botez—Catalan identity 
mentioned at the beginning of the solution, 


cae! ae (pt = oo yt Hk = He | cee 


and the second solution to the point 7) of the problem is complete. 

To get a first solution to the point ii) of the problem, we proceed as at the previous 
point and use the Cauchy product of two series (see [33, Chapter II, p.197—199]), 
and then we have 


5 arctan(x) log(1 +22) = 5 (> inte =) (Se 1y"- = =| 


n=1 


2nt+1 2 1 Hy, 


lee) 
Xx 
= 1)"7! 1)y?71y2etl en 
2 ) peel rac i) = Ye ) 2n+ 1? 


n=1 


and the first solution to the point ii) of the problem is complete. 
To get a second solution to the point i7) of the problem, we start with showing 
that 


xarctan(x) log + x”) 
2 
1+ x? 1+ x2 


(oe) 
= 250-1)! x* Ag, |x| <1. (6.12) 
k=1 


Multiplying both sides of (6.12) by 1 + x7, we get for the right-hand side that 


CO [e.e) oO 
2D + x7) Fag = 2) OD Bag — 29 1 DO? Hog 


k=1 k=] k=1 


1 1 
_9 Ly} 2k, —2 1) 2442 ( 
Ye ) 2k — Ye ) 2k+2 — FE ED 


x 2k+2 
=2- ee Hy 20 Dae Ha $2 ie 


k=1 k=1 


+ per? ~ k-15 2k ky y2k+2 
+Lcn ate oe 2x7 Hay — (—1)k2x7*+? Hay 4) 


x 2k+2 


2k+2 
k kx 
19 1) ait re 
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CO 
{emptoy the series, arctan(x) = Yep! 1 and 
k=! 


oo xk 
log(1 +x) = eves | 
k=1 


= lim (ax? — (-1)"2x?"? Hyy42) — 3x? + 2x arctan(x) + log(1 + x7) 
> 00 


= 2x arctan(x) + log(l + x), 


and therefore the result in (6.12) is true. 
Upon integrating both sides of (6.12), we arrive immediately at 


= H 1 
Yen aa = 5 arctan(x) log(1 + x), 
k=1 


and the second solution to the point ii) of the problem is complete. 

The result from the point ii) appeared as a proposed problem (which I co- 
authored) in La Gaceta de la RSME, Vol. 19, No. 1 (2016), the problem 290 (see 
[29, p. 99]). It is also given in [23], in 1.517.3. Another solution to the result from 
the point ii) of the problem may be found in [28, pp. 101-103]. 

The simple strategy involving the telescoping sums showed above is very useful, 
and you might notice that also in the next section. 


6.10 A Group of Five Useful Generating Functions Related 
to the Generalized Harmonic Numbers 


Solution From the title of the section one might easily guess | intend to derive five 
generating functions related to the generalized harmonic numbers which we may 
find very useful when working with the harmonic series. For the solutions to the 
problems in this book we will find the first three generating functions particularly 
useful. The attack strategy for deriving all five generating functions is based upon 
the simple idea of wisely using telescoping sums as in the previous section, which 
I used first in the solution of a beautiful problem I submitted in August, 2016, 
to the MathProblems journal, Vol. 5, No. 4, the problem 140 (see [36]), Find 
a 3 

se Hn that won’t be difficult to calculate with the right generating function 
a (n + 1)2” 

in hand. 
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For proving the result in (4.5), we multiply both sides by | — x that yields 
[o,@) 
Sox" = x) Ay = —log( — x). (6.13) 
n=1 
Now, the left-hand side of (6.13) can be written as follows 


(oe) 
Su"A, —x"A)= ye H,, — De ake: 
n=1 


n=1 


lim adil H, tee) — x —log(1 — x) 


n=1 n=1 


N+1 


=x— lm x Ay+1 —x — log — x) = —log( — x), 


N->0oo 


0 


which ends the solution to the first result. 
Further, to prove the result in (4.6), we multiply both sides by | — x that gives 


x"(1—x)H™ = Lin (x). (6.14) 


n=1 


Then, for the left-hand side of (6.14), we write that 


loo) loo) foo) 
> oa” _ antl) = ee ha -_ eae 


n=1 


oo le) 1 
= n zy(m) n+1 (m) 
= se H, ~ Dae: (a) ~~ (n + =z) 


n=l n=1 


co ntl 


— =n - Sxl 4 pies (n + 1)” 


n=1 


= jim, (Sovran — Sosa) i960)» 


N->0oo 
n=1 
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=x- slim YN + Lim (x) — x = Lim (x), 
—$<—, - $< 
0 


which ends the solution to the second result. 
Further, to prove the result in (4.7), we proceed in the same style as before and 
multiply both sides by | — x that yields 


foe) 
eae —x)H? = log?(1 — x) + Lin(x). (6.15) 
n=1 

Now, the left-hand side of (6.15) can be rearranged as follows 


CO Cc 
Six" —x)Hy = >" H? — x"*1 HH?) 
n=1 n=l 


[o,@) 
H, xntl 
= n yy2 n+1 772 n+] f4n+1 
=¥ (x Ay —x Ay + 2x at ) 


loo) 5 ee 7 Hy ntl 
= ) n n n 
= (: Ay —x Ay + 2x +) 


oo ha 
= x= tim xa 420 f t” H,dt + Lio(x) — x 
0 
ee n=1 


0 
{reverse the order of integration and summation} 
x © 
= 2 | Sot" Aydt + Lip (x) 
0 
n=1 


{use the generating function in (4.5)} 
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* log(1 — 1) : 2 . 
2 a dt + Lig(x) = log*(1 — x) + Liz(x), 
' _ 


which ends the solution to the third result. 
As you may have guessed, we follow the routine! To prove the result in (4.8), we 
proceed as in the previous case, and then multiply both sides by | — x that gives 


Sox" =x) A, HO = (1 — x)G(x). (6.16) 


n=1 


Considering the left-hand side of (6.16), we have that 


Co (oe) foe) 
eae eA Sy ny 


n=1 n=1 n=1 


1 1 
(2) n+l _ (2) 
2S, A, H,, -b (x n+l ai) (#2 is) 


n=1 


1 
> Hy Hy,” — a O45 et 


n=1 n=1 
2 lee) 
H! ) yntl 


n+l Any 
ya n+1 ray 


n=1 


A, +1/(a+1) 
_— 2) 1 1 f4n 
= lim (> x” H, HS 5 Dime: Pa He) +Yos a ao ee 


n=1 n=1 n=1 


n+1 = (n+ 1)3 
H, oo He oo xntl 

— x— lim xt! (2) 4 n+1 rn n+1 **n 

Pye ee Ye (n+1P a n+1 “(a+D3 
H 00 H 
n+l n n+1 

= + + Li 6.17 
253s (n+1)2 ae n+l 3(x). ( ) 


n=1 


Now, to calculate the first series in (6.17), we recall the result in (4.5) where if 
we replace x by ¢ and integrate both sides from t = 0 to t = x, we get 
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x © oo x oo x 
7, log —t 
/ ) tH, dt = > / t"H,dt = ) gn / ogt dat 
0 =r 0 n+l 0 1-t 


n=l n=1 


a 2(1 — x) 
= —lo —x), 
) g 


and if we consider 


[o.@) 
A, 1 

a "= —_log*(1—t 
aed 5 los" ( ), 


n=1 


and then divide both sides by ¢ and integrate from t = 0 to t = x, we have 
K-00 oo x 00 
A, H, A, 
foe eeay fea = 
0 n+1 pare n+1 ; (n+ 1)? 


n=1 n=1 
1 f* log?(i —t 
— =f log’ -) 4, 
0 


2 t 
{employ the result in (1.8)} 
= ; log(x) log?(1 — x) + log(1 — x)Lin(1 — x) — Li3(1 — x) + €(3). (6.18) 


Then, for the second series in (6.17), we recall the result in (4.6), the case m = 2, 
where if we replace x by f and integrate both sides from t = 0 tot = x, we get 


x. OC ioe) p 6 (2) — 
[ yg ara i HDdt = Sox"! An [ Lig(t) 
0 ALA " 0 ” n=l n+ 1 0 1-t 


n=1 


{integrate the last integral by parts} 


* loe2(1 —t 
og” ( a 


Slot wla i, 
0 t 


{employ the result in (1.8)} 


= 2Li3(1 — x) — log(1 — x) Lin(x) — log(x) log?(1 — x) 
—2log(1 — x) Lin(1 — x) — 2¢(3). (6.19) 


If we collect the results from (6.18) and (6.10) in (6.17), we get 
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> x"(1—x)H,H® = Lig(x) + Lig(1 — x) — log(1 — x) Lin(x) 


n=1 
— log — x) Lig — x) - ; log(x) log?(1 —x)-— (3), 


and upon using the Dilogarithm function reflection formula (see [30, Chapter 1, 
5], [53, (5)], and [42, Chapter 2, p. 107]), Liz(x) + Lixo — x) = €(Q) - 
log(x) log(1 — x), we obtain that 


yd —x)H,H® = 5 log(x) log” (=0)4 Lk) Ligl =x) 


—(2) log(1 — x) — ¢(3), 


which ends the solution to the fourth result. 
The routine, one more time! Lastly, for proving the result in (4.9), we multiply 
both sides by | — x that yields 


foe) 
ya —x)H? = (1—x) K(x). (6.20) 
n=1 

For the left-hand side of (6.20) we proceed as follows 


Cc [o,@) 
Sod =2) Rp = Gay =a" A,) 


n=1 


3 1 
= (ems (tous) | 


n=1 


~ H2 H, ntl 
au HDB das be no 3xnt! n+l 3yntl n+1 7 
2 ( : : n+l +i?" @+03 


“52 (cor arta, 43 EMOTE nes Ht MD) 
7 n+1 (n+ 1)2 


xntl 
Tat *) 
oO yntl 


oo 
a nA a 43 n+l ae Ee a An a 
OH nD ys ys n+ 12 d (n+ 13 
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N 2 

H 

lim n H? — ttl H? 3 n+1_**n_ 
ie i n+l) ys n+ 1 


165 ale wats — x +Li3(x) 


n=1 


H2 
H, 
=x- vim xNt+1 7B 43 got Ar +3 ‘a "oy + Lig(x 
ee ge) ea 


(oe) 
H, H, 
int +1 n +1 n 
2 De aT ep a + Lig (x). (6.21) 


Further, for calculating the first series in (6.21), we write that 


oO H2 oo x x 0 
DD aire = pay t" H2 dt =) Sor" Ap de 
n=1 n=1 0 0 n=1 


{make use of the result in (4.7)} 
* flog2(1—1) | Lialt 1 * Lio(t 
=| og’ ( ) a 19 (t) dp ieee +/ 17 ( Nay 
0 1-t 1-t 3 0 1-t 


= 5 lox x) / " og( — #))' Lia()de 
0 


{apply the integration by parts} 


io .% * Jog?(1 — t) 
= 3 los (1 — x) — logdl — x) Lin(x) P dt 
0 


{employ the result in (1.8)} 


= 5 lox x) —log(1 — x) Lin(x) — log(x) log?(1 — x) —2 log(1 — x) Lin (1 — x) 


Sy = 5) 2G). (6.22) 


Since the second series in (6.21) is calculated in (6.18), if we collect the results 
from (6.22) and (6.18) in (6.21), we get that 


[oe] 
Sox" =x) A} 


n=1 
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= Liz(x) +3 Li3(1 —x) —3 log(1 — x) Lig(x) —3 log(1 —x) Li2(1 —x) — log? (1 — x) 
-5 log(x) log?(1 — x) — 3¢(3) 


= 5 log(x) log?(1—x)—3¢ (2) log(1—x) —log? (I—x) +Li3 (x) +3 Liz (I—x) -3¢ (3), 


where for the last equality I used the Dilogarithm function reflection formula (see 
[30, Chapter 1, p. 5], [53, (5)], and [42, Chapter 2, p. 107]), Li2(x) + Liz(1 — x) = 
€(2) — log(x) log(1 — x), which ends the solution to the fifth result. 

The curious reader might also try to use the elementary symmetric polynomials 
(see [60]), o¢(%1, X2,...,%n) = oS Xj, Xin... Xi,, EXpressed in terms 
1<ij <i2<...<ip<n 
of power sums, px(X1,%2,---,%n) = ei + x +...+ Lon for proving such 
results, and then we recall the Newton-Girard formulae (see [56], [31, p. 23]), 
like o1 = pi, 02 = (pi — p2)/2, 03 = (p} — 3pip2 + 2p3)/6, 04 = 
(pt - 6p; P2 + 8pip3 + 33 — 6p4)/24, and so on, that we may obtain by 

n 


the recursive relation, no, = yoepe! PkOn—k, Or the generating function, 
k=1 


[o,@) [o,@) 
> tko, = exp (3-9 m) , which can be derived by using the generating 
k=0 k=1 


CO (oe) 
function, tk ox = [[q + x;t). 


k=0 i=l 
oo k-1 y,gk-1 
1 1 —1 1 1- 
We assume So x"oK-1 i eee = () pes i) and want to 
oe 2 n (k — 1)! 1-x 
prove by induction that 
oo k k 
1 1 —-1)*1 1- 
ea cee te RE i: (6.23) 
2 n k! 1-x 
n=1 
n -_ n — 
Note here the well-known result, yo oO! (1 FL ~) = IE: A, = 
n=1 n=1 
log( — x) 
l-x 


Proof If we multiply both sides of (6.23) by 1 — x, we have 


3 él (1 : : _cy, i 6.24 
a7 — x)oK a ee og’ ( x). (6.24) 
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Then, for the left-hand side of (6.24), we get 


n=1 
oe) 
1 1 1 1 
=>" x"on{ 1, x,-.-, —x"tlo. (1,=,...,- 
2 n—-1 2 n 
n=1 
0 
oO on oO on 
1 1 1 1 
a - 1, =, ’ = a = Wis 
os os ( 2 —) 2s os ( 2 —) 
n=1 n=1 
oo x 
1 1 
n—-1 
= _ Less ’ d 
By y" ox ( —;) y 


_4yk-1) px Jogk—-1¢1 _4)k 
_€D [ Cae) nl 
0 


~ (k—1)! l-y kl 
which shows the result in (6.24) is true. 


More specifically, if we combine now the result in (6.23) with the Newton— 
[o,@) [o,@) 


log(1 — 
Girard formulae, we obtain that bees i a, be He He 
n=1 n=1 
log2(l1—x) i 3 log —x) ‘ 
Ge pe, Hah, 42H) = = Do = 
n=1 n=1 
log*(1 — x 
6H? H® + 8H, H® + 3(0) — 6H) = ee and so on. 


For example, at this point, by combining the second generating function previ- 
ously given and the generating function G2 in (4.6), we see we are done with the 
third point of the problem. 

The five main generating functions presented in this section are not new in the 
mathematical literature. For example, the results in (4.7) and (4.9) may be found in 
[37] together with a solution, and the result in (4.8) is also stated in [51]. 
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6.11 Four Members from a Neat Group of Generating 
Functions Expressed in Terms of Polylogarithm 
Function 


Solution Toward the end of the first chapter, in Sects. 1.54 and 1.55, we met 
challenging integrals where some of the results in this section were very useful, 
and therefore we want to know how to obtain these generating functions. 


Now, for getting a solution we will want to fruitfully combine the logarithmic 
integrals in Sect. 1.3 with the generalized integral in Sect. 1.6. 
To prove the first result, we recall the relation in (1.4), and we have 


oo ma 


Ge ye --Df (xt)""! Jog(1 — 1dr 


n=1 


{reverse the order of integration and summation} 
1 
log(1 —t 
--[ Dun Mog(1 — 1)dt = -| wel) a, 
0 1—xt 


ae [ log). 
go l-x+xz 


{make use of the result in (1.12), the case n = 1} 


> 
XxX 


and the first result is proved. 
Next, to prove the second result, we recall the relation in (1.5), and we write 


lee) yn! ; % lee) 1 ; : 
cit pan n—- 
G@=) —— (Hy +H?) = oe), (xt)""! log?(1 — t)dr 


n=1 
{reverse the order of integration and summation} 
10 : : 
1 1-t 2 | 
= / Yo (xt)""! 1og?(1 — dt = [ logh(L =), Intee / 8 @) 4, 
0 =I 0 1— xt 9 l-x+xz 


{make use of the result in (1.12), the case n = 2} 
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iene 
1 
ye 


xX 


’ 


and the second result is proved. 
Further, to prove the third result, we recall the relation in (1.6), and we get 


oo \n-1 lee) { 
= 2 3 (2) B)y n-1 37, 
Ga=)>) (Hy + 3 An Hy? + 2H”) = 2 j (xt)"! log3 (1 — t)dt 


n=1 


{reverse the order of integration and summation} 


12 Pe) 1 3 
] 1-t =e ] 
7 -| (xt)! log’ (1-1) dt = / a aa -| eee ge 
0 0 1—xt o lL-x+xz 


n=1 


{make use of the result in (1.12), the case n = 3} 


Ly) = 
1 
6 : x-—1 


xX 


’ 


and the third result is proved. 
Lastly, to prove the fourth result, we recall and employ the relation in (1.7), and 
we write 


[o,@) n—-1 
X 
G=)> : (Hi + 6H? H® + 8H, H® +3 (a?) 24 6H) 


n=1 


oo 1 
= De) (xt)"~! log? (1 — t)dt 
0 


n=1 
{reverse the order of integration and summation} 
io 11.04 i P 
] 1-t fay ] 
= / Y\(aty"og*(1 — t)dt = i: log =) a tee i, _ los") 4 
9 n=] 0 1—xt o l-x+xz 


{make use of the result in (1.12), the case n = 4} 


. x 
Lis ( :) 
augy. aly 


Xx 


’ 


and the fourth result is proved. 
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These results are good to keep close in our toolbox since in one of the next 
sections we’ll want to use them again. Also, for an alternative approach to the first 
three points of the problem, see [37]. 


6.12 Two Elementary Harmonic Sums Arising in the 
Calculation of Harmonic Series 


Solution We are supposed to calculate now two elementary sums with harmonic 
. = Ay 
numbers that perhaps are at least as old as the linear Euler sum, y ee n>2 


k=1 
(see (3.45)), which was derived in the 18th century by Leonhard Euler (1707-1783). 
We’ll find both sums particularly useful during the calculations of the harmonic 
series, either in the sum form or in the infinite series form. 
k 
: i SE 
For the first sum, we consider that H,"" = > ip? and then we have 
l=1 


n n 1 n 1 1 
Pa +) pe = (Hy? + HY?) — oar 


k=l l=k k=1 k=1 1[=1 
from which we obtain the desired result 


n (p) 
= kL (p27 (2P) 
i= = 5((hn?Y + Hn’), 


and the point 7) of the problem is complete. In the calculations I used the simple fact 
that, o par the i aie order oi a oe the variables, we obtain 


that s sa pop = -¥ van ie => 3 — The result can also be easily 


k=1 l=k 
established by using Abel’ S eurnialibin Tees 2. 1). 
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For the second sum, we consider the following identity 


n k 2 n 
x ei (>: x) Da » xy = ((e x) _ Ee : (6.25) 
k=1 l=1 k=1 

which is a special case of the complete homogeneous symmetric polynomial 


k 
identities, and we see that immediately if we consider writing (> n) = 
i=1 


29 Yo - oa Seo (y- +3") as - 


k=1 I=1 l=1 Jl=k_ Il=k 
n 


yee Eee (Es) (Srst} +o sae 


k=) [=k i=) k=1 


I 3 
and then use that x > > XEX/Xm = -(( - ws) + 3( 3 ws) ( y 12) + 
k=1 k=1 


k=1 l=1 m=1 k=1 
n 


2 > x ) , where I expressed the complete homogeneous symmetric polynomial in 
k=1 
terms of power sums, using that h3 = (p> + 3p1 p2 + 2p3)/6 (also you might like 
to see the details of a similar approach to the last point of Sect. 3.3). 
If we set xz = 1/k? in (6.25), we obtain the desired result 


) 
= i (pP)\3 Bp) Hy? 
$= YE = 5 (Ga — ee ar 


and the point i7) of the problem is complete. 
For an alternative solution we may consider Abel’s summation (see 2.1). 


6.13 A Strong Generalized Sum, Making a Very Good 
Cocktail Together with the Identities Generated by The 
Master Theorem of Series 


Solution The following generalized sum together with the identities generated 
by The Master Theorem of Series (whose dedicated section we'll meet soon) 
represents an excellent cocktail that will help us to calculate a wide range of 
harmonic series, some of them being (rather) tough. Moreover, particular cases of 
the present generalization may be the keys for getting excellent solutions for pretty 
resistant harmonic series where one only needs series manipulations, as we’ll see in 
Sect. 6.25. 


360 6 Solutions 


n—-1 op) n-1 oe n-1 (m) 


We denote Sm = y i and use that Ee | = y ee where the last 
Wee 
k=1 


k=1 = 
sum is obtained by reversing the order of stenting the terms of the initial sum. 


Then, if we consider the difference Sym — Sn—1,m, we obtain 


-1 (m) n—2 zy7(m) -1 (m) (m) 
A, A, ek ko came 


x n 
Snjm — Sn—1zm = > = ce an _ s- es : 


k=1 k=1 k=1 


n—-1 n—-1 
——__—_., 6.26 
rar} ao =< km ar km (n a k) ( ) 


where the last sum was obtained by reversing the order of summing the terms in the 


penultimate sum. 
n—-1 


Further, if denoting sy) = > —.,, then we have 
= k(n —k) 
n—l n—1 n—1 n—1 
1 1 (n—k)+k 1 1 1 1 
ne ~ LG 7 2 k™(n—k) on da jm ae ace 


Snjm—1 


_ 7 nmi + nomm—l 
1 Hy” 1 
whence we obtain that sym — —Sn.m—1 = ———- — ——~, or if we replace m by 
‘ n’ n nmr 
1 HO 
1 SH! — As = a rT multiply both sides of the last relation by ni 
n n 
ps pa 1 : : : 
n'sy ji —n' ‘sni-l =n' n® — —, and then give values to i from i = 1 to m and 
n 


sum all the resulting relations, we get 


m m 1 
Soa'sn.i = ni—!s, 3-1) = n” Sam = S02 s3 (wg? = *) 


i=l i=l 


=e iT @ _ Li 5 iV ® _ 


i=l 
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that leads to 


m m 
a : m vo : 
n” Sam = Sno + yoni 1A® = é = An-| + Soni 1y® i 
i i=1 


ee Gg m+i 
=H,+ >on he = 


i=1 M 
or, if dividing the opposite sides by n’”, we get 


Sy H,? m+1 
Snam = nm = nm-i+l nmtl 
i= 


{make the change of variable m — i + 1 = j in the sum} 


us i+) 


A, n m + 1 
mye pp wee (6.27) 


If we plug the result from (6.27) in (6.26), we obtain 


H, m+1 m 7 Ae 


n 
Shim _ Sn—1,m = nm nmi ae > Pm . (6.28) 
j=l 
(m—j+1) 
. io Aj m+1 HS» 
Replacing n by i in (6.28), Sim — Si-iun = a acs a6 ~~ a and 
j=l 


then summing both sides from i = | ton, we get 
nem a I+) 


n 
A; m+1 
Gin _— Si-1,m) = Snjm _ So.m = > = _ so! m+ + 


i=l i= i=1 j=l gel 


_ i i (+1) 
a et a ; 


and since Som = 0, we arrive at 


nom He i+!) 


Snm ayy ~ . — — (m+ 1H", (6.29) 


i=1 i=l 7=1 
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Since the acu sum in (6.29) can be split into a sum of sums of the type 


HY” H® 
ee + a ou = = HY? HY + Het, which is straightforward to prove 


k=1 = 
by Abel’s eiton (see (2.1)), then, according to m odd and even, we obtain that 


Se ee | ar +1 
=1 yim) = Fra nt He Ma say = 5 —— HY? m=2r-12>1; 
a 
—k 
ka" ye —s os HED AO _ @ 4 1) HOt), m = 2 > 2. 
i= te 
It’s easy to see that for m = 1 we have 
na—| n 
Ay Ai; 1, 3 (2) 2 (2) 
Dear = i vo an Se = ens 
= i= 


n 
A 1 
where I made use of the second equality in (1.5), 3 = 5 (H? + H). 
k=1 
Hence, we conclude that 


H, — H®, m=1; 
r—1 
! Gd 1 2r+1 
yo HR” a oat 1 rt ae me sun 2 ay m = 2r — 1 > 3; 
n—k 
k=1 
ee Ete > HOr-i+) AO aie DAE), i SS, 
i= i’ 


and the solution is complete. 

To add a final note to the current section, we observe the key strategy was pretty 
simple and natural, and it was about exploiting the difference of a sum when one of 
its variables takes different values. In the next section we’ll use the same strategy! 

The sums of this type have been studied in the mathematical literature. For 
example, one may find the case m = 1, ina slightly modified form, in [41, Example 
2, p. 846] and [32]. An extension of my generalization, which essentially uses the 
same idea of getting recurrence relations presented in my original derivation above, 
may be found in [2, p. 23] (the strategy involving recurrence relations is old in the 
mathematical literature, and in [41] you may find similar sums evaluated with such 
a strategy). 
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6.14 Four Elementary Sums with Harmonic Numbers, Very 
Useful in the Calculation of the Harmonic Series of 
Weight 7 


Solution Like the previous generalized sum, we’ll find the four harmonic sums 
in this section particularly useful in the calculation of some (advanced) harmonic 
series. For example, any of the second and third sums is critical in the derivation of 
the series from Sect. 4.42, depending on the extraction strategy we choose. 


Also, as suggested at the end of the previous section, here we’ll adopt the 
same strategy of exploiting the difference of a sum when one of its variables takes 
different values. 

n-1 H2 n—l H2 ; 

Since S}(n) = = n=*, we consider the difference 

i= AE =e 


n—k 
k=1 k=1 


n—l 772 n—2 772 A=1 yy) ) 
A, i Hy, -A 
Si(n) — Sia — 1) = > = > o = » a 


k=] k=1 k=1 


n—1 n—-1 


I 
=2 oe a — a » a (6.30) 


For the first sum in (6.30), we change the order of summing its terms, and we have 


ee kn—k n n—k  n2 
k=1 k=1 aa 


{use the second equality in (1.5) and the result in (4.16), the case m = 1} 


CH? tie’. . Hy 


= 2n 2 on n° O20) 
Then, for the last sum in (6.30), we have 
n—-1 n—-1 n—-1 n-1 (2) 
1 1 1 1 1 A, A, 3 
vite baat = 
k(n — ~ 72 kn? n—-k n (n —k)? n2 n n> 
k=1 k=1 k=1 k=1 
(6.32) 


If we plug the results from (6.31) and (6.32) in (6.30), we obtain 


30 A, .H2 Ae? 
Sim) -Sim-)==-43 +43 or. (6.33) 
n n n 


n 
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Replacing n by i in (6.33) and then summing both sides from i = 1 to n, where 
S(O) = 0 and S$; (1) = 0, we get 


n n 2 (2) n (2) 

H, H? + H! H! 
S\(n) = 3H -4) ree =~ 5) 
i=l i=l 


i=1 


{for the second sum make use of the second equality in (1.6)} 


n H; n A 
3 2 3 i 
= H}+3H,HO +5HO -4)° = pa (6.34) 
i=1 
It’s easy to see the last sum in (6.34) can be rewritten as 
HS 2) 4 7@) 
= HH.” 4H yo Pe (6.35) 


i 
i=1 i=) 

if we use the more general result 
n Hy P) n i n n 


ae 


al j=li=j 


ae! (q) (q) 
a “Lalat ey 


= HP? + HP A? —y* (6.36) 


and set p = 2 andg = 1. 
If we plug the result from (6.35) in (6.34), we get 


n—-1 2 ‘ n—-1| H? , 183 n H; 
, n— i 

Sy(n) = a one (=a, — 2H, H,, + ) oa 
k=1 k=1 i=1 


and the solution to the first sum is complete. 


n—-1 2 n—1 772 
Ay Hy k 


To calculate S2(n) = 2 i = » 12 , we consider the difference 


k= (a 
n—1 472 n—2 772 n—1 772 2 
H A H —H 
_ n—k n—k-1 _ n—k n—k—1 
So(n) — Soin — 1) = y 2 y p= ) Se 
k=1 k=1 k=1 


n-1 n—-1 1 


a Ay k 
= ye eGae 2 Fach? (6.37) 
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For the first sum in (6.37), we change the order of summing its terms, and we have 


n—-1 n-1 


An—k Hk 1 Ak 
2 Bab ee Dae ery ae 


n 


{for the first sum make use of the result in (1.5), and for the second} 


{and third sums make use of the cases m = | and m = 2 from (4.16)} 


3H Hn He? | Wnty? Hn | Vy Ae 


= ; 6.38 
2 n2 n? 2 n2 n n nes k2 ( ) 
n—1 n—1 n—1 (2) 
Ak An—k A, 
where in the calculations I used that = = , and 
Sta De o 
the last equality is obtained by means of el s summation. 
Then, for the second sum in (6.37), we have 
n—1 n—-1 a= 
1 2 1 1 1 1 1 
2 ae _ SU (z+—a)tadlet 3) 
k=1 k=1 k=1 
(2) 
An Ay 6 
=a +2 2 of (6.39) 


If we plug the results from (6.38) and (6.39) in (6.37), we get 


6 Hf? |H,He ~o, HO |H® 2440, 
S>(n) So(n 1) = 7 +3 n +2 n**n 6 n 4 n 3 n k 
n 


n n3 n n2 om 4 

6. 40) 
Replacing n by i in (6.40) and then summing both sides from i = 1 to n, where 
S2(0) = 0 and S2(1) = 0, we have 


: n (3) n (2) 
Sun) = 6119 +3 Faye Se 40" 350 AE 


rs Ee oe (6.41) 


i=1 
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For the second sum in (6.41), we make use of Abel’s summation (see (2.1)) where 
we set aj = H;/i and bj = H®, and using the second equality in (1.5), we are led 
to 


"HH? 1 ix 
if; 2 2)\ zy (2) 2 (2)) ¢ 72) (2) 
Y = = 5 (Hy + HO A + 5 YP + HOA — HS) 
i=l 


i=l i= 


2 
1 1 > (Hist — a)? + (A) - a) 
(n+ 1)? a G+ 1)? 


{reindex the sum, expand it, and let out the term fori = n + 1} 


i 2 2 2 
= 5H; + H) (H+ 


ly i te oe 4H 
= (2) (2))\2 i l i 
a ee he Ee a tL Z pe i2 


i=1 


{for the last sum make use of the result in (4.14), where we set p = 2} 


Loy, pa Iya, oH 1H? 
= Sen + ey — 5 An pias Pie (6.42) 
j=1 


i=1 


i= 


For the fourth sum in (6.41), based on (6.36) with, say, p = 3 and gq = 1, we have 


n H® n H; 
3 4 
2 = H,H® +A — ” ia (6.43) 
i=l i=l 
q : ; 1 
Next, for the last sum in (6.41), we apply Abel’s summation with aj = — and 
i 


i 


Hi 
bj = ~ on that gives 


k=1 
1A Ae (Aig — 1/6 +) Hin 
te 7) = An ~ 2 . 2 
i=1 : k=1 k k=1 k i=l (i =F 1) 


{reindex the second sum and leave out the (n + 1)th term of both sums} 


n n s 
Ai; Hi; 
= Ay, ) 72 y 72 + 
i=l i=l 


Collecting the results from (6.42), (6.43), (4.14), the case p = 2, and (6.44) 
in (6.41), we obtain that 


n 


Hi; 
=. (6.44) 
Ll 

1 


i= 
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n—-1| 2 n—-1 2 
H A 
_ n—-k __ k 
So(n) = 2 2 » (n — k)2 
k=1 k=1 


n n 
Hi; Hi; 
= HHO — 4H, HO — (HOY +2) i +2Hn > a 
i=1 i=1 


and the solution to the second sum is complete. 
n—1 H® n—-1 He 


Further, for $3(n) = » & + ip = » 7 , we calculate the difference 


-1 H n-2 H® n—1 1 
n—k n—k—1 
SONS Na = 2 oo! 
k=1 k=1 k=1 
(2) 
Ay A; 6 
= ne +2 re 


(6.45) 


where the last sum is calculated in (6.39). 
Replacing n by i in (6.14) and then summing both sides from i = 1 to n, where 


S3(0) = 0 and $3(1) = 0, we get 
(2) n-1 (2) 
H A, A; 
n—k 
SOS) = 2 i ‘ee rue oer 
k=1 i=l = 


k=1 


Hj 
=(H®)? 5H +4 y 4, 


where for the last equality I made use of the result in (4.14), the case p = 2, and the 
solution to the third sum is complete. 


n—1 HB n—1 HB 
= kK _ n—k : 
Lastly, for S4(n) = 3 ea 2 k , we calculate the difference 


n—2 3 n—-1 3 3 
H; k-1 A, pa Tei 


n-1 3 
Su(n) ~ Sain — 1) = = 


k=1 k=1 k=1 


n—-1 
1 


n—-1| H2 ‘ n—-1 H. ; 
=3 ss 3 a —s 6.46 
» k(n — k) » Mabe dX k(n — k)3 (one) 


368 6 Solutions 
For the first sum in (6.46), we change the order of summing its terms, and we have 


- H2 n—1 H2 1 n-1 H2 # He 1 n—-1 H® I n—-1 H2 
> n—k _ = k = > k k > k +4 > k 
k(n —k) rae k(n—k) n mr k nos k a k 


4H3 H? a ftnHn tae” 2. 
n 3 5n carer k2? 


where we used that, based on the second equality in (1.6), we have ee a 
k=1 
(2) 


Lass (2) (3), He An 
3 (A) +34, A,’ +24”) — a then based on the result in (6.35), we have 


n=l py(2) H n Ay nl Fy 
» 2 = A, H® + H®) 7 > ye” and we recognized that a = 
k=1 k=1 

is Sy. 


Further, for the second sum in (6.46), changing the order of summing its terms, 
we have 


n—-1 n—-1 n-1 


An—k Ai ip 1 A — Ai 
gw ee ok ey aoe ee 


n 
{the first sum is found in (1.5), and note the second sum is (4.16), with m = 1} 


3 ote 1. Lee 


= : 6.48 
2 n2 n> 2 n2 n k2 ( ) 
k=1 
Then, considering the last sum in (6.46), we write that 
n—1 n—1 n—-1 n-1 
2 t 1 
k(n — — ~ 73 Dae ae = rts (n —k)3 
k=1 k=1 k=1 
H, HH HO 4 
=2 + + : (6.49) 
n3 n2 n n4 


If we collect the sums from (6.47), (6.48), and (6.49) in (6.46), we get that 


H34+3H,H+2H° 15H? H,H© 


S4(n) — Sa(n — 1) = 4—" _ nu _ 1g 
n 2 n2 n 
(3) (2) n 
Ay, Ay 5 A, 4 3 Ax 
8 8 ; 6.50 
n se n> 2 n2 n+ = n 2 k2 ( ) 
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Replacing n by i in (6.50) and then summing both sides from i = 1 to n, where 
S4(0) = 0 and S4(1) = 0, we get 
HHS n H® 


sun) = 450 eh et 2 syn 8) > : 


i=l i=l i=l i=1 


H} + 3H; HS +2H®) 


5 n H 
£ 4H +3304 2s (6.51) 
Ll 
i=1 k=1 


i=l i=l 


n a 


a ; é 14), with p = 2, (6.44), and we obtain 
i=l i=1 


= 3 1 773 
. Aj =o st 
n—k k 


k=1 k=1 


1 2 | H 32. H " # 
= Hy - 3H, HY — 5 (4,) --HOs > Fy 43n, 0S 
and the solution to the fourth sum is complete. 

During the calculations we have seen again the usefulness of the harmonic sums 


in Sect. 1.3. The sum in $3 is also considered by the generalization in [2, p. 23]. 
The given solutions also answer the proposed challenging question. 


6.15 The Master Theorem of Series, a New Very Useful 
Theorem in the Calculation of Many Difficult 
(Harmonic) Series 


Solution The Master Theorem of Series is a theorem I developed for generating 
identities with the generalized harmonic numbers that we may further exploit for 
deriving harmonic series or sums of harmonic series of various weights.° 


5What is the weight of a harmonic series? Considering a harmonic series of the type 
oo HEY? Ho HW 
n@ 


, the weight is represented by w = aj + a2 +---+ ax + q. Let’s also 


n=1 


H, = eo 
take two examples: 3B (= " y ar "—" , from which we get immediately that the weight is 


n=1 = 


370 6 Solutions 


The theorem was published in the paper A master theorem of series and an 
evaluation of a cubic harmonic series in Journal of Classical Analysis, Vol. 10, No. 


oo 3 
H, 

2, 2017 (see [45]), where I use it to calculate the cubic harmonic series, a (=) : 
n 


n=1 
A big challenge for this book was on one hand to add together and calculate 


harmonic series of weight 4, 5, 6, 7, in a new fashion, where a critical part is played 
by The Master Theorem of Series, and on the other hand, to offer simple, easy to 
learn techniques based upon real methods to attack these series. Besides approaches 
for the harmonic series that use integrals, we’ll have approaches where one only 
needs clever series manipulations (where The Master Theorem of Series plays a key 
part)! 

For example, if we consult the mathematical literature, we might realize imme- 
diately we should jump in various papers pretty specialized for collecting the values 
of the harmonic series we are interested in (and this is if we’re lucky enough to have 
access to those papers), a point that will be understood well from the next sections 
where I also added references with papers that treat such series. 

Ts it important to know how to calculate the harmonic series? Definitely! There 
is a huge spectrum of problems with integrals and series, as in this book, that 
eventually get reduced to harmonic series of various weights where we need to know 
how to approach them in order to solve the proposed problems. 

To close this little intro, I would say that considering the number of the harmonic 
series of various weights added in the book, the new style of approaching them by 
using The Master Theorem of Series and the simplicity of most of the solutions 
(we can finish them by series manipulations only), all together manage to give a 
distinguishing, unique note to the present book. 

To prove the first version of the theorem, we start with considering the partial 
“ 1 1 


1 
sum of the series, and using that x - : = ’ 
na EG teed) (k+V(k+n+1) 


we have 


> Mk) a 2D) Mk) 
Akt D&+a+) noe G+HG+Kk+) 


mn! Mk) —— Mk) 
ty (40-40) 


k=1 j=l 


5 " (“ Herm) 
n 


k=1 j= i+k jek 


foe) 
w=1+1+4+2=4, since H, may be viewed as HD, and then the series Da 


2 
1, Hi} ) ns 
7 where it’s 
n 
n=1 


easy to see the weight isw =1+2+4+2=5S. 
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sy (48 Mk +1) mt) 
jtk jtk+l 0 j+k+l1 


p(s a9 = 
ne jtk jgtk+l  j+kt+i 


n N N 
1s (n(4 “Ken +y nee). (6.52) 
i‘ PNT GR) 4 ka 


j=l 


For the first inner sum in (6.52), we have 


(2 Aes) #0 MN+1) md) AN+) 
tk j+k+i) jttl jF+N+1 f+l f+N41° 


(6.53) 
Then, by plugging the result from (6.53) in (6.52), we obtain that 
N n N 
y Mk) ay m(1) er m(k + 1) 
(k+)R+a+1) x PEL” PNG Sy ee 
1 M(N + Das m(k + 1) 
= m(1){— 6.54 
=ma(= a) 2p yar” =a japar | 
Letting now N — oo in (6.54), and using the Stolz—Cesaro theorem (see [43], 
MN +1) 
[16, pp. 59-61]) to show that Pe —————. = 0, we obtain that 
so ftN+l1 
3 Mk) m(4 2 1 Jeipy meen 
k+Dk+n+1 n+l n j+k+i1 


j=lk=1 


_ Hy, 1 1 m(k) 
=ma(2 See 


k=1 


n 1 1 ” m(1) . m(k) | 
=m (= aH) +35 ( my ae aD 


j=l 


and the solution to the first version is finalized. 


372 6 Solutions 


Proving the second version is almost identical with the previous proof, except 
that for the first sum in (6.54), we write that 


n n n 
ye ey , 22k 
ee Fs earrecee Aaie n 


’ 


au) _ | aN +1) 


: N+1 N+1 
j=l 
n 
M(N +1 
where if we let N — oo, we conclude that lim — = HON A) = 0, and the 
N>oon J+tN+4+1 


solution to the second version is finalized. 

As seen, I also included a relaxed version of the theorem, one that allows us to 
approach cases like m(k) = sin(k@) and m(k) = cos(k@) which we met in the last 
section of the first chapter. 

Although the second version of the theorem implies the first version, in practice, 
and especially in the work with the harmonic series as you'll see in the present 
book, the readers might find easier to make use of the first version and check 
limg-+oo m(k) to see if we can apply the theorem. If limg—.o0 m(k) doesn’t exist 
(e.g., m(k) = sin(k)), one may try the second version of the theorem and check 


Pes = Recently, Prof. Necdet Batir, Turkey, proposed in [7] a generalization 
> 0o 


of my theorem. 


6.16 The First Application of The Master Theorem of Series 
on the (Generalized) Harmonic Numbers 


Solution This is the first section from a series of four consecutive sections that are 
dedicated to the applications of The Master Theorem of Series. Basically, we'll find 
particular cases of the present application helpful in many of the next sections, and 
therefore we want to know how to derive it. 


To prove the result, we make use of The Master Theorem of Series, the second 


; ln) 1 1 1 
equality, where we set .@(k) = H, ° =1+—+- “ba —, mk) = ——, and then 


Qm 
we get 
oo |: 1 nwo 
6.55 
Et DeEAED n & ae (6.55) 
a ee! 


For the series in the right-hand side of (6.55), we note it can be written as 


1 Gta 7 se I 7 1 
s _ _ : 
m = LL mGtH ee +k) -> Hen © +k) oe m+ J 2 kmh (j +k) 
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= (m+ 1) — jSm4i. 
that is 
Sin = €(m +1) — jSmn41- (6.56) 
Multiplying both sides of (6.56) by (—1)”~!j”", we have 
(<1 Sm = (Do $Y) = (HIS 
or 
(<1) 17" Sm — (- Df Sm = (HI "(m+ WD. (6.57) 


Replacing m by i in (6.57) and considering the summation from i = | tom — 1, we 
have 


m—1 
(Ear is: — Ent Sint) = $81 -— CD" "Sn 
i=l 


m—1 


= Ven yee +b, 


i=l 
foe) 


1 H; 
and since $; = > ———_ = at we get 
perk Af 


m-1 


= Gi ee ae 1 ee 1); 
or if reindexing the last sum, 


ae pn 14 4a ij Dye 1) 1 7 —m— leq), (6.58) 


i=2 


Plugging the result from (6.58) in (6.55), we obtain that 


lee) Hi” 
> k+Dk+n+D. 7 2) 3 


k=1 =1k=1 


Sim 


374 6 Solutions 


i Hj = = 
—_ ( ie ame jm + ( (sie devo) 
1 


J= i=2 
_yym-1 _? , —jyr-1 ; . 
= (=) ¥. Ai; 4 (—1) bPO Pe) ae wae) 


n ks n 
J j=l i=2 


{reverse the summation order in the double sum} 


n 


(171 n Hi; ei m eo as 1 
aes n » ;m 7 n px Bi <0) ;m—i+l 
j=1 J i=2 j=l J 


m 


y*( Nami a C9: Samael 
i=2 


es <1"! 
~ n 


n J m 


j=l 
{replace j by i in the first sum} 


m 


_yym-1 2 : _4ym-1 ; : 
= ( 1) Ai ( 1) pa I e@MAe EY, 
i=2 


n jm 
i=1 


Since the case m = | is immediate by using (4.14), with p = 1, we conclude 
that 


H2 H 
0° a ma Ee. m=l1; 


s _ ae 
k+)(k+tn+1 -1)"" n Ai 
( yk +n+ 1) (-)) (= 


k=1 


ie a vane?) , m>2, 
and the solution is complete. 
The result is known in the mathematical literature, and for a different approach 


see [39]. 


6.17 The Second Application of The Master Theorem 
of Series on the Harmonic Numbers 


Solution The present result together with one of the particular cases of the 
generalization from the previous section leads to a key identity for the derivation of 
some harmonic series, which we will find as a problem in one of the next sections. 


In the calculations we'll also need a sum with harmonic numbers that is 
calculated in Sect. 1.3. 
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We recall The Master Theorem of Series, the first equality, where we set “@(k) = 
H; and m(k) = H; _ Te is and then we get 


n oo 2. 2 
Ay 7 Ay 


~ Sef oe 1 1 
Yooea Hi (4 ate 


k=1 j=lk=l 


_ Hn 1 a = 3 2H + 1/(k + 1) 
n ( 


month nee kt DG+kE+D) 

Hy 2 n [o,e) 
— -— it ’ 
n ata LLaget WD eoceeaas 


and if we make use of the result in (4.21), the case m = 1, we get 


H2 


DD eeycaea 


H, 1 Dees 
on wei tad 


2 (2) 
gee 
J 


n 


i. 1 
yey aay expuser) 


j=l 


1 Hi; 
use the second equality in (1.6) and the fact that Daa Kk4)) == 
J J 


(2) (3) 
Hn 1, Hy + 3H Hn’? + 2H +7; ( 1b “) 


n n+1 3n +1 J 

H, 1 H3 + 3H, H© +25© H, 1 hee 
= n As n ntln n + (¢(2) 1) n ii. cd 

n n+l 3n nont+l n> P 

J= 
H3 +36(2)Hn + 3H HO +2HO 14H; 
= 
3n nod 


and the solution is finalized. 
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In one of the next sections we’ll want to use the present identity for the 
calculation of a (nasty-looking) series of weight 6. The present result also appears 
in my article in [45]. 


6.18 The Third Application of The Master Theorem of Series 
on the Harmonic Numbers 


Solution The identity in the present section together with the identity in the next 
section will play a crucial part in the derivation of another important identity we 
might like to know and use in the derivation process of the harmonic series of weight 
7. As in the previous section, we'll also need a sum with harmonic numbers that is 
calculated in Sect. 1.3. 


Using the same fashion as in the previous solution, we make use of The Master 
Theorem of Series, the first equality, where we set .Z(k) = Ay and m(k) = Ay _ 
He 4, and then we get 


= 1 (Fe a 
» = (H} — HB) (= +-y yo + 
yo eeyies ear n+1 rar J+tk+1 
= An an? Fal a A41 Ag =F H; 
on —& &4+)G+k4+) 
_ Fh l 3 (Ay + 1/(k +)? + (He + 1/(K + 2D) Ae + 
n a a (k+D)G+k+)) 
— An iy ee 
oN n k+D)G+k+) 


j=lk=l 


oe eS oS Hy 
on n+1 er = apo n (kK4+1?2G+k+D 


=1k=1 


_ 1 
o> acs 


j=l k=1 


n CO 


Ax 
22, + 1)? 


iy k=1 


n ow 
3 
n 


An 
on weit add eager t 
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n n 


1— 1 i - a 
25 ) eects Nes, nL EP 


iJ k=1 jal £1 j=) Jj k=1 


1 i= 1 
ee 2 


oF KF DG HEED 


=4 3 fie ay fin : 
Sa ee =i ass 


3 H; 
== (k4+DG+tk+) 


+ 


{make use of the results in (4.21), the case m = 1, and (4.22)} 


(2) n n 2 (2) 
An H, LOA; 3K 4F +4; 
= 4¢(3 y) . J ‘ 
£3)" — g@) + - » a pp 5p 
n H} 3H; H? oH n n J 
ay “4 2O yA ay iy s 
n J n ¢ J nH jo i? 
j=l j=l j=l i=l 


{make use of the second equalities in (1.7) and (1.5) (or (4.14), with p = 1)} 


(2) 

H, 3. oH? 1. H® So. eae 

=4¢(3 Qy 2n 2 7 j 

£@)— + 552) F552) + LB an D7 an 3 
Hi + OH2H,? + 8H, Hy +3 (Hy)? + 6H,” ee 

(6.59 

~ 4n n ae i2 ( ) 


Now, if we change the summation order, the double sum in (6.59) can be written 
as follows 
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Hence, collecting the results from (6.60) and (4.14), with p = 2, in (6.59), we 
conclude that 


a 


EEDA ED 


_ HA + 6£(2)H? + 16¢(3)H, + 8H,Hy +6H2H,” + 2¢(2DHO + 3H? 
~ 4n 


HoH 2H 3 
se Dre ea a: 
n—~i n — I? 2n + I 
=1 i=l i=] 
and the solution is finalized. 

Additionally, besides its part in the construction of an important identity as 
mentioned at the beginning of the section and that we'll meet soon, the result 
above can also be exploited for establishing other relations between series of various 
weights. 


6.19 The Fourth Application of The Master Theorem of Series 
on the (Generalized) Harmonic Numbers 


Solution I opened the previous section by also mentioning the result in this section 
plays a crucial part in the derivation of an important identity (we’ll meet right in 
the next section). As regards the calculations, we’ll do them in a similar fashion as 
before, and we’ll see that the hardest part of the problem will be reduced to two 
particular cases of the generalization from Sect. 4.16. 


Recollecting the first equality of The Master Theorem of Series where 


we set Wk) = HH? and mk +1) = AnyiH “I — WHO = 
HY 
1 (2) 1 (2) _ : 
(Hi + at) (4; + ane) - Hel = Gey + wet + Teepe We obtain 
& + DEHN FI) 


n 


_H 1 4: 1 Hy ate = 1 
“nn ntl né ithe (kK+12 k+l (k4+)3/)° 


j=l 
(6.61) 
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For the series in the right-hand side of (6.61), we proceed as follows 


3 Hy Ae 1 
Drees (kK+1?  k+1 (k+D3 


_ Hy a H® 00 ; 
wegen tL eng sey tL esse 
“52 Ai -W/k+) 15 Hy ey H 


= i _— 1 
+;Lee pL at Rhe 


J zy Jj k=1 J k=1 a a ae 


{reindex the first series, expand it and then use the Euler sum in (3.45), the case 


n= 2:3} 


. 1 Hy; 1 . 
consider + - —— - , and use (4.21), with m = 1 
my KtDE+FIFD jt+l 


J 


andm =2 | 


Q) 
eee H, Hl AS” 2¢3) 1 ¢(2). 4; 
==> =z +$(2)— : > +S ; a tay. = (6.62) 
j 2 i a a ee ee ee Cee 


Returning with the result from (6.62) in (6.61), we get 


3 HY? — An 1 
Mkt Diktn+I) nn n+l 
. 2) 
2 1 H, HH? #H' 2¢(3) 1 (2) 
ce oa ttQ@4-4-s4+--; ar 
nd ide a nr a oe Oe ee 
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Now, the double sum from (6.63) is calculated in (6.60), which if we combine 
with the identity in (4.14), the cases p = 1 and p = 2, we conclude that 


AH 


Dea eresy 


= 


= 2 @)~ 


62) H2 c2 HO HO (nH) A, ye 
n 


2 sn 2 on 4n An toh ‘ i2 


i=1 i=1 
and the solution is complete. 
Again, as in the previous section, we can also exploit the present result for 
establishing other relations between series of various weights. 


6.20 Cool Identities with Ingredients Like the Generalized 
Harmonic Numbers and the Binomial Coefficient 


Solution Based upon the applications of The Master Theorem of Series from the 
previous sections, and not only on them, we are now able to establish some very 


useful results. For example, the second identity may help us to calculate the cubic 
[o,@) 


3 
harmonic series, ) (=) , or to establish other key identities with harmonic 
n 


n=1 
series (we’ll meet in the next sections) we need in the derivation of the harmonic 


series. Also, if speaking about the third and fourth results, again, they allow us to 
get some key identities in the derivation of the harmonic series of weight 7. 


In short, we want to know how to derive them since they are of great help in the 
derivation process of the harmonic series. 

The identity from the point 7) is straightforward if we combine the identities 
from (4.17) and (4.16), the case m = 2, that gives 


nl 772 _ 72) 
H2-—H 
k : = H3 —-3H,H +2H®), 
o= 


k=1 
and the point 7) of the problem is finalized. 
Alternatively, based on the use of the elementary symmetric polynomials (see 


(60]), ox(41, X2,...,%) = > Xj, Xi, ..-Xi,, One may notice that the 


1<i| <i2<...<ig<n 


202(1, 1/2,...,1/k 1 1 
given identity is x eatl df ia = 603[(1, -,...,—], which we can 
a n—k 2 n 
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CO 
prove using the results in (6.23) with the cases k = 2, 3, that is > x” (H? - H®) = 
n=1 
logs (1 — 
and x" SHO a spOy = EOE) ime y 
n=1 a 
ee the elementary symmetric polynomials o;%(%1, x2,...,%X,) in terms of 
power sums (see also the suggestion for alternative solutions to the end of the 
. ere ,, _ toe (=x) 
solutions to Sect. 4.10). At this point, if we write i = —log(l 


=X 
ee —x) 


sa (1 — x) 


and apply the Cauchy product of two series (see [25, Chapter 


ILL, pp. lo7 “199)), using the generating functions above, and then identifying the 
coefficients from both sides, we immediately obtain the desired result. 
The curious reader might want to use the strategy idea described above and try 
to easily generalize the result in terms of the elementary symmetric polynomials. 
For the point i7) of the problem, we combine the identities from (4.22) and (4.21), 
the case m = 2, that yields 


3 He- HO HB 4. 3, BH +28 
~ (k+ D+F 3n 


which is an identity that also appears in my article in [45] where plays a key part. 
Now, to get the second equality, we recall the result in (1.6), and we write that 


H3+3H pH +2Hy 1 


1 
a = a x" Jog3 (1 — x)dx 


nee > 1 =f 
= = ae (1 — y)""' log? (y)dy = — aS ze ) co'y*tog*onay 


“15 x-1("%—1 ; ky ..3 _ = (-1)* (n-1 
=3 ( P )/ y" log omy =20) a Fl k ) 


{reindex the sum and start from k = 1 tok =n} 
(= zi Vint 
— 2 ; 
ae = 


and the point ii) of the problem is finalized. 
Then, for the point iii) of the problem, we combine the identities 
from (4.23), (4.24), and (4.21), the case m = 3, that immediately gives 
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2 3 
3 He ~3HHe + 2H _ Hi + OH; Hy + 8Hn Hy” + 3(Hy”)? + OH,” . 
A (k+Dk+n+1) 4n 


Further, to get the second equality, we recall the result in (1.7), and we write 


Hi + 62H, + 8Hy Hy +3(He)>+ 6H? yp 
- / x"! logt( — x)dx 
4n 4 Jo 


a ce yl og'(y)d aes 1) erty tostod 
~ 4 Jo y BO a Sy KN k y log (y)ay 


ee ead, a Eh a4 
=-)‘-1* *log*(y)dy = 6 5 ‘ ——__. 

id *( k ve ae ireay k 
{reindex the sum and start from k = 1 tok =n} 


n 


iy? fai 
=o ke (1): 


k=1 


and the point ii7) of the problem is finalized. 

The use of the logarithmic integrals from Sect. 1.3 for the second equalities from 
the second and third points assures a fast, elegant solution. 

For the point iv) of the problem, we want to generalize the results obtained with 
The Master Theorem of Series, and we may choose a powerful approach involving 
the symmetric polynomials which also easily allows us to make generalizations. 
So, more generally, the results from the points i7), iii), and iv) may be viewed as 
special cases of the generalization, 


ee eel _ 1 1 1 1 ye n—1 
k=1 (kK+1)(kK+n+1) 7 net Ty Sp “AS fomt2 k-1 ’ 


where o¢(X1,X2,---,%n) = » Xj, Xj, ..-Xj, is the elementary sym- 


1<i| <in<...<ig<n 


metric polynomial and hx (x1, x2,...-,Xn) = > Xi, Xin... Xi, 1S the 


complete homogeneous symmetric polynomial. 
1 -) _ te? toe 1 = 2) 


SG (see 6.23), 


[oe 
Using the fact that > x om (1 
k=1 


m! 1l-x 


we write that 


6.20 Cool Identities with Ingredients Like the Generalized Harmonic Numbers. . . 383 


(oe) 


So onl a =1y%o (: 1 ') ( 1 1 ) 
2 ket DR ETD re ie ie aa a on ee eee 
i 1 ivf 1 7! 
=-) (| ere [ sta-sxmar == [fa-2 
n a} k 0 n Jo 
k=1 
x y xko, (: : :) a 
m rr re 
k=1 - k 


_ (-—1)” = x) Z (-1y"-! 1 , = 
-<% fa ie a= af, 4 x" (og! (1x) )'de 


{apply the integration by parts} 


(—1)” i nod 1 1 1 
= ——"_ log”™*1(1 — x)dx = —h | 
(m+)! Jo x og ( x)dx : m+1 >? ’ ; 


where the last equality follows by the generalized logarithmic integral in (3.11), and 
the first equality in (6.64) is proved. 


To prove the second equality in (6.64), we proceed in a similar style, and we 
write 


[e,e) 


ae 1/2,...,1/k) -1yo ‘it 1 1 1 
eas = ae ae Sie eee ae ee | 


=1 
_— i i ie oe i 
= 2 om (1 5 Z) ff sa =xyde= > faa") 
Ni 2, k 0 nN Jo 


— jn 1— x? Zz 
acre * log™(1 — x)dx* 
n-m! Jo 1—x 


n 


_, ©)? TAS ae = ee 
= den (1) [ y" log" (y)dy 


~4yn ud =| k-1 —] 1 
ro ae) yl og (yydy 


k=1 


Il = 


_y (—])™ Pye 1—y)” 
yt) [ “ ») log" (y)dy 


n-m! 


{make use of the result in (1.2)} 


7 > (1 é = ) 
~~ = pm+2 k—1)’ 


k 
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and the second equality in (6.64) is proved. 

Now, based on the result in (6.64), with m = 4, and using the relations between 
the symmetric polynomials and the power sums (see also the ends of the solutions 
to the Sects. 4.10 and 1.3), we get 


4 — 6H2HO + 8H, He +3(HOY — 6H? 
= k+Dktn4+D 


_ HS + 10H3 BO + 15H, (HO) + 20H2HY + 20H HO? + 30H, He? + B®” 
7 5n 


and the point iv) of the problem is finalized. 


6.21 Special (and Very Useful) Pairs of Classical Euler Sums 
Arising in Many Difficult Harmonic Series 


Solution Let’s begin with a simple observation: all the Euler sums we want to 


calculate here may be viewed as particular cases belonging to the generalized series 
CO ry (P) 


H, 
of the type, ae = 


a=l 
such a generalized series has evaluations in terms of zeta values when p = | and 


q => 2, for p = gq and p+q > 4, and when p+ q => 5 odd and gq > 2. 
Also, when p + q is even, with p,q > 1,p # q, we have the exceptional 
configurations (2, 4), (4, 2), as called in the paper Euler Sums and Contour Integral 
Representations by Philippe Flajolet and Bruno Salvy (see [20]). 


In this section we’ll focus on the series of the type above of weights 5, 6, 7, with 
P.q > land p ¥ q, and we’ll try to calculate them elementarily by using partial 
fractions, exploiting the symmetry and applying Abel’s summation (see (5.1)) when 


needed. 
oo (p) 


Since we have, by changing the summation order, that > ae = 


k=1 
lee) k I ioe) oe) 1 oo I 
- (Sze) : Sea +e— Hm?) = 
ee) ee) 00) ee) (q) 
ae Sar Lge TERT D+ EONO — DOTS 


n=1 k=1 
We abe that 
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HY oe H® 
ye + =O(pyeqt+o(pt+g), (6.65) 


k=1 k=1 


which is a result we want to refer to in the course of the solution. The result may 
also be proved by Abel’s summation (see (5.1)). 

The first series from the point 7) of the problem I needed in my article A new proof 
for aclassical quadratic harmonic series published in Journal of Classical Analysis, 
Vol. 8, No. 2, 2016 (see [46]), where I provided with a new way of calculating the 


CO 772 
A, 
series = Sf 
1=1 
So, following the line of the solution in the mentioned paper, we start with the 
series 


2 nd («@) — Ay ) = d (> am] 


where swapping the variables in the last double series, we get 


os (> n(n ) = » (> k3(n ) = (> k3(n FF) . 
n=1 \k=1 k=1 \n=1 n=1 \k=1 

(6.66) 
Summing up both the first and the last series in (6.66), we have 
CO CO 


= 1 1 alo P+ 
Do ee? + Bae) | Bet oe 


n=1 k=1 


5 5 ee au aL a 7 
~ K3n3(n + k)? “3 nd S k2 n2 + k3 


CO CO 1 
3y o> aeEsE) = 2¢(2)g(3) - 3 p aa} 


whence we obtain 


319 sane) FOO - ao ET) 


n=1 


(oe) l ioe) 1 1 
= (2)f(3) ae le sya(h(j 4) 
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cae | 1 
make use of the fact that > — = My 
A k nt+k 


[ee 


1 3H, 9 
= — 7S QR) + 5 os FA = $0) — EO), 


n=1 


where for calculating the last series, I used the Euler sum in (3.45), the case n = 4, 


and thus we have 


Ys (6@ — 2) = 326) - 220», 


= A 
and since ¢ (2) > me) = €(2)¢(3), we arrive at 


n=1 


HO 


9 
= 36(2)E3) — 586), 


and the calculation to the first series from the point 7) is finalized. 


To calculate the series $2, we combine the results in (6.65) (with p = 


q =3o0r p = 3 and g = 2) and (6.67), and then we obtain that 


OHS 1 
S2= ) > = ZO) — 22EO), 


n=1 


and the calculation to the second series from the point 7) is finalized. 
Next, for the point i7) of the problem, we start with the series 


oy cal faa 1 as, th 
e260 - 0 =¥ (Yoo) =baba 


n=1 n=1 


“2 (Saga) O& (Lease) 


n=1 n=1 


0) (Speap) +h (“eee 


n=1 k=1 


(6.67) 


2 and 


(6.68) 
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or 


» (Sac) -> (Sec) = 750 


k=1 \n=1 k=1 
“Os G aan) 2 ee 


[o,@) [o,@) 1 
3 nl 6.69 
8¥(Cnerm) 60 
Based on symmetry, the series in the left-hand side of (6.69) vanish, and then we get 


>a sau) ie -29°(5- eats seas) 3 45) 


{reindex the inner series and start from n = k + 1} 


OF -2y( > as) - 2 


k=1 \n=k+1 


lee) k-1 ae 1 
{since a (x a) + age t ore a3 > oa] = $73); 


k=1 n=k+1 
and using the fact tat] 
k-1 1 oo lee) 1 1 
(Cas)->(> be a): vee) (Dg ris] 
=1 


k=1 \n=k+1 n=k+1 


= ¢7(3) — (6) 
ayn He _ 23,3 
= =) O73 
{use the Euler sum in (3.45), the case n = 5} 


25 
=7 = 3¢7(3), 
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or 


[o,e) [o,2) 1 
>: (> os w)<3 st (6) — ¢°(3). (6.70) 


k=1 


Thus, using the result in (6.70), we get 


25 _wof< 1 _— 0) 
5f0-°@=)) (>: aa) = a(s@-#") 


k=1 \n=1 k=1 
ror) oo 77(2) oo 77(2) 
1 A, 7 k 
=(2)) a pO a 
k=1 k=1 k=1 
whence we get the value of the series S4, 
oo HO 
¢(6) 
= = £73) — ==, (6.71) 


and the calculation to the second series from the point 77) is finalized. The series S4 
also appeared in my paper in [45] where I used the same strategy of calculating it. 

The series S3 is extracted by combining the results in (6.65) (with p = 2 and 
q =4or p =4 and q = 2) and (6.71), 


5 => 2 £7(3) (6.72) 
a i ep PB 


and the calculation to the first series from the point 7) is finalized. 
Further, for the point ii7) of the problem, we keep using the same approach, and 
we start with the series 


[ee 


Fs (0-H) =F (Ferm) -L (Lae) 


n=1 k=1 


k=1 
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foe) 
1 1 
{ the harmonic number representation, > (- - 7 <) = Hy, 
noon 


n=l 
{and then make use of the Euler sum in (3.45), the case n = 6} 
lo) [oe 1 
= 20¢(7) — 4¢(3)¢(4) — 8¢(2)6(5) — D> (>: sao) (6.73) 


5 2 
= (n +k) 


n=1 


Noting in (6.73) that > (> wai) = > (> son) we obtain 


k=1 \n=1 k=1 \n=1 


[o,@) oe) I 
dX (>: aa} = 106(7) — 2¢(3)6(4) — 46 (2)6(5). (6.74) 


n=1 


Then, we can write the double series in (6.74) as 


106 (7) — 2¢ (3)(4) — 46 (2)E(5) 


7 lee) lee) 1 7 lee) 1 : Hy 7 r : lee) HY 
= Dee =D gs (5 ) — A, =a )E( ee 
k=1 \n=1 k=1 k=1 
from which we extract the value of the series S¢, 
0° H® 
Ss = >) A- = 5¢(2)g(5) + 2¢(3)¢(4) — 10¢(7), (6.75) 
k=1 k 


and the calculation to the second series from the point ii7) is finalized. 
If we consider the results in (6.65) (with p = 2 and g = 5 or p = 5 and gq = 2) 
and (6.75), we get the value of the series Ss, 


oo (5) 
S5 = > —E = 11¢(7) — 4¢(2)¢6) — 22 EA), (6.76) 


and the calculation to the first series from the point 77) is finalized. 
Then, to pass to the point iv) of the problem, we start with 


(ee) 


a | = 1 cae eal, | 
Ya (o-mi) =) (Yat | ata 


k=1 n=1 k=1 
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Bane =1))-°% (Laer) 


n=1 


n=1 


ee the order of summation in the last four series } 


= £(3)6(4) — 4¢(2)¢(5) + 109° 6 (> Bus? =) 
n=1 


k=1 k=1 


= ay pei 1 
“35 oe 
{use the result in (3.45), the case n = 6, and the result in (6.74) } 


oo ee) 1 
SSOP) 206) 3 (> rae) 


> ib sam) 


n=1 


n=1 


whence we get that 


[o,@) [o,@) 1 
36 (3)E (4) + 106 (2) (5) — 206 (7) = 2 ( 
dX d Bin + k)4 


[o,e) 


= 1 
+3)° (> mmo} (6.77) 
k=1 


n=1 
On the other hand, for the last double series in (6.21), we have 
» (e Bn as}#). a> (> aa) » p as] = ¢(3)54), 
ls 


n=1 
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which leads to 


[o.@) oe) 1 4 ‘ 
as (> ao] = 5(3)5(4) — 6(7) — y (x zs] 


k=1 k=1 


{change the summation order} 


=r(3)¢(4) — 2) - »( y- i) 


n=1 \k=n+1 


{reindex the inner series} 


CO [oe 1 
=¢6(3)¢4)-c() - >> (> seo) ' 


n=1 \k=1 


or 


1 
aps aaa) * (vag es sro) = 6(3)o(4)—¢(7). (6.78) 


n=1 


If we combine the results in (6.21) and (6.78), we get 


3¢(3)¢(4) + 106 (2)¢(5) — 206(7) 
=e (>: BG sro) + 3¢(3)¢(4) — 3¢(7) - p2 (» neal 


{interchange the variables in the last double series } 


co / 00 1 
= 3¢(3)6(4) — 3¢(7) - a b aol , 
n=1 


k=1 


or, 


1TE(T) — 10¢(2)g(S) = D> (> om sanu)= ys (> war] 


k=1 \n=1 n=1 


oo 77 (4) 


-)- + (c4)- Hi) =c@ca- > a . 


n=1 n=1 
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whence we obtain that 
[o.@) 


and the calculation to the first series from the point iv) is finalized. 
Also, combining the results in (6.21) and (6.78), we have 


Ho 


= 106 (2)6(5) + ¢3)E(4) — 1767), (6.79) 


10¢ (2)¢ (5) + ¢(3)¢(4) — 18¢(7) = D> (> man] =) ae) - Hy”) 
n k=1 


k=1 =1 Kn + ke 

es 90 HY? oO 77(3) 

! H, 
=O) a aa = 24) — 0, 
k=] k= k=1 
whence we get that 
oO HY? 
Ss = YE = 186(7) — 105 2)g5), (6.80) 

k=1 


and the calculation to the second series from the point iv) is finalized. 
When p = g, p+q >= 4, it’s easy to note that everything reduces to the 


well-known result in (4.14), with n — oo. The generalization of the Euler sum, 
oo (p) 
oa — with p + q odd, q > 2, may be found in [11, 20]. 

n 


n=1 


6.22 Another Perspective on the Famous Quadratic Series of 
Au- Yeung Which Leads to an Elementary Solution 


Solution This identity was surprising and new to us when Enrico Au-Yeung (an 
undergraduate student in the Faculty of Mathematics in Waterloo) conjectured it on 
the basis of a computation of 500,000 terms (five digit accuracy!); our first impulse 
was to perform a higher- i 
and Jonathan M. Borwein in On an intriguing integral and some series related 
to ¢(4) paper. The authors of the previously mentioned paper found an ingenious 
solution by combining the Fourier series and the Parseval’s theorem (see [57]) and 
then reducing all to the evaluation of an integral they calculated by means of contour 
integration (the details may be found in [10]). 


Now, in the following, based upon a simple identity generated with the help of 
The Master Theorem of Series, 1 will show the calculations are straightforward and 
all will be finished by simple series manipulations only. 
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We make use of the series in (4.21), the case m = 1, where we multiply both 
sides by 1/n and then consider the summation from n = | to oo that gives 


iF 1 Se A 
DD maay De =>: \2 panei aein 


n=1 n=1 n=1 \k=1 


{change the order of summation} 


[ee 


S213 sata) 


n=1 


~ 1 A+ 
use the fact that y = 
na tk+ VD k+1 


[o,@) [o,@) 


7 y Ay Asi s (Agi — 1/4 + 1)) Aes 
k=l 


~ (k+ 12 +? 


k=1 


{reindex the series and expand it} 


{make use of the Euler sum in (3.45), the case n = 3} 


He. Ss “He 5 


= = 2 


from which we get that 


{make use of the identity in (4.14), with p = 2} 
1, 17 
= 3¢(4) + 5 (2) = tO, 


5 
where I used that £2) = ~C(A4), and the solution is complete. 


For a different solution based upon the use of the logarithmic integrals in (1.4) 
and (1.5), check the article Reviving the quadratic series of Au-Yeung in Journal of 
Classical Analysis, Vol. 6, No. 2, 2015 (see [47]). Various approaches of the series 
are also mentioned in [13, pp. 173-174]. 
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6.23 Treating a Big Brother Series of the Quadratic Series of 
Au- Yeung by Elementary Means 


Solution The present harmonic series represented the engine for the creation of 
another article, A new proof for a classical quadratic harmonic series that was 
published in Journal of Classical Analysis, Vol. 8, No. 2, 2016 (see [46]), where 
I combined the use of the integrals and series in a fruitful way. 


Now, as in the previous section, I'll employ the same strategy using a simple 
identity generated by The Master Theorem of Series, and then all will be finished by 
series manipulations only. 

Let’s start with the result in (4.21), the case m = 1, where we multiply both sides 
by 1/n? and then consider the summation from n = | to oo that gives 


ene Ieee ea Ay 
Sp ee n3 aoe en ee 


k=1 


{change the order of summation} 


= Ee ee 1 oe a ae 1 
= 44 (Sagan) “Late (ba Yass) 


k=1 k=1 
= 1 
is 
{ a DEER ; | 
CO 


= Ag Ag+1\ Ok Ay Ag+ 
-Laep (%@ Pt) > ea rear 


k=1 k=1 


(oe) 


= Hea he Ay —1/(k + 1))A, 
60). k+i — 1/¢ ) Dae K+ — 1/¢ ) AR 
k=1 


bly? = (k + 1)3 


{reindex the series and expand them} 


lee) H, lee) 1 ioe) H2 lee) H, 
= 7 Oha-Vethg 
k=1 k=1 


k=1 k=1 


{make use of the Euler sum in (3.45), the cases n = 2 andn = 4} 


£0 2 


A, 
= 36(5) - ) 1-4. 


k=] 


6.24 Calculating Two More Elder Brother Series of the Quadratic Series of... 395 


whence we obtain that 


00 2 0° (2) 
H? 1 H, 
doe =O) =3 La 


k=1 n=l 


{make use of the result in (6.67)} 


7 
= 566) — §(2)6), 


and the solution is complete. 

For example, the series appeared in the third chapter, in Sect. 3.55, and we'll 
also want to use it in the evaluation of other harmonic series. It may also be found 
evaluated in [20, 63]. 


6.24 Calculating Two More Elder Brother Series of the 
Quadratic Series of Au- Yeung, This Time the Versions 
with the Powers 4 and 5 in Denominator 


Solution /t’s already a routine, right? If you have read the previous sections, 
probably you’ll figure out immediately the way to go. Again, we make use of the 
result in (4.21), the case m = 1, where if we multiply both sides by 1/n? and then 
consider the summation from n = | to ov, we get 


[ee 


Lon 1A” A 
+ = 
2d n4 2 n4 d ray ea 


{change the order of summation} 


-> 44 (Saatas)- yee (ds » aaraan) 


k=1 n=1 
[o,@) [o,@) CO 
A 1 1 
= 3 
ears: (: a(he Yan) 
k=1 n=l n=1 
ae H, 
make use of the representation, etm) =— 
k(k +n) n 


Ay Ag 
= 6 Doar ge Daa a + (k + 1)4 
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Ay) — 1/(k + 1) Ag+1 — 1/(K+ 1) 
= Es be Oy ea 


3 (Arai — 1/(k + D) Ay 


4 
= (K+ 1) 


{reindex the series and expand them} 


=26) yo 2 OD 5 a ar FOr et Lg = 
k=1 


{make use of the Euler sum in (3.45), the case n = 2, 3, 5} 


Me 
5| = 


> 
Il 
an 


=5 (3) - = <6) + ae 


whence we get that 


OO py) 


oo H 
>t = F163: Oy = 


n=1 n=1 


“HH? 97 
at = sO — 27), 


and the solution to the point 7) of the problem is complete. 


The full derivation of the result above is also given in my article, A master 


theorem of series and an evaluation of a cubic harmonic series (see [45]). The value 
oo 2 


H; 
of the series in the form d + iF may be found in [3, 12]. 


As regards the series fom the point 77) of the problem, we make use <a of the 
result in (4.21), the case m = 1, where if we multiply both sides by 1/n* and then 
consider the summation from 1 = | to ov, we get 


(ee OR SS Ay 
pl hls n> =p ay err sy 


n=1 n=1 n=1 


{change the order of summation} 


CO Hy oe) 1 CO 
-> 44 (Saat) - ye (Sa os sea) 


k=1 n=1 
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ma 1 od ae 1 
= eta (io (hs > aeaan)) 


k=1 
Ak £(3) ae = Gee 
=) 5 (64) + : es). 
| (k + 1) k+1  (k+1) eri, Drees 
ee H 
as use of the representation, Ltn Ek 4n as 


A A 


aye Se 5 He 
=O ee OL ee Od erie DL ee 


_ Ss Ais — 1/(k +1) Aa — 1/&+) 
=<) pe (k + 1)? 5G) ys (k +1) 


At — WED SO (Ae — 1K + D) Ae 
1) De ay 2 (k+D° 


k=1 


{reindex the series and expand them} 


= ray 0 re ar a OF POD a HOT ve 
k=1 


oy OO p72 oO 
tO) 3 > 7 > i 


{make use of the Euler sum in (3.45), the cases n = 2, 3, 4, 6} 


[e.e) 


u 8 
= 46(7) + €(2)E(5) — EBs) = > a 


k=1 


whence we get that 


ty a ne Lee gs 
a a a oe 


k=1 
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or if we make use of the result in (6.75), 


sa 2 5 
de ae = 8E(T) — F2VES) — 56S), 


n=1 


and the solution to the point 77) of the problem is complete. 

We may also find the series from both points of the problem evaluated in [63], 
and a generalization of it may be found in [40]. 

If we look back at the last two sections, where we dealt with similar series, we 
may notice that sometimes, when using the right tool, we get tremendously simpler 
solutions (and we talk about pretty challenging series). 


6.25 An nevaoe Harmonic Series of Weight 5, 
p aie mn , Attacked with a Special Class of Sums 


n=1 


Solution Based on the work in the area of the harmonic series, I’m inclined to 
think the land of the harmonic series is still far from being fully explored, one filled 
with mysterious identities waiting for us to discover them. In general, when working 
with the harmonic series, one of the best strategies is to build up relations between 
series (a thing I often do in this chapter) by using certain helpful identities, and then 
try to extract the value of the desired series. The difficulty of this process varies, 
and a critical factor is, of course, the identity (or the identities) used that could lead 
sometimes to splendid solutions. 


The wonderful thing to happen is that in the following approach I will easily 
reduce the tal of the series to =a acura of some cases of the series of 
P (q) 
H, 
the type se — A (see (3.45)), and : — + D ie 


k=1 
If we iad the identity in a. the ae. m = 2, where we multiply both 
sides by 1/n? and then sum from n = | to 00, we get 


n—-1 H lee) n H, oo H, oH lee) H® 
» (Vath) -b (dae) + ye an 
I 


n=1 n=1 \k=1 n=1 n=1 


Now, for the first series in the right-hand side of (6.81) we have, upon changing the 
summation order, that 


He ie Pe 1 1 1 
) =2 (>: is ap ke (etapa +) 


k=1 \n=k 
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n=1 


am Ok 1 1 1 
= 207 * og Ot .) 


k=1 k=1 
~. Ak Ak (2) Ak ~ HHO 
=VathLat@-x#")-= EHO Ge pee 
k=1 k=1 k=1 k=1 
© HH, H” 
= £(2)(3) + 35) — )° SE, (6.82) 
k=1 


where in the last equality I made use of the linear Euler sum in (3.45), the cases 
n=2andn = 4, 
Then, if we plug the result from (6.82) in (6.81), we get 


oo /n-l1 HY Ho 
yep in a sae) = OH) +3909 -29) (6.83) 


n=1 


Further, if we consider the left-hand side of the equality in (6.83) and then change 
the summation order, we obtain 


n—1 HY? lee) lee) HY lee) lee) HY 
& (Smo) “2 Zon)“ h (Zawee) 


a , A, 
=e kn(k+n)  k(k+n)2 


7 oo He ie.) 1 oo HO oo l 
= 2 k (ats) a k irae 


k=1 n=1 k=1 
So se 
H.H H, 
= - + (em - 4). (6.84) 
kel k=1 


Applying Abel’s summation (see (5.1)) for the last series in (6.84), where we set 
ay = 1/k and by = HY? (¢(2) — HL”), we obtain 


Sm (H (60 - He) - 42, (0 ~ H2,)) 


Me 
~|2 
aS 

~~ 
“ 
N 
~— 
i 
“8 
NS 
ll 
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1 1 
Hi (ue (¢@) - #) - (a2 rs =) (: ae aero m)) 


Me 


k=1 
afm Hg HH 
(ats Orie trp 
_ 3 & WKY oy Hert = K+ D 
. = (k+1)4 (k +1)? 


spy (Het = We + 1D) (HE, - ke + D*) 
(k + 1)2 


{reindex the series and expand it} 


oo (2) 
a HOD Be t-rayo  - 2 vay Ae 
k=1 


su 


= ue °° HY? 
3 


-2 ae - 


2¢(5), (6.85) 


where to get the last equality I made use of the classical linear Euler sum in (3.45), 
the cases n = 2 andn = 4. 
If we plug the result from (6.85) in (6.84), we get 


n—1 2) oo HH 


He oO | 
» (Lae 2a sap) 09425 ee (6.86) 


k=1 


Then, by combining (6.83) and (6.86), we obtain 


le) HY) lee) HY oo H,H® 
€(2)o(3) + 3¢(5) — 2 = 2¢(5) +2. : 3 . . 


n=1 k=1 k=1 


or 


00 HH (> Ho & He 


2p =2| 2 + AE) —cee- c(5). (6.87) 


k=1 n=1 k=1 


Now, it’s a pleasant moment to see in the following we don’t need to calculate 
separately the remaining two series from the right-hand side of (6.87). It’s straight- 
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io) oP 0° A 


forward to show by Abel’s summation that eee —— + Qe = E(p)S(q) + 
€(p + q), and then we have _ 
H? oo HY) 
yo or ars x = 52S) +66). (6.88) 


k=1 


Finally, if we plug the result from (6.88) in (6.87), we conclude that 


ey eH, 
>. HE = 108) +26), 


and the solution is finalized. 

For a second solution involving the integrals, see the second solution in the next 
section. Also, for a multiple zeta function related approach of the series, check [37]. 
The present solution also answers the proposed challenging question. 


6.26 An Advanced Harmonic Series of Weight 5, )---_, Fn 
Attacked with a Special Identity 


Solution Before passing to the series of weight 6 from the next sections, we have 
to face a last challenging series of weight 5. For a first solution by elementary series 
manipulations, we’ll exploit one of the identities generated with the help of The 
Master Theorem of Series which we combine then with the value of the series from 
the previous section. Then, for a second solution, we'll want to wisely combine 
identities with logarithmic integrals from Sect. 1.3. 


For a first solution by series manipulations only, recall the identity in (4.26), the 
first equality, where if we multiply both sides by 1/n and then consider the sum 
from n = | to 00, we get 


oo 773 0 


(2) (3) (2) 
3 H- Fp ye 45 5 3 H? — H, 
n2 n2 3 n2 oa ee (kK+1)(kK+n+1)n 


n=1 n=1 n= 


{reverse the order of summation } 


H? — HY 
-Y(u ih sn) 


n=1 


= 1 H, 
make use of the fact that > ae 
ara +k + VY k+1 
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a 3 (ARH?) Hit 5) (Api 1/(k + DP (AQ -1/(k + 2?) Aes 
= 2 2 
= (k+1) 4 (k + 1) 
{reindex the series and expand it} 
o° 3 0 2 (2) 
H; Hy; Ay Ay A, 
= 2 te 
k=1 k=1 k=1 k=1 


{make use of the linear Euler sum in (3.45), the case n = 4} 


3 2 (2) 
-~a at 25° Hk 5 ni + 66(5) — 262803), 


n=1 n=1 n=1 


whence we get that 


fore) 3 lore) 2 


et . oe) Hi! 
2 tnt ; cD “ = 6£(5) — 2¢(2)¢(3) -2> = Le 


n=1 n=1 n=1 


3) 


{make use of the results in (4.30) and (6.68) } 


2 
= 3 25(2)6(3) = 710{5))s 


and therefore, we have 


OO 473 


H,H” 
30 OS = 25) - 6). (6.89) 


n=l n=1 


i) 


Finally, if we plug in (6.89) the value of the series E , which is obtained 


n=1 
in the previous section, we conclude that 
eed 3 
Fr = ¢(2)¢(3) + 10¢(5) 
n2 oat g C g ’ 
n=1 


and the first solution is complete. 

For a second solution, an approach with integrals, we make use of the identities 
in (1.5) and (1.6), where if we multiply both sides of the first identity by H,,/n, and 
then multiply both sides of the second identity by 1/n, we get 


1 (2) 
i gai fee (6.90) 
n 


log?(1 — x)dx = : 
n 
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and 
1 yn-1 3 (2) (3) 
Hy + 3H Ay 2H; 
i; *  jog3(1 — x)dx = = : a3 (6.91) 
n 
If we sum up both sides of (6.90) from n = 1 to o and change the order of 


integration and summation, we get 


[ Ds n—1 Hn = ee (1 —x)dx = ys Hy ab oD Finn” (6.92) 


n=1 


Now, we consider the generating function of the harmonic numbers in (4.5), where 


OO Uk 
t 
if we divide both sides by ¢ and use that log(1 — t) = — > ze we get 
k=1 
[o,@) [o.e) = 
Sig ee OD 2 Se ees fh log = 1) 
t(1 —f) t 1-t k 1-t 
n=l k=1 
(6.93) 


Integrating both sides of (6.93), from t = 0 to t = x, we have 


me x 
oe log(1 —t 
[ 3 t"—| H,dt = > af o8( dar, 
0 0 1-t 


and changing the order of the summation and integration, we get 


at "| H dt = ae pel 5 los? x) 


or, after integrating and dividing both sides by x, 


x 


(ee) 


H, Sxl 1 Joe? — 
ya ee = % ORK x) (6.94) 


k2 2 x 
n=1 k=1 


Plugging the result from (6.94) in the left-hand side of the relation in (6.92), we get 


x*-1 1 log*(1 — x) 
nt Hn op — x)dx = . oa 
[ bye: og?( x) (2 2 5 . 


x log? (1 — x)dx 
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1 f! logt(l —x) 
-f{ ae 2 = ig (1 —x)dx + sf dx 


x 


[o,@) 
H, 
in the first integral use that log?(1 — x) = 2 5° x"*! 
{ e first integral use that log*(1 — x) ae: ae 


n=1 


7 feee [30, p. 2 


{[14, p. 43]), and in the second one make the change of variable, | — x = y} 
3 yktn 1 1 ] 4 
= => Se het / og @) dx 
Dn +1) 2Jo 1l-x 


60 oo 1 ykt+n 
86 7 “+ 5 [, So" eeteoas 


n=1 


5 i 1 ee 1 
" + n—-1 4 
a +n+ I d 
k=1 (x ein Dk+n 5) 2 Xf ‘ 2 a 


{reverse the order in the double series } 


Hn oe 
=> (Saartacn) eer 


n=1 


_y we (v (ktnt+D-)En 
=2)) (> ant+1jktnt+ “) oe 


n=1 


[o,e) [o,e) H, [o,e) [oe] H, 
-2y (5 oe] -23.(5 maria) + 12¢(5) 


n=1 


= 1 An+1 
use that > = 
te KA tnt D n+1 


An41 — 1/(n +1) (Anti — 1/(n + DY) An41 
=x), aa + D> 


+ 12¢(5) 


n=1 
{reindex the series and expand them} 
[o,@) 


00 CO 779 ora) 
= 260) > 2 42 — 290) 5 + 12865) 
n=1 


n=1 n=1 n=1 


3 
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n=1 
{make use of (4.30) and the linear Euler sums in (3.45), the cases n = 2, 4} 
= 2¢(2)¢(3) + 11¢(5). (6.95) 


Thus, plugging the result from (6.95) in (6.92), we have that 


(oe) 


n2 n? , 


n=1 n=1 


Now, we return to the result in (6.91) where we sum both sides from n = 1 to co 
that gives 


[ee 


oo re ae 3 (2) (3) 
H3 + 3H, H® +2H 
y i *jog3(1 — x)dx = —) A ae (6.97) 
0 


n n2 
n=1 n=1 


Changing the integration and summation order in the left-hand side of (6.97), we 
obtain 


n 


oO 1 yn-1 1” —l 1 4 

logt(1 — 
y / ’ log'(1—x)dx = [ > — 1og3(1—x)dx = / pete) a 
n=1 0 ne 0 n=1 fe 0 


x 


2 3 

__ SR mH? SH 
ee a 
n=1 n=1 n=1 


{the value of the last series is given in (6.68)} 


oo (2) 


= H; Ay, An 
=r 3a SG) + 42). (6.98) 
n=1 n=1 


Since we have that 


t Ioe4 ' log* = 
log4(1 — =1-y : 
i: og" ( %) ay x al y / og O) ay = / Soy" Hog*(y)dy 
0 Xx 0 t= y 0 n=1 


{change the order of summation and integration} 


lee) 1 ioe) 1 
n—-1 4 
= 1 dy = —24 9° — = —24¢(5), 
a, y"~ log*(y)dy ) 73 &(5) 


n=1 
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by plugging this last result in (6.98), we obtain 


oH AH? 
2o Dae ge EO) AEE). (6.99) 
n=1 


n=1 
Now, by combining the relations in (6.96) and (6.99), we conclude that 


[o,@) 


H3 ~ 
de ar = $2EGB) + 10¢(5); D7 
n=1 


n=1 


2 
H,H,” 
n 2 


= 6(2)6(3) + (5), 


and the second solution is complete. 
To get another relation between the two series, one might exploit the result 
log? (1 — x) 


lee) 
in (6.23) to get and use > x" (H? — 3H, H® +2H®) = 
=X 


n=1 
The series also appears in [63], and a slightly modified version of it, 
o° 3 


G+ D2’ from which we can get the given series, appears in [20]. 


(n+ 


n=1 


6.27. The Evaluation of an Adyanced Cubic Harmonic Series 
of Weight 6, 0% , (4) , Treated with Both The 


Master Theorem of Series and Special Logarithmic 
Integrals of Powers Two and Three 


Solution After the exciting experience with the Au-Yeung series, one might 
naturally think to consider the version with the cubic power instead of the square 
power. Is it possible to express the series again in terms of zeta values as I did for the 
Au-Yeung series? Yes, it is! An elementary solution by series manipulations, without 
using integrals at all, may be found in my paper, A master theorem of series and an 
evaluation of a cubic harmonic series published in Journal of Classical Analysis, 


Vol. 10, No. 2, 2017 (see [45]). 


For a second solution with integrals, which also wonderfully aims the value of 


lee) 2 
we An Ay” ee Sh sci iss 
the series ) 5 from the next section, let’s start out with the identities in (1.5) 
n 
n=1 


and (1.6), where if we multiply both sides of the first identity by H,/ n*, and then 
multiply both sides of the second identity by 1/ n>, we get 


H? + An HY 


n> 


eee, 
[ x 3 log*(1 — x)dx = (6.100) 
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and 
1 .n-1 3 (2) (3) 
AY + 3H, A, 2H, 
/ * — jog3(1 — x)dx = ——" Bee “ een (6.101) 
Aa 
If we sum up both sides of (6.100) from n = 1 to oo and change the order of 


integration and summation, we obtain 


(2) 
(eo log 21 = ade = og ee (6.102) 


n=1 n=1 n=1 


Then, let’s start with the result in (6.94) from the previous section where if we 
integrate from tf = 0 tot = x, 


eo 4 k-1 
[ a na = = pat An n> a dt 
n=1 n=1 0 - 0 


1 * log?(1 — 1) = peg) 1 * log?(1 — 1) 
—~f —2*—“d= dt dt 
+5 t 2, k2 + 2 2 t 


CO Lk x 2 
e 1 ] 1-t 
=e a i be =e. 
k3 2 0 t 


and then divide by x, we get 


CO 


H, Sx! 1 OPP ee ao 
n—|**n 
Lee dr. 6.103 
ae n2 2D k3 - = | t ( ) 


n=1 k=1 


Plugging the result from (6.103) in the left-hand side of the relation in (6.102), we 
obtain 


wee: ao log?(1 — 1) a 
Dee * log?(I—x)dx = [ (S55 ae f dr } log*(1—x)dx 


n=1 


k 1 2 x 2 
-[ 8 aoe ee I log2(1 — x) (/ log ae 
k? 0 x 0 t 


(6.104) 


Due to the symmetry in the second integral, or by applying the integration by parts 


log?(1 — x) [ log?(1 — 1) 
——— and g = re 
x 0 t 


with f’ = dt, we have 
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—= a log’(1—#) ee pte : 
0 x 0 t ~ 2 0 x 
ney 1 f p'log@), \’ _ 1 eee 
Ss(f ee) =5 px, og (x)dx 


a 2 
1 1 
=3(Sf> * Tog" cis) 305] = 26703), 


and plugging this result in (6.104) yields 


i ys n-1 He gg? a-nar= f ae = [log = x)de + £703) 


oie 


= H, 
that log?(1 — x) =2 nee 
- at log*( x) 2: ml 


n=1 


xktn ‘ 


{change the order of summation and integration} 


oO 00 1 yktn 4 
2 i, Bag ptinte) +R) 


(Ani —1/at) Hn — 1/ 
=) (ye ate a= 2d (Sa + n) es - 


n=1 \k=1 


mA n=1 k=1 


[o,2) [o.e) [o.e) [o,e) 1 [o,@) [o,e) 

yaya ph ave) h abe 

Oe ye ee ( am) tO =} 2¢7(3) 25° 
n=1 k=1 k=1 


n=1 n=1 


xe 4 2O DT abe: 4 £2G) 
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{consider the values of the series in (4.31) and (3.45), the cases n = 2, 3, 5} 
oe (6) (6.105) 
= c(6). 


If we plug the value from (6.105) in (6.102), we obtain that 


les) 3 love) (2) 
An Ay, Ay 89 
— —, e l 
Y (=) +5 = 34°) (6.106) 


n=1 n=1 


Next, if we sum up both sides of (6.101) from n = 1 to oo and change the 
integration and summation order, we get 


1% Jn-l 0 3 oo (2) 0° (3) 
ae 3 -_ A, A, Ay A, 
/ » —— log*(1 — x)dx = y - 35 = 25°. 
n=l 


n 
n=l n=1 


(6.107) 


The left-hand side of (6.107) can be rewritten as follows 


1” n—-1 ly; 3 
Lio(x) log3(1 — 
/ YH logh (1 —x)dx = i Be ee) i 
Ong Ft 0 


x 


i-sey [ Lin (1 — y) log?(y) 
dy 
0 l—y 


{use the Dilogarithm function reflection formula (see [30, Chapter 1, p. 5],} 
{(53, (5)]), [42, Chapter 2, p. 107], Lio(x)+Li2(1 —x) = ¢(2)—log(x) log —x)} 


1 1463 1 = 4 11453 . 
_ ca) | “e ay / log(1 — y) log" (y) aly / log” (y) Li2(y) diy 
0 Sy 0 0 


l-y l-y 
(6.108) 
To calculate the first integral in the right-hand side of (6.108), we write that 


1 log?(y) 1& oo 1 
j G= / yy Hogi(yydy = 5 if yl Jog3(y)dy 
0 0 eI k=1 29 


l-y 
lo.@) 


1 
= -6)> a —6¢(4). (6.109) 
k=1 


Next, to calculate the second integral in (6.108), we make use of the generating 
function of the harmonic numbers in (4.5), and then we have 


410 6 Solutions 


log(1 — y) log* O) ay --[ A d 
[ yo i; log*(y)dy 


l-y 


{change the order of summation and integration} 


oo 1 oo 
Ay Ast = 1/(ke+ 1) 
=-)H K log*(y)dy = —24 24 
= if sHtoe*one: = x raat 


{reindex the series and expand it} 
lee) Hi ioe) l 
= -245° at 245° = 6(2¢7(3) — 3¢(6)). (6.110) 
k=1 k=1 


Lastly, to calculate the third integral in (6.108), we proceed as follows 


' log*(y) Lia(y) ye 
[ aan -[> Ye log? (y) } dy 


n=1 


{change the order of summation and integration} 


yn 1 1 
ee log” “ony) = = 65 (os soa] 


n=1 n=1 


-3(5 


k=1 


oy ‘ss AH 
=-6) 5 (<4) — H.) = 61) a +6y a 
k=1 
{for the second series use the result in (6.72) } 
= 8¢(6) — 6¢7(3). (6.111) 


Collecting the results from (6.27), (6.110), and (6.111) in (6.108), we get 


1% Jn 
ie (1 —x)dx = — £0) _ 6¢7(3), 


which if we related to (6.107), we obtain that 


ee tL noe 6 
ae. 35 Mat = HO) 5 6? (3). (6.112) 


n=1 n=1 
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oe) (3) 
1 
= 56°) +¢(6)), based on the identity in (4.14), the case 


n=1 
p = 3, withn — om, the result in (6.112) becomes 


Sf PAY ae ee , sO} 
ae Re ae = FG) — (6.113) 


By combining the results a : ye and (6.106) we get a system of relations with 


(HA 
the series > ( tn) an 4 
n=1 


which gives 


ee) 


Hi, a: 93 ‘ — HHO 1 ; 101 
»(*) =; (Fr aid 3 = 5 (5° - Fo), 


n=1 n=1 


and the calculations of the two series are complete. 

To get another relation between the two series, one might exploit the result 

log3(1 — x 
in (6.23) to get and use S cag 0: i — 3H, Ho + 2H) = et»). 
—x 
n=1 

This second solution aimed to get two birds with one stone by creating a system 

of two relations with two series like in the second solution from the previous section. 


The series tna « also be found calculated in [19]. Also, a slightly modified version 
3 


G4 D2 from which we can extract the given series, appears in 


of the series, 3 


n=1 


[20]. 


6.28 Another Evaluation of an Advanced Harmonic Series of 


Weight 6, >", ae , Treated with The Master 
Theorem of Seriee” 


Solution In the second solution from the previous section I also approached the 
present series by a strategy involving integrals. How about an approach now by 
series manipulations only? In this section we’ll try to get a solution by series 
manipulations, and for doing that we might like to employ a particular case of an 
application of The Master Theorem of Series. 


By making use of the result in (4.21), the case m = 1, where we multiply both 
sides by H,,/n? and then consider the sum from n = | to 00, we obtain 


[ee 


= 1 H,\? . 14. BY 
» (ote) EG) a a 


n=1 n=1 


412 6 Solutions 
or, upon changing the order of summation, we have 


lore) lore) lone) 3 lore) (2) 
HAH, 1 H, 1 HH, 

53 ee ee eon a 
(k+1(k+n+ In? 2 am n 2 n> 


k=1 \n=1 n=1 


Now, we rearrange the inner series of the double series in the left-hand side 
of (6.114), 


3 >> A, +1/@+1) 
eee om (n+ 1)2?(n+k+2) 


{leave out the first term of the sum and expand the series} 


(oe) 


il a 1 An 
= a. ea 6.115 
k+2 2 GED FEED 2 GE DMn FED ‘ 


Then, for the first sum in (6.115), we have 


DD rane 
= 1 1 1 1 1 
=—7T 2 Gwe Gr? LY wt? * +? LY Gta tesD 


n=1 


= 1 Ayo —1 
make use of the fact that > ae 
A @t Datk +2) k+1 


_ $@) (2) 1 Agi 
k+l (+12 k4+2° (&+D3" 


(6.116) 


For the second series in (6.115), we have 


[ee 


GEDEREEED 7 =a n+1 I n+k+2 


n=1 n=1 


1 Sani -V/a@+) 1 < 
ie (n+ 1)? Bee 


n=1 


{reindex the first series and expand it} 
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oi se ee 1 3 ie 
~ eae nm k+l nm k+l (n+ Dm+kK+)4+) 


n=1 n=1 n=1 


{make use of the Euler sum in (3.45), the case n = 2, and then} 


{use the result in (4.21), the case m = 1, for the last series } 


(2) 

_ 63) Hey Aes 6A17) 

k+l %Wk+1)? 2%k+1)2° , 

Returning with the results from (6.116) and (6.117) in (6.115), we get 
H2 H® 
= A, _ 26(3) (2) Ag+1 k+1 k+l 
‘nitk+i)  k+1 +1? GDF 2641)? 2641) 

(6.118) 


Then, if we plug the result from (6.118) in (6.114), we obtain 


1 BY? 12 oH = 
5& (=) >? 3 4 (% a) 


fe VEr® 
7 k+1 


(2%) _ 62) Hej Hes Hy) 
k+1 (k+1)? (k+1D3 241)? 2(k +1)? 


{reindex the series and expand it} 
Cc ee) fore) oO 00 5) 
Ak 1 Ak 1 3 H; 
=23) Di - UO E-@ di t+i@d ats 
k=1 k=l k=l k=1 k=1 
oo HH 12 H 


Hp issfRy 1 
ee -rL(Z) -yo ee +h 


k=1 k=1 k=1 k=1 


{use the Euler sum in (3.45), the cases n = 2, 3, 5} 


{and then employ the results in (4.31) and (6.71)} 


J LS H,\3 Ly Hn Fi” 
4 2 n 2 mB? 


414 6 Solutions 


whence we get 


00 3 © (2) 
An A, An 89 
— = —¢(6). oi 
yo (=) +o = Fr (6.119) 


oo 3 
A, 
Finally, by plugging the value of ) (=) from (4.35) in (6.119), we obtain that 
n 
n=1 


SG ue 1 
» =5 (s°° (3) — a). 


n=1 


and the solution is complete. 
For a second solution based upon the use of integrals, see the second solution in 
the previous section. 


It’s worth mentioning the relation established in (4.40) which shows that knowing 
CO 


the value of > 


n=1 


leads to the derivation of the present series. 


= 


6.29 And Now a Series of Weight 6, )-"~_, ’, Treated 
with Both The Master Theorem of Serise nt Special 
Logarithmic Integrals 


Solution At the end of the previous section I gave a reference to a simple identity 
that relates the series there with the one we want to calculate here. In other words, 
if we know the value of the series in the previous section we can get the value of the 
present series by means of the identity in (4.40), which we’ll meet in one of the next 
sections. In the following Ill try to calculate the series both elementarily by series 
manipulations only, and for doing that P'll use The Master Theorem of Series, and 
on the other hand, I'll also try an approach with integrals. 


For a first solution we rely on The Master Theorem of Series, more precisely on 
the result in (4.22) from Sect. 4.17 where if we multiply both sides by H,,/n, and 
then consider the summation from n = | to 00, we get 


LN Lo ED alk tn +1) 


2772 9 & B) © no 
jLe+HOLs 5 3p icy ae ya (b 4 


n=1 n=1 n= 


= 
Il 
an 
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n=1 


{use the values of the series in (4.39), (4.29), (4.38), and (6.121)} 


1615 22 HH? 
= $0 +26°B) +5 3 ee (6.120) 


on 


[o.@) 
vel 
where I also used that due to the symmetry, since x 2 = 2¢(3), we have 
k=1 


lee) k 
_ Ay Ay 97 0) 
=e 2 (» | 3469) + 25°03), 


whence we get that 


= H,\ 97 
> 4 (y4 :)- 736 + 570). (6.121) 


k=1 n=1 


Now, for the double series in (6.120), we write 


ve H?H, = H?H, 
>» (Sent) (Dh (Sees) 


k=1 k=1 


{reindex the inner series and start from n = 0 to oo} 


= 3 HZ (An + 1/(n + VD) 
NS + DO + DR +n +2) 


{for n = 0 let outside the term of the inner series } 
a He, 3 3 Hy (Hn + 1/(n + D) 
EF DEFD E+ DG@t+ DE +242) 


k=1 k=1 


416 6 Solutions 


[o,e) [o.e) [o,e) H, 
=> gst Le (Same) 


k=1 
Sy S2 
00 2 00 
A; 1 
+ : 6.122 
> Ah (Saapees) ( ) 
S3 


We note the series S; in (6.122), is the case n = 1 in (4.22), 


=) EEDETD i =1+¢(2). (6.123) 


Further, to calculate the series $2 in (6.122), we make use of the result in (4.21), the 
case m = 1, and then we write 


[ee 


a=) fh 3 A, =" He He PH 
et S wt patrks+ nth) Seti 2eFy 


2 
7 3 (Hest — Wk +d)? (Ra + HO 
_ k+1 2(k + 1) 


{reindex the series and expand it} 


if? £8 ft 2h 1” Se 1A 
=5)0 k2 ta mtg Ds k2 oe k3 oe k4 


k=1 k=1 k=1 k=1 k=1 k=1 


{use the values of the series from (4.39), (4.35), (4.31), (4.38), (4.36), and (6.71)} 
81 9 
= 75) + 2¢°(3). (6.124) 
Next, for the series $3 in (6.122), we have 
ioe) H2 lee) I 
Ss = Tk 
: Lei (> (n+ D2(k+n +2) 


[e,e) 


a H; a 1 
=> rane, rear (> aes) 
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n=1 


1 Ak+1 1 
that 
re Y aera" k+1 k+2 


H, 1/(k + 1))? 
~ (¢(2) ny! areas ») 


y (Arai — 1/(k + 1))* (= 1 ) 


a (k +1)? k+1 k+2 


{reindex the series and expand them} 


oo H2 oo aA i) 1 oo H, 3 
= 2) - DF -2UO@-VDVZ+E@-VYg » (4) 
k=1 k=1 k=1 k=1 


00 442 00 Mh ere 1 ere H2 00 ae 
2 w 2 . 
' di ue tL aern tL PEt UU BETD 


S4 S5 S6 


(6.125) 


For the series $4 in (6.125) we make use of the partial fractions, and we write 


ee) ee) l 1 l 1 ee) 1 lo) 1 

= aaa ~ (a BR Pee 
3 , ~G )=2@-2@+2@)-1. (6.126) 
ak k=1 k k+1 


Then, for the series S5 in (6.125), we proceed as follows 


=> Hy 5 He Ag | Hes ~ Wk + DY 
eu, k2 k k+1 


k=1 
oe) 2 oo oo 2 2 
os. 25> At +>. 1 y Ae, Ay 
k=1 ke k=1 e+ 1)? k=1 & - 1)? k=1 eed 


{reindex the second and third series and start from k = 2 to oo} 


lee) H2 ie) H ee) 1 
= oe 2 2) 2 7 2 k3 : 
k=1 k=2 k=2 


418 6 Solutions 
{for the first two series use the values in (4.29) and (3.45), the case n = 2} 
17 
a a) — 3¢(3). (6.127) 


Now, we calculate the last series from (6.125), and we write 


oo) loo) 
AA A, A A, A -—1/(kK+1 
Ss= >> k =a k Bi k k+1 an) 


3 3 2 
Bk NB Bk k+l 
ay eo + = - Set 

re Ga a i irs 


{make use of the classical Euler sum in (3.45), the cases n = 2, 3} 


5 
= rine — 2¢(3) + (2). (6.128) 


At this point, we collect the values of the series S4, S5, and Se given 
in (6.126), (6.127), and (6.128), and then plug them in (6.125) that lead to 


SL k+1 (n+ IK +n +2 


H2 


ioe) oo 3 
= (¢(2) vy 2(¢ (2) Dy e+Ee bya » (4) 


k=1 k=1 k=1 


ioe) a oo 
Hy; Ak 11 
+2) > a > i t gih-sQ-1 
k=1 k=1 
{use the Euler sum in (3.45), the cases n = 3, 5 together} 


{ with the values of the series in (4.29), (4.35), and (4.31)} 


= SO) (2) =O 8) = 4b (6.129) 


Then, by plugging the values of the series S$), S2, and $3 from (6.123), (6.124), 
and (6.129) in (6.122), we get 


Hi Hn = 27.6) +2 6.130 
3 rea eaeay 7 SO +5°@). (6.130) 
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Hence, by combining (6.120) and (6.130), we conclude that 


3 Hy, ae | (2 =e 
94 c (4 ? 


n=1 


and the first solution is complete. 

For a second solution, one involving integrals, let’s start out with one of the 
simpler logarithmic integrals presented in Integrals chapter, the identity in (1.4), 
where if we multiply both sides by -H®) /n and then consider the summation from 
n= 1 tom, we get 


(3) 1 1 
A, = 
y ; == oH? if ( / (xy) log(1 - x)dy) dx 
0 0 


n=1 n=1 


{change the order of integration and summation} 


1 1” 
--f (/ Soy tg 9) dx 
0 0 


n=1 


: ( ' log(1 — x) Li3(xy) 
— -| / ay) dx 
o \Jo xy(1 — xy) 
_ =f (i log(1 —2) List) 55) wf (f log( — x) Lis(xy) , ay) ds 
o \Jo xy 0 \Jo bay 


(6.131) 


where to get the penultimate equality I used the result in (4.6), the case m = 3. 
Now, we prepare to calculate the first integral in (6.131), and using that 


J Li3(xy)/ydy = Lig(xy) + C, we get 


is (f log(1 — EY yy) Ga f log(1 — x) Liga) | 
0 0 Xy 0 x 


1” yn 
=f > = log(1 — x)dx 


{change the order of summation and integration and use the result in (1.4)} 


n—-1 A, 
ae a log(t = dr = 


= n=1 


{make use of the Euler sum in (3.45), the case n = 5} 


=e ( 2(3) — dl 6) (6.132) 
=5 c 5S ; : 


420 6 Solutions 


Further, to calculate the second integral in (6.131), we start with the integration by 
parts in the inner integral, and then we have 


_ 1 = / 
[ log(1 — x) Liz Gy), _ y= f (- log(1 ») fost Leads 
0 1-—xy 0 x 


y=l jog — ! Jos(1 — xy)Li 
" og(1 — x) og(1 — xy) BOY) ay 


y=0 - 0 y 


So EE) last Ge) 
XxX 


log2(1 — x)Li3(x) , log =) ! log(1 — xy)Lia(xy) F 
Xx x 0 y y 


7 lost — xy) Lio(xy) 
y 


d 
{ote that —(Liy(xy))? = 
dy 


log?(1 — x)Liz(x) — log(1 — x) (Lig(x))? 


x 2x 


[ (f log(l — x) Lig(zy) | ay) da 
o \Jo 1—xy 


[ log? (1 = x)Lis@) af log(1 =) Cine) 5 
0 x 2 Jo 


that leads to 


(6.133) 


Xx 


Now, for the first integral in (6.133), we get 


' log?(1 — x) Lisa) | 
fae [E 


-Lf[S 


{use the identity in (1.5)} 


Sie (1 — x)dx 


n=1 


Sise (1 — x)dx 


a a 


n=l n=1 


{make use of the values of the series in (4.31) and (6.71)} 


eee 
= 7 $ ) ¢“(3). (6.134) 


oe) Hel : 


6.30 An Appealing Exotic Harmonic Series of Weight 6, )°7~ aaa 421 
Next, the second integral in (6.133) is straightforward, and we get 
! log — x) (Liz(x))? 1 a as 
i; OE SVE an | Sa Ae: (6.135) 
0 x 3 x=0 24 
Collecting the results from (6.134) and (6.135) in (6.133), we get 
"7 ¢! log — x) Li 143 
i I es BOY) ay dx = ¢°(3) — —-¢(6). (6.136) 
0 Wo 1—xy 48 
If we plug the results from (6.132) and (6.136) in (6.131), we conclude that 
cole: He Lf 2a7 ; 
pee: 75) — 36°)), (6.137) 


n=1 


and the second solution is complete. 

As a note before bringing an end to this section, we may notice again during the 
second solution the extraordinary usefulness of the elementary logarithmic integrals 
in Sect. 1.3. So good to know! 


6.30 An ager Exotic Harmonic Series of Weight 6, 


pan , Derived by Elementary Series 
a er 


Solution A nice observation is that the summand of the given series is in fact the 
summand of the Au- Yeung series multiplied by HY, which leads to the actual series 
of weight 6 we want to calculate in this section. As before, the lucky card here is the 
use of an application of The Master Theorem of Series which gives us the possibility 
of doing the calculations by series manipulations only. 


Recalling the identity in (4.24), multiplying both sides by 1/n and considering 
the sum from n = | to ov, we obtain, for the left-hand side, that 


lo) lee) HAY? o lee) lee) HA 
2 sy er sy: =), > GEnGtae Ds 


n=1 k=1 


Bae (Ae — 1/(k +) Ae (A?) — 1/& + 2?) 


(k + 1)2 (k + 1)? 


k=1 k=1 


{reindex the series and expand it} 


422 6 Solutions 


ee i) He as 


->" sas 


{make use of the results in (4.31), (4.36), and (3.45), the case n = 5} 


00 He) 3 : 
-"e 162) eA) (6.138) 


oo n 9 
F : : 1 H: 
and for the right-hand side, since we have that =a > = = 
n 
1 


i2 
n= t=! 

ioe) lee) oo 2 oo 0° 2 
A; 1 Hi; 
e (ae) -h(S+d)ae- LF (> aloes 

i=l \n=i i=l \n=i+1 n=i i=1 n=i+l i=1 

we get 
es ae ee «re An i ~. H? 
sLa(LF)-La (oF) +soL + Oy s 
n=l i=1 n=1 i=1 n=1 
£(2) 3 ae 3 He 1 (yy 
2 n2 4 n2 4 n2 
n=1 n=1 n=l 
ae: ay eam | i A -S ee lee 
= 4(> n2 gop Dee ae ie 
i=1 n=i+l n=1 n=1 i=1 

oo oo 77(2) oo (4) 0° (2)\2 OO 772 
Ay (2) An 1 Ay, 1 (Ay) g(2) A, 
+2¢(3) | n2 2 De n2 4 De n2 om n2 + 2 2 n2 

n=1 n=1 n=1 n=1 n=1 

1 AH” ‘ 79 

=-- 2¢°(3 — (6), 6.139 
2 “2 + 26°) + E66) (6.139) 


where for getting the last equality I used the results in (4.31), (6.121), (6.72), (4.29), 
and (3.45), the case n = 2, (4.14), the case p = 2, withn — on, (4.15), the case 
p = 2, withn — ov, and the fact that 


ioe) 2 ioe) ioe) 5) 
LE (dS al-LFCo-a) or F-y 


i=l n=it+1 i=1 


i 


{make use of the result in (4.29)} 


_ 119 00 2 7?) 
Tae ers 


i=l 


H4 
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Finally, by combining (6.138) and (6.139), we conclude that 


ae 6) + 2¢7(3 
I = 75) + 270), 


and the solution is finalized. 
For a second solution based upon a system of relations with series, check the next 
section. 


6.31 Another Appealing Exotic Harmonic Series of Weight 6, 


4 
aa *, Derived by Elementary Series Manipulations 
Solution We have arrived at the last series of weight 6 where a solution by series 
manipulations is expected as before. For example, an option would be to establish a 
relation between the current series and the series from the previous section where to 
further use the value of the latter in order to extract the value of the desired series. 


On the other hand, we may establish two relations between the current series and 
the one from the previous section, and then extract both the value of the desired 


series, and as a bonus, the one from the previous section. 
ee) H4 
The main idea is to make a system of two relations with the series » = and 
n=1 
oo (2) 
H? Hy, 
2 


. First, we make use of the result in (4.21), the case m = 1, where if we 


n 
n=1 


multiply both sides by H?/ n and then consider the sum from n = | to 00, we get 


fl 3 HA Pe ‘ Hen” 7 s 3 Hy, H2 
2 nz 2 n2 oar (k+ 1)n(k+n+1) 


n=1 n=1 n=1 


{reverse the order of summation} 


[ee 


CO 
=) Ps (6.140) 
k+1 ee = n = dD’ 
k=1 n=1 


424 6 Solutions 


Next, we work on the inner series in (6.140) that we can write as follows 


~ |: ope 
YS a caes 


n=1 
{leave out the term of the series for n = 0} 


=i yp eee 
+2 + (n+ DK+n 42) 


[oe 


1 = H2 H, 
=—+ +2 . 
k+2 GENE EA TD 2 GED EFA ED 


= 1 
+ GEDA TD (6.141) 


The first series in (6.141) we already met in (4.22) from Sect. 4.17, and we have 


3 H2 AB, +362) Hest + 3A A, + 2H 
“(n+ DKENFD 3k +1) 
k+1 
1 Ai; 
eee 3 6.142 
k+1 d, i2 ( ) 


For the second series in (6.141), we get 


a GEDRCEWED 


n=1 


[ee] 


An 
(n+ I)(K+n-+ 2) 


ee s An 1 
Tee Geely k+1 (n+1)3 k+l 


n=l n=1 


{use the classical Euler sum in (3.45), the case n = 2,} 
{and then employ the result in (4.21), the case m = 1} 


2 
_ 63) Hea + Ae 
2 (6.143) 
k+l 2(k+1)? 


Finally, for the last series in (6.141), we have 
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pe GEDTEEWED 


n=1 
lee) 
1 1 1 1 
= Eel 24 Gory Gri? Yt? Ge LY Ga ED 
[o.@) 
1 el 1 
make use of the fact that be mpee ve 
GF DK+n4+2) +1 +2 
— (3) (2) Ag+ 1 


= 6.144 
k+1 (kK+1)? (k+1)? k+2 ( ) 


If we plug the results from (6.142), (6.143), and (6.144) in (6.141), we get 


foe) 
Dee, oh aot 1) 


n=1 


3 2 (2) (2) 
Aes Ay Ayt | AeA Ae 


— 34D aaa tee + Gait” bel ee 


2H, 363) (2) a 
3(k+1) k+l (k+1) mile ee) 


Then, we plug the result from (6.145) in (6.140), and we get 


1 s H4 ie 5 Hew” 
2 n2 2 n2 
n=1 n=1 
© Aeei-ga( 12 a Hey Hy? 
=o k+l ~ ei k+1 +e(2 gy etl Ak+1 k+ 1 
ee keel 3(k + 1) (zag k+1  (k+1)3 k+1 
(2) (3) 
Ay 2A), 36(3) g(2) 3 i 
1? 3641) ket CFI? kala? 
{reindex the series, expand it, and replace k by n} 
Int 4m a 5 ee 
a 2 — 2. Hy —2¢2 = - = 
3 Lats Po 5) ena Dee 


n=l n=1 
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6 Solutions 


oo 2 77) oo (2) 0° (2) 0° (3) 0° (3) 
Hy A, An Ay, Ay, 2 Ay Ay, 2 Ay 
5? Daa eae) Dear ae Oe at) ee et ae 
n=1 n=1 n=1 n=1 n=1 
foe) 
Boy a -xO DS = + £2) 


n=1 


whence we get 


oo oo HB oo 
2 FSO 2a yo 
n=1 n=1 n=1 


SAH 25° 


Ay, a = Aj 
a i2 
i=1 


m= n=1 


oo 2 


HY © Hy So 
3¢(3 
n2 3 2 n3 +36 rd n2 d 


n=1 


4 7 
—32° (3) + 756) 


{make use of the classical Euler sum in (3.45), the cases} 


{n = 2, 3,5, and then employ the results in (4.31), (4.35), (4.29), } 


{ (4.36), (6.71), (4.37), and (4.14), the case p = 3, with n > oo} 


-* 


¢(6) 


(6.146) 


°2a)-> Se (> *) 


n=1 i=1 


Now, to calculate the series in (6.146), we proceed as follows 


n=1 


An — An (Hi An [Oo Ai 
Sh (pS)-03(o4] 


line 
7a ap a4 Oey 
i=1 n=1 i=1 n=1 i=1 


{for the second series change the order of summation} 


n=1 


n 


£8) 2E8)-E8E% 


i=1 


~F%( 


[o,e) [o,e) 


i=1 n=1 i=1 


H4 
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{use the linear Euler sum in (3.45), the cases n = 2,5, and} 


{the first and the last series are calculated in (6.121) and (4.37)} 
= 5¢(6) — 2¢7@), (6.147) 


By plugging the result from (6.147) in (6.146), we get 


oo H4 He Hy? _ 733 
pias) haar 54 $ ) — 36°03), (6.148) 


and the first relation between the two main series has been established. 
Then, using the result in (4.26), the first equality, multiplying both sides by H,,/n 
and considering the sum from 1 = | to 00, we obtain 


14H f HA 2 > H,He) _ 5. 3 (H2 — HY)H, 
3 n2 n2 3 no  (k+ Ink +n+1) 


n=1 n=1 n=1 n=1 


{reverse the order of summation } 


lee) — HY? ee) H, 
; 6.149 
-> 4 k+1 a ers ( ) 


Now we rearrange the inner series in (6.149), and reindexing, we get 


(oe) 


Hy 3 Ant - 1 3 Ay + 1/@+ 1) 
nk +n +1) (V+ Dk+n4+2) 0 k+2° (at Vk+n42 


n=1 n=0 


CO 


CO 
1 
= 2 moe > aoe 


{make use of the result in (4.21), the case m = 1} 


(2) 
i Hea + Aes 


t 1 = 
Eno” 2(k + 1) aoe 2 (n+ 1)? i Ee 


n=1 


1 Ag+2 1 
employ the elementary result, > i = 
f@tYK+n+2) k+1 k+l 


n= 


428 6 Solutions 


2 
ee. He ker Hey ¢(2)-1 Ak+2 i 1 
ae uae er k+l. +I?” FIP 


Hey, hea g(2) Ags 
2(k + 1) k+1 (+1) 


(6.150) 


Upon plugging the result from (6.150) in (6.149), we obtain 


2 
1 (2) 1 
_ 5 [i at) (HS, ae ( Hea + A, pach (2) Ak 
2k +1) k+l (k+1)? 


{reindex the series, expand it, and replace k by n} 


CO 774 fo) 
a a ay Hcy A Hi bay 


n=1 n=1 n=1 n=1 n=1 


[ee 


Ay 1S’? I 
-62))) 2 Ds n4 roe n2 +262), 


n=1 n=1 n=1 n=l 


whence we get 


n=1 n=1 


-2 Fay i OY Tam y 42007 sas ge 


n=1 n=1 n=1 om 


0° (2) 0° (2) 00 (2)\2 0° 
Ay A, 1 (A) 1 
HO) 2 tel a 
n=1 


n 2 


n=1 n=1 n=l 
{make use of the linear Euler sum in (3.45), the cases n = 3, 5, then} 
{the values of the series in (4.35), (4.31), (4.29), (4.37), (4.14), where we set} 
{p = 2, with n > oo, (6.71) and (4.15), where we set p = 2, withn > oo} 
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= = iat = i 0); 
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and thus we have a second relation between the two main series, 


1Ht Swen 48 3 
oe a = aaa 5 3). (6.151) 


n=l n=1 


Combining the results in (6.148) and (6.151), we conclude that 


°° Hi HB 41 
y= 5 S66) + 367 (3); os = 755(0) + 26°03), 


and the solution is complete. 
sania: solution may be constructed by combining the calculation of 


oo (2) 
ee 


n=1 


in the previous section with either the identity in (6.148) or (6.151). 


4 


Also, a slightly modified version of the series Lae Ga D2 , from which we can 


obtain the given series, appears in [54]. 


6.32 Four Sums with Harmonic Series Involving the 
Generalized Harmonic Numbers of Order 1, 2, 3, 4, 5, 
and 6, Originating from The Master Theorem of Series 


Solution This section opens the gates to four sums with harmonic series where 
we’ ll want to focus on calculating them together rather than trying to calculate each 
series separately, and this will find pretty useful in some sections. Why? Because, as 
you already saw in the previous sections, the strategy of extracting the values of the 
harmonic series is based on creating useful relations with harmonic series. On the 
other hand, in the third chapter, in Sect. 3.36, we saw that such series relations are 
very useful when trying to calculate some integrals. 


For the point 7) of the problem, we use the result in (4.21), the case m = 3, and 
we have 


oo He? ae gee 2 3 v —. 
EES (5 33 oo 1 C@MAye 


k=l 


[<3 B HY Hy 
=-) = -¢(2) Bee ae (6.152) 
nin! n n 
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Upon multiplying the opposite sides of the relation in (6.152) by 1/n, and then 
considering the sum from n = | to oo, we obtain 
ioe) 1 n ioe) He 
vs (>) io es. sa Ope= a 
n=1 i=1 n=1 


{for the first series change the summation order} 


oo oo oo He 
7 (4 2) 0 : Hole 


n=i 


i=1 


lee) loa) H; lee) lee) i H,; 
{use that 2 bs 4 = »( > +y yt 
I= n=. 


n=i+l1 n=i 


oe) loo) (2) lone) Ho oo 
=) Sm +Le-0L% > 
n=1 n=1 n=1 n=1 


{make use of the classical Euler sum in (3.45), the cases n = 2, 3,5, and for} 
{the fourth series make use of the result in (4.14), the case p = 2, withn — oo} 
7 3 an 2 Ay een pee HY? 
= -£(6 23 = 
PO OR a = 2 aay sy 


n=1 n=1 


{reverse the order of summation in the double series } 


lee) lee) He 
-Y(u rein) 


k=1 \n=1 


write that > : 2 Bel 
na tk + Vy ~ ket 


_ 3 Bente Ben — + D%) 
~ o4 (k $12 0 (k+1)2 


{reindex the series and expand it} 
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as 


(3) 
rae yee - 28) "3(0), 


n=1 


-> 


whence we obtain that 


oo (3) oe) (2) 
HA, H, H,,H, 21 
Dat be oS ee 


n=1 - n=1 
and the point 7) of the problem is finalized. 
Both series have been calculated in the previous sections where I mentioned that 
knowing the value of either of the two series will lead to the extraction of the other 
one with the help of this identity. 


Next, for the point ii) of the problem, using the result in (4.21), the case m = 4, 
we obtain 


oo AY I n H; 4 oe = 
LL eEDEAED a (VTL Om 


k=1 i=l i=2 


{<n He He Hy 
y= + 6(2) c(3) +¢(4)—. (6.153) 
n i=l I n n n 


Upon multiplying the opposite sides of the relation in (6.153) by 1/n, and then 
considering the sum from n = | to ov, we obtain 


Es(§) oi 


i=l 


oo HO oo H® 


n=1 


{change the summation order in the first series} 


3 2 
7 00 3) 00 2) ye 
--¥ ~ ne 
n=! 


n=i 


lee) lee) H; lee) lee) i H; 
L L 
{use that } b 4) 4 = - ao 
i=l \n=i i=l \n=i+1 n=i 
~. FA; ~ A; 
->(> aa) 
i= i+ 


0° 00 : 0° : 00 ®) 00 ; 
|- YFe@-W +P e=@yF-ye + 
i=l A . 


ee) 
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oo He oo HY 


oe) oe) (2) lore) 
A Ay An An 
=-c(2 2 
sO) a a Qo 8 +5) 2 


[o,@) 


An 
Te) De 


{make use of the classical Euler sum in (3.45), the cases n = 2, 4, 6,} 


{and also consider the results in (6.68) and (4.14), with p = 2} 


oo 
->* aa Te(2yg(6) — 25g) - 4¢(7) 


oo H® oo oo Ho 
» k+)(ik+n+ a) 7 rap k+Dktn+ a) 


k=1 


4 
7 3 A A 7 > Aes (HO, — Uk + D4) 


2 2 
am (k + 1) i (k + 1) 
{reindex the series and expand it} 
00 4) 00 (4) 
AH, Ay H,,H, 
= De =D FOES) + FEA — 4000), 
k=1 k=1 n=1 


whence we get that 


Ent 9 
Dae? Dee = 5 (s@e) - Fear). 


n=1 n=1 


and the point 7) of the problem is finalized. 
Further, for the point 777) of the problem we make use of the result in (4.21), the 
case m = 5, that gives 


oo He i 2 5 : a 
2 Gea +(¥ rae ak 1) ¢@A, 


k=1 i=l i=2 
1 A; HY HY? HY”? Hy, 

=-)° + -62)— + £@) (i age (6.154) 
nt—~ 1 n n n n 
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Multiplying the opposite sides of the relation in (6.154) by 1/n and then considering 
the summation from n = | to 00, we get 


ar (> 4 | oy 


i=1 


oo HY oo HY Te 


n=1 n=1 


{for the first series change the summation order} 
(oe) foe) foe) 
=» (So) -@ 
lee) lee) lee) lee) i H; lee) lee) H; 
L L 
{use that ¥ (> ta) = ait » s 3,2 = ( > “) 
i=l \n=i+1 


i=l \n=i i=l \n=i+1 n=i i= 


HO oo H® oo He 
An 


n=1 n=1 


Ho He 


00 00 (2) 00 
SC) a er eT 


n=1 n=1 


H 


An 


—¢(4) ae 


{make use of the classical Euler sum in (3.45), the cases n = 2,5, 7, and also} 


{consider the results in (6.72), (6.68), and (4.14), the case p = 2, withn — co} 


_ © HO 145 8 : (2) 23) 4 3 3)f(5) 
Sa Nett Dk+a+ Dap Ve e+ D&+n+ Da 
a 3 Ail _ y Her (He), — 1 + D9) 

“oe Vek IP (k+ 12 


{reindex the series and expand it} 


_< HY? See > 


k=1 n=1 


Hy us 
- 75(8) + €(3)¢(5), 
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whence we get that 


n2 nm 2 36° one oe 


n=1 n=1 


and the point ii7) of the problem is finalized. 
As regards the last point of the problem, we use the result in (4.21), the case 
m = 6, that yields 


= HY” ifs if 6-i+1 
> k+hktn+l. 7 (> je + CWO ) 


k=1 i=l i=2 
1 Hi By Ry Hy” Hy” Hn 
= --) 3 +602) ¢(3) + ¢(4) ¢(5) + (6) 
. i=1 I n n n 7 i 


(6.155) 
Multiplying the opposite sides of the relation in (6.155) by 1/n and then considering 
the summation from n = | to 00, we get 


2 7 (3 ‘| > 
-<5) 


n=1 


oo HS an AGo HY) 


- Cates 


n=1 


He 


n 


{change the summation order in the first series} 


00 oo) fore H® 0° H” oo H® 
-(S 4) oy roy 


n=1 


He 


n 


“9 
lee) lee) H; lee) lee) i H,; 

{ese that > (>: ts] = ( >. +y] 8,2 
i i=l 


i=1 \n=i = n=i+l1 n=i 
~ i®n2 i8 
i=l \n=i+1 i=l 
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Oo Oo 2) = eye) sal 21g 
a 2 n n n A, 2 
BO) Pe oe ee OD 
n=1 n=1 n=1 
00 9) ay 7 00 


{use the classical Euler sum in (3.45), the cases n = 2, 6, 8, and also consider} 


{the results in (6.76), (6.72), (6.68), and (4.14), the case p = 2, withn > co} 


= Hy La 
= 8(2)E() — 5 EB)5O) + 6°) - U e(ayg(5) — 5¢(9) + 5 ai” 
n=1 
H® oo / 0 HO 
->(Secneaem) SErertt 


_ > AeA _ > (AY, —1/& +1) Hey 


2 
car k+) 


os Hn Hn 
=> m2 FSA + FBG) + SAE) — 550), 
n=1 


whence we obtain that 


HAO 2 AAO 19 15 
> : > “3 = TEQ)ED — FBS) — TEAS) + 6°), 


n=1 n=1 


and the point iv) of the problem is finalized. 
As a final note, the most difficult series we needed to establish the present results 
have been the ones evaluated in Sect. 6.21. 
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6.33 PESO Ely. yuched ee pees of Weight 7, 


pea - Cail peas 22 , Originating from a 
Strong Generalized Sum: The First Part 


Solution How did the derivations of the series of weight 4,5, and 6 seem to you 
so far in terms of difficulty (assuming you went through those related sections)? 
One simple observation, as we go toward the series of higher weights, is that the 
extraction process of the series seems to get more and more complicated. Then keep 
in mind my plan is to derive the series of weight 7 by series manipulations only. 


Where should we start from? In a previous section I said that one of the best 
strategies to extract the harmonic series is to build up (useful) relations with 
harmonic series. For example, remember that such relations we have in Sect. 4.32. 
So far so good. Looks like we need more distinct relations in order to be able to 
extract the series of weight 7. 

Let’s start by considering the identity in (4.16), the case m = 1, where if we 
multiply both sides by 1/n° and then consider the summation from n = 1 to 00, we 
get 


co /n-l1 oo 2 oo (2) 
Ay H; HA, 
= x |] = — 3 6.156 
3p et) a n> Ds n> ( ) 


k=1 


Using the series values from (4.32) and (6.75) in the right-hand side of (6.156), we 
obtain 


lee) n—1 
Ak 9 
» (S5 ce a) = 166(7) — 66(2)6(5) — 5¢3)5(4). (6.157) 


n=1 


Further, for left-hand side of (6.157), considering the change of summation order, 
we have 


ap = Hes 7at8) 


n=1 k=1 \n=k+1 


{reindex the inner series and start from n = 1} 


mh 


= _ oo lore) lore) Hy 
(Eman) aay & (Sect) 


(2) 
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n=1 74 


[o@) [o.@) Hy lo) [o@) H, 
=> (> in| =) 3 od 


k=1 k=1 \n=1 
OO 472 00 a 00 Hy 
=F EF (ee <9) 2 (0 
k=1 k=1 k=1 


(ro H9) BRO ™ 


k= 
2 00 
=e -LE’S * 
k=1 


als ma 


+3 cathe +y 


k=1 n=1 
{make use of the classical Euler sum in (3.45), the cases n = 2, 3, 4,} 


{the results in (4.32), (4.71), and (4.41), where we use the latter identity } 


(4) (2) 
Hy A ae 
fe expressing y in terms of y Z| 


k=1 n=1 


Hy® 
= 122) - 22a) - Beara + = > 


k=1 


is ae 


(6.158) 


If we combine (6.157) and (6.158), we obtain that 


a = sl 7 3 
257 Hat ae = AC(T) + 70(3)E(4) — 50(2)¢(9), 


and the solution is complete. 
You may have noticed that during the calculations we met a series with the tail 


[o,@) 
An _ g& 
of the Riemann zeta function of the type, ¢(k) — H,,’ ), more exactly the 
n 
n=1 
case k = 5 we’ll meet in Sect. 4.45. 
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6.34 eee yuched Sums of Series of Weight 7, 


(2) p73) 
ea a Cail SS Hy Hy” Fn , Originating from a 
Strong Ccneralized Sum: The Second Part 


Solution In our pursuit of getting another relation with harmonic series of weight 
7, we continue with using another particular case of the generalization used in the 
previous section. Basically, we proceed similarly as before and do the calculations 
by series manipulations only. 


We return to the generalization given in (4.16), the case m = 2, where if we 
multiply both sides by 1/n* and then consider the summation from n = | to 00, we 
get 


n—1 HY lo) n fee lo) H H lee) H®) 
y (x n(n — a) » (> | + “4 20 . (6.159) 
n=1 


n=1 n=1 \k=1 n=1 


Now, changing the summation order for the first series in the right-hand side 
of (6.159), we get 


ia a Ay ace foie Ay = A, {1 1 1 
(Soak) = (Seah) => k2 (= : (k + 1)4 : (k + 2)4 : ) 


n=1 \k=1 k=1 \n=k k=1 
lo) oo oo oo (4) 
Ak 1 (4) Ay Ax Ay A, 
=) 2 (ate A, =yVett@y k2 De k2 
k=1 k=1 k=1 k=1 


{make use of the classical Euler sum in (3.45), the cases n = 2 andn = 6} 


loo) HH” 
= 46(1) + £3604) — 625) — PE. 


k=1 


(6.160) 


Then, plugging the results from (6.160) and (6.80) in (6.159) gives 


n—1| Ho) 
. (x a) = F(3)E(A) + 196 (2) (5) — 326 (7) 


Hn Hn? Hn Hy 
oS 


n=l n=1 


(2) 
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and if we use the relation in (4.41), we obtain 


= > He = Seca) + Sees) — 326 (6.161) 
n*(n —k) 2 


For the left-hand side of (6.161), we change the summation order, and then we have 


lee) n—1 HH? ee) ne) HY 
& (Seren) “2 (2) 


{reindex the inner series and start from n = 1 to co} 


k=1 =! 
ine) (2) ioe) ioe) (2) / oo 
H{ 1 Hi} 
=U k3 (ats) ae (> cm) 
k=1 n=1 k=1 n=1 
> HY? 3 1 > HY? 3 1 
ke (k+ny3 3 (k + ny 
k=1 n=1 k=1 n=1 


1. 
i — 
i 
| 
as 


| for the inner series of the first double series, use that 


(2) oo 7 (2) oO 77 (2) 
-y ae YE (2) - 9°) = (¢@ - HP) 
k=1 k=1 
00 H® 
YE (<@ -#) 
k=1 
00 (2) 00 (2) 0° He (2) 77(3) 
= AE -E (w- 4) Ors e sae = 
k=1 k=1 


2) cas 


0° Hi 
—£(2) ag + 


(6.162) 


Ay (o(4) — HY”) 


Now, for the second series in (6.162), we consider the series y oe 
k=1 
where we apply Abel’s summation (see (5.1)) with a, = 1/k? and by = Hy (¢(4) — 


H ae that gives 


6 Solutions 
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2 wit) - HY) = 
OD =H (Hel) — Hf) — Hex 6 — HO) 
k=1 


= (AQ) — Wk +1)? 1( (Hess = 170k + INE — HY +/+ D4) 


k=] 
4 
—Hy+1(6(4) — H{2,)) 
{reindex the series and carefully expand it} 
or) or) oe) (2) oe) (2) oo (4) 
1 Ay Hi, Ay, k 
=a Be me ko +2 k4 » k3 + 
k=1 k=1 k=1 


k=1 k=1 


{make use of the linear Euler sum in (3.45), the case n = 6, and} 


{the values of the 3rd and 5th series are given in (6.75) and (6.79)} 


00 p72) 2) 
=A EE (s — H) + 240 - 140) — EA), 
k=] 


YA (a0) 


Ho 


iy 
-> - + +A z 


{make use of the classical Euler sum in (3.45), the case n = 2, and then} 


+ 246(7) — 146 (2)6(5) — 6(3)6 (4) 


HY? 
using the identity in «| 


ne 
express De in terms of se 


Ho 
(6.163) 


+ 24¢(7) — Se) - EE) 


(2) 
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n=1 


Further, for the third series in (6.162), we make use of (4.14) where we set p = 2 
and then let n > oo, 


\ > 4- = 264). (6.164) 
Next, for the sixth series in (6.162), we consider the identity in (4.47), 


0 (H®)2 43 oo as 
oe = $6(3)5(4) — 3¢(7) o- (6.165) 


k=1 


By collecting the series results from (6.163), (6.164), (6.165), and (6.67) in (6.162), 
we get 


(Pats) 


n=1 


5 0 mp He 00) 7) 
= 165 (2)¢(5) + 5¢(3)64) — 2761) — > GE - SE. 6.166) 
k=1 k=1 


Finally, by combining (6.161) and (6.166), we conclude that 


5 eee Pe peels 25 a_i (2) (5)-2 (3)¢ (4) 
nt =o as ee 


n=l n=1 


and the solution is complete. 
In the calculations we also needed a result from Sect. 4.36, which is easy to 
obtain by Abel’s summation (as we’ll see in its dedicated section). 


6.35 pewesomely Wicked asa ” Series of Weight 7, 


Q) 2H 24) 
Hy Hy H2H, H?H 
ee at andl aoe, , Derivation 


Based ior a New Identity: The Third Part 


Solution An immediate remark from the very beginning of the section is that both 
here and i int ge gh two sections we have obtained relations where each one contains 


the series ee which seems to play the part of a pivot, central element. 


442 6 Solutions 


In the following I'll establish a relation between three series of weight 7 which is 
important in the derivation process of the harmonic series of weight 7, and not only 
there. For example, the present relation together with the relations obtained in the 
last two sections will be proving to be the keys for solving an excellent challenging 
question from one of the next sections (you'll want to discover alone). 

Let’s start by considering the identity in (4.17) where if we multiply both sides 
by 1/n*, and then consider the sum from n = | to 00, we get 


ee, n(n — ata)- ¥(y a) +3 aS (6.167) 


n=1 n=1 \k=1 


For the left-hand side of (6.167), we change the order of summation, and then we 
have 


(atts) -E(S acts) 


n=1 k=1 \n=k+1 


{reindex the inner series and start from n = 1 to oo} 


(Sie) k3 (Sats) 2 k a ears: 


k=1 =1 n=1 
YH (yy ots|-b F(a 
k=1 ke n=1 (n a ky? k=1 ke n=1 (n + ky? 
oO 3 0° r HY 
=z ae Fe g(a) H,”) ayo 
k=1 k=1 k=1 
C0 772 py (2) 
H;H 
k “*k 
+ a k3 
k=1 
{for the 3rd and 5th series make use of the series results in (4.29) and (4.30)} 
OO 773 0° 0 2) OO 772 77 (2) 
H iohe Hi He A; HH 
Syd, CO 
k=1 k=1 k=1 k=1 


7 7 
= 78 2EO) = ge Qe). (6.168) 


(2) 
6.35 Awesomely Wicked Sums of Series of Weight 7, )~°° Halle = 443 


n=1 


Now, for the second series in (6.168), we apply Abel’s summation (see (5.1)), 
where we set ay = 1/k and by = Ap (c(4) _ HY”), and then we have 


[ee] 


Le HE (cea) — H,%) = dk Gi (64) — HY) — BR) — H)) 


=1 k=1 


ap Hes — 1/(k + (i = 1/k + DP (EA) — A + 1 + 


—H? (4) — H{2,)) 


{reindex the series and carefully — it} 


lee) 3 lee) a) oo 2 oo (4) 
A; A, (4) ae Ay A; 
=) k4 2 k (c@) A ) >» pm kd +, k3 
k=1 k= k=1 
oo 


(oe) 
1 
+O D+ =) aa 2s 
{make use of the results in ab the cases n = 2, 6, (4.32), (6.79), } 


(4) (2) 

A at vel Hy 

| and consider (4.41) to express 3 in terms of 3 : | 
k=1 


Ly sy (4) — — 5 
ele: oy * (ca — Hf) -3) EE — rare + See) 


k=1 


69 
+7), 


from which we obtain 


[e,e) 


H2 
oO) 


k=l 


1a ae 5 23 
= 4 ~ 4 BE) Oe Ola 6 Ole). (6.169) 


Next, if we consider the result from (6.169) in (6.168), we get 
aa H2H® oo HH 


Ye (Vadis) FLED ey ey 


n=1 \k=1 k=1 k=1 


- S625) = 2c) + 8¢(7). (6.170) 
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Further, for the first series in the right-hand side of (6.167), we change the 
summation order, and then we write 


oo n eS So i | 1 | 1 | 
pai i) = (yo ah) <> 3 (a ' (k + 1)4 ; (k + 2)4 ! -) 


=! = k=1 \n=k k=1 
(6.171) 
oH (1 O° Hy OH 2 HAY 
a Ds k2 (a + (4) ,°) = Lo OD k2 2 a 
k=1 k=1 k=1 k=1 
{make use of the Euler sum in (3.45), the cases n = 2, 6} 
O° HH” 
= £(3)E(4) — £(2)65) +461) — ) 
k=1 
{employ the result in (4.41)} 
= Braye — teaye sy +.4¢7 aH 6.172 
= ZEBEA — ss) + sO), a (6.172) 


If we plug the result from (6.172) in (6.167), we get 


= 13 7 HS SHH” 
& (Pag a G)- FE BVEA)-SEQES)+4E D+) —E-3 VG 


n=1 n=1 n=1 


(6.173) 
Putting together the results from (6.170) and (6.173), we obtain that 
0° (2) OO 2H i) 2772 
Ay Ay Ay A, A; Ah 
A >> n4 3 A yo +m n> 
n=1 n=1 n=1 n=1 
5 43 
= 62 (EO) a lO — 467). (6.174) 


If we plug the result from (4.50) in (6.174), we conclude that 


— HHO S wy 93 
3 Se 3 3 3 = ZOLA - SOE) +40), 


n=1 n=1 n=1 


and the solution is complete. 

The campaign of establishing relations with the series of weight 7 will not end 
here, and it will continue in some of the next sections. We need them in order to 
extract the series of weight 7. 
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6.36 Deriving More Useful Sums of Harmonic Series of 
Weight 7 


Solution Continuing the pursuit of getting identities with harmonic series of weight 
7, in this section we’ll try to derive one of the given results by simply applying 
Abel’s summation, and we’ll view the other two as products of the combination of 
other identities with harmonic series. 


For the part i) of the problem we apply Abel’s summation (see (5.1)) where we 
set d, = 1/n? and b, = HO 7, and we are led to 


gp) 
An , Oe) 2S 
ed are Ay Ay+1 441 
n= 
5/26 (3)¢ (4) 
= 1 1 5 
H2( H@H® — (y7@ H@4—~ _) ) = 273)e14 
12 " ( nA, m+ ope) (Be + Gaps) ) = Os@ 
coy) 1 00 (HO) ite 


pD Fist ~ Ge y- n+l (ti? 
= (n+ 1)5 = (n+ 1)3 


@) @) 1 
y (Avi — Gee) Ant ~ Grp?) 
(n+ 1)? 


n=1 
{reindex the series and expand them} 


5 CO py) 28 7B) pp 2_— Op) 7) 
= 5$)S4) - ey = he 3 aa 


n= ig n=1 n=1 n=1 


{make use of the values of the series given in (6.75) and (6.80)} 


13 (Hy)? a Hn Hn” 
= 5 SBMA) — 35) -— DS a 


n=1 n=l 


whence we get 


yee 


[ee 


HY 13 
+ 7 = Se3)5) 300, 


k=1 


2 3 
HK - : 


and the part i) of the problem is complete. 
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Further, the result from the point 7) is obtained immediately if we combine the 
identities in (4.45) and (4.47), which yields 


i 00 He 2 
pe ey nD” = 13¢(1) ~ £2)E(5) ~ 863)EC), 


n=1 k=1 


and the part ii) of the problem is complete. 
Next, passing to the point ii7), we consider the identities in (4.51) and (4.52) 
where if we multiply the former by 3/2 and add it to the latter one, we get 


= 5. AS © HAS 27 
2 ere ce a = S255) - 2 3)5(4) + Se), 


n=1 n=1 n=1 


that if we also combine with the identity in (4.50), we conclude that 
Oo: 573 oo 4 
us wn - a “a = = 756(7) + 5¢(2)g(5) — 636(3)¢(4), 


and the part iii) of the problem is complete. 

For getting the last harmonic series identity I needed three of the relations in 
the next sections. It would also be interesting finding another creative ways of 
establishing a relation between these two series. 


6.37 Preparing the Weapons of The Master Theorem of Series 
to Breach the Fortress of the Challenging Harmonic 
Series of Weight 7: The 1st Episode 


Solution Starting with this section and continuing in the next two sections, I'll 
prepare three results derived with the applications of The Master Theorem of Series 
which are of great help in the derivation of the harmonic series of weight 7. 


Let’s start out with the first equality of the result in (4.26) where if we multiply 
both sides by 1/n°, and then consider the summation from n = | to 00, we get 


Ly Hn > pee oye 3 > H2- AY 
3 n4 n4 3 n4 = (kt DkK+tn+)n3 


n=1 n=1 n=1 n=1 


{reverse the order of summation } 


Sool | Fae: Iga 1 
= & k > ; (6.175) 
k+1 7 W(k+n+1) 


k=1 


6.37 Preparing the Weapons of The Master Theorem of Series to Breach the. . . 447 


Now, it’s easy to see that, by using the partial fraction expansion, the inner series 
in (6.175) can be written as 


[ee] 


1 1 1 1 1 1 
3 m(ktn+l) k+1 d nm (k+1): 5 a (k+1)? 4 > 1 n(k+n+1) 
1 iat 
make use of the fact that : Bee 
n(k+n+1) ~ pe | 
(3) (2) Ak 


REL FD? FD cue 


If we plug the result from (6.176) in (6.175), we get 


1m SAO 22 Ho) 
DE poe ee 
n= 


n=1 n=1 


7 > (Hes — Wk + 0)? — (AQ, — 1k + 0) 


ar k+1 


( 6(3) ¢(2) Ag+ ) 
x 
k+l (k+1)2 (+13 


{reindex the series and expand it} 


->F aa HF roa ODF nt 1 rc OF FeO Fe 


2 2) 


He ) ay Fs 
ce Hea TS +20) 7 


ee) Hi 
Hye » (OL Gr 


—2¢(2) > 3 


k=1 
{use the results in (3.45), the cases n = 3, 4, 6, (4.29), } 
{(4.30), (4.32), (4.14) with p = 2 andn — ov, (6.67)} 


oo H® 


~ H; Ay Ay 
=a » “z+ 10¢(3)g(4) — 4¢(2)0(5) — 4¢(7), 
n=1 n=1 


whence we get, also using the result in (6.80), that 
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a 
3) 3 > —h = 4E(2)6(5) + 15¢(3)5(4) — 24¢(7), (6.177) 


n=l n=1 


and the solution is complete. 
The identity used above has proved to be so useful in more situations, and we’ll 
use it again in the next section. Good to know and keep close in our toolbox! 


6.38 Preparing the Weapons of The Master Theorem of Series 
to Breach the Fortress of the Challenging Harmonic 
Series of Weight 7: The 2nd Episode 


Solution In order to get the present relation, we would like to exploit again the 
identity used in the previous section, which stems from combining applications of 
The Master Theorem of Series. For proving the result we’ll need to use both the 
values of a bunch of harmonic series and relations amongst the harmonic series of 
weight 7 previously established. 


For the beginning, we make use of the first equality of the identity in (4.26) where 
if we multiply both sides by H,/n7 and then consider the summation over n from 
n= 1 tom, we get 


= > (H2 — HY) A, => Hs +e HY ne ys 
am (k+1)(kK+n+1)n? = n3 _ na 


n= n=1 


=! 


(6.178) 
For the left-hand side of (6.178), we change the summation order, and we have 
S(So_UR= wri) _ S/S _ p= Hein 
far ar & FD Hat De? PI Rt DEH Dr? 


_¥ 5 HE HE) ee a y Hn 
“a ee, ere mr +1? Vente yy’ 


k=1 


S 1 S2 
(6.179) 
Now, for S; in (6.179), considering the classical Euler sum in (3.45), the case n = 2, 
we obtain 


A, 
SEES 


—1/k+))? — HO, + + 1)? 
(k+ 1)? 


© (H, 
= 2¢(3) ( k+1 


k=1 
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{reindex the series and expand it} 


lee) lee) HY 
= 4¢(3) Ye a 7458) ae + 2¢(3) ve — 2 (3) ae oe 
k=1 


{employ the Euler sum in (3.45), the case n = 3, and then make} 
{use of the results in (4.29) and (4.14), where we set p = 2 and letn > co} 
= 4¢(3)¢(4). (6.180) 


Then, we pass to the series Sz from (6.179), and we write 
lee) 2 (2) lee) 
H; — 4, H, 
52 = 2 ; . 2 : 
(k +1) na +k+V 
{reindex the inner series and leave out the term for n = 0} 
4 a a ey H, +1/(n+1) 
(K+ 1)? \k+2 0 44 (at D@t+k+2) 


iene) He oo H? — A? iene) H, 
=> cane (k + 1)? GE DatETD 
—$—_—_—_—_—_—————————————_—— 


k=1 


S3 S4 


lee) 2 (2) ee) 
, H2 — Hi i 1 

+ 6.181 
ei? (> was} : 


Ss5 


=1 


For the series 53 in (6.181), we have 


(oe) 


or) 2 (2) CO 772 (2) 2 (2) 
c= Hn? -— Hi Sy ae 3 H?-— Hi 
Lk + 2K+2 ED? K+ DEF) 


{for the second series employ the result in (4.26), the first equality } 


SS Aes = Wk + DP = AE +/+? 
as (k+ 1? 


{reindex the series and expand it} 


6 Solutions 


450 
ior) 0° 2 oo (2) 
1 Ay Hy H, 
ea +e ) Dir aa 
k=1 k=1 
{use the Euler sum in (3.45), the case n = 3, and then employ} 
{the results in (4.29) and (4.14), where we set p = 2 and letn —> oo} 
= 2(¢(4) — 1). (6.182) 
lee) (2) 
— H, 
Note we could have also used the result in (4.26) to calculate See a a Sy 
(k + 1)? 


k=) 
Returning to the result in (6.181) where we consider $4, and then use the result 


in (4.21), the case m = 1, we get 


9 er ae ee Hn 
= De (k +1)? Gt Dat kTD 


k=1 
7 1 ee) (H? - HE), H2,, + A) 
= 5 » (k + 1)3 
1 > (Hew — 1K + D)? — HY) +/+ DH, + HOD 
a (k + 1)3 


{reindex the series and expand it} 
in? Se SAA? 1aePy wm SH? 
5 k3 ae ; k4 2 k3 De oe ES 


oo saa 


use the results in (4.48) to express > 
k=1 


in terms of 3 


PH 


{and note the values of the last two series are given in (4.32) and (6.75)} 


Jie a an eS 7 9 
= BL Lee gat BE + ZEEE — FeO 
(6.183) 


For the last series in (6.181), we write 


Sm - HO (< 1 
SD. (k + 12 2 GED FEED 


k=l 
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|: ee: ae Oa | = 
-> 4 (k+ 12 (Sate ca Desners) 


n=1 
CO 
1 H, 1 
make use of the fact that > ae, 
HF DOFEHD k+1 K+2 
7 > (Hest — Wk + DP = HQ + V+? (52) He 
= (k + 1)? k+l (k+1)2 k+2 
{reindex the series and expand it} 
foo) (2) 0° 3 oo (2) 
AA, Hy H, 
= k4 aay. >a +e 420 ae k2 
k=1 k=1 = 


[ee 


ee) cha, ee) 
OY or — aD aye -2@ > 4 
k=1 


lee) Hy 
or +29 Gs a oe 
2H? Ae a al 1 

aI k k+l aS Cor esy 


{use the Euler sum in (3.45), the cases n = 2, 3, 4, 6 and the results} 
{in (4.29), (4.30), (4.32), (4.14) with p = 2 and n — oo, and (6.67)} 


aa = He Ay) Sf HR Hea 

Sige SPO a 8 aes 
= HY Hy Ay ~ 1 = 1 
rai pai) 2X eee 2 ae Le 
k=1 k=1 k=1 k=1 

+2 — 2¢(2) — 2¢(3) — 2¢(4) + 4¢(7) + 46(2)E(5) — 86(3)E(4) 

° mH? 2H 
7 Yor + 2— 2604) +457) + 40(2)E(5) — 863)E(4). 


k=1 k=1 


(6.184) 


452 6 Solutions 


Now, if we plug the values of the series $3, S4, and Ss from (6.182), (6.183), 
and (6.184) in (6.181), we obtain 


H; - HH? co 
oe poms “(k+12— (a4 ee a ain) 


k=1 n=1 


H ane 13 


ane sty 
=u ae » 


15 25 
cM + 3 SEO) — 7 EOE). 
(6.185) 


Then, by plugging the values of the series S; and S2 from (6.180) and (6.185) 
in (6.179), we get 


She. The Hn, 
ye Do het nt De 


OH SOHO 12H 15 33 13 
=2)0 ; ‘ 2 = Gea 00), 
Doe tr LB ECO) + FEO — FEO 
(6.186) 
Finally, if we plug (6.186) in (6.178), we have 
CO 773 00 (2) CO p74 
H, Ay, A, 1 H 15 33 13 
> oer u He (5) — Gye) = — 27 
tS - 5 VS - Ft + Fr@r - Se 


1 Ht Sw 27 FF 
-; G+ 
a 


0° (3) oo (2) 
. A,Ay” . Ay Ay 
make use of the result in (4.44) to express in terms of 
(tocxpes > AEE | 


n=1 n=1 


it we ASB, 38 q 
= + £0(1) + 26(3)5(4) — (2)665), 
3 3 4 
3 2 ere 3 a 3 6 
whence we obtain that 
250 6 » n> > n> = 3 >: n+ 


n=1 n=1 n=1 n=1 
55 13 46 
= i) + % SEO) = 3 SOE, 


and the solution is complete. 
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As seen so far, many identities involved in the derivation of the relations with 
harmonic series of weight 7 have their origins polarized around The Master Theorem 
of Series and the generalized sum in Sect. 4.13. 


6.39 Preparing the Weapons of The Master Theorem of Series 
to Breach the Fortress of the Challenging Harmonic 
Series of Weight 7: The 3rd Episode 


Solution To go further and get the current relation with harmonic series of 
weight 7, we might like to rely on another identity that originates from combining 
applications of The Master Theorem of Series. Once we have this job finished, we 
prepare for the moment of breaking the ice and starting to get values of harmonic 
series of weight 7. Surely, harmonic series of weight 7 we already met like in 
Sect. 4.21, which are called linear harmonic series, but we also want to get all 
nonlinear harmonic series of weight 7, which means that the summand of the series 
involves a product of at least two harmonic numbers. 


We make use of the first equality of the identity in (4.27) where if we multiply 
both sides by 1/n* and then consider the summation from n = | to 00, we get 


= > H} -3H, HE +2H® 
— (k+1)(k+n+ 1)n? 


(6.187) 
For the left-hand side of the equality in (6.187), we have 


> > Hp -3HHO +2He\ | > > Hp — 3H. H, + 2H, 
k+Dk+n+ Dn J (k+ Dk ++ In? 


n=1 \k=1 kel \nzl 
es 
k=1 \n=1 i (k + 1) k= NAa1 (k + 1) n(n +k+ 1) 
for the second inner series make use of the fact that d ais 
nn+k-+1) ~ +1 
— k+1) L. & py 
Si} So 


(6.188) 


454 6 Solutions 


For the first series in (6.188), we have 


; 3 H} — 3H HO +2, 
ae (k +1)? 
143 1 Q) 1 G3) 1 
Z (Bee — pa) — Se — ee a ep?) + 2A — ap?) 
~ 2 
k=1 eae T) 


{reindex the series and expand it} 


love) HB lee) HH” [oe] H2 (oe) He lee) H® (ee) H 
=) 2 3 = ay. te ee ae Oe 
k=1 


k=1 k=1 k=1 k=1 k=1 


{make use of the classical Euler sum in (3.45), the case n = 4,} 
{and then the results in (4.34), (4.33), (4.30), (6.67), and (6.68) } 
= 6¢(5), (6.189) 


or alternatively,° one can calculate the series using the identity in (4.27), the first 
equality, together with the differentiation. The series in (6.189) is known in the 
mathematical literature and also appears in [63]. 

Further, for the second series in (6.188), we write 


[ee 


>> (H? — 3H. HO + 2H) Aes 
_— k+ 13 


k=1 


(k+1 +1 


2 3 
0. (Hei gpp)® — 3A ep) A — ep) + 2A — ap) He 
-2 (k + 1)3 


{reindex the series and expand it} 


Multiplying by n both sides of (4.27), the first equality, differentiating with respect to n and then 
© H2 — 3H HO + 2H 

letting n — 0, we get » « a ie k_ — 6¢(5), where for differentiation we express 

the harmonic numbers in terms of Polygamma function. 
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{make use of the results in (3.45), the case n = 6, and (4.32)} 


alae pH 


oo 4 leo) 3 (2) 
A Seay EE +2y sy 


+ 12¢(7) — 9¢(3)¢(4). (6.190) 


If we plug the series results from (6.189) and (6.190) in (6.188), we get 


> (> Hp — 3H H? +280 
(k + 1)(k +n + 1)n? 


k=1 
ca <2 gC PY 


ee) HB lee) - lee) - 
= 2 2 k3 a>: k4 2)" k3 = k3 


k=1 


n=1 


k=1 k=1 
—12¢(7) + 6¢(2)¢(5) + 9f(3)e(4). (6.191) 
Now, we combine the results in (6.187) and (6.191) that lead to 
Rn ee Ld ee CL 
LF ge Le ty 


n3 


H, He 
hn = —126(7) + 66 (2)E(5) + 96 (3)5 (4), 


and if we make use of Ne ae - (6.79), then the result in (4.44) to express 
Ho) Fn Hy” 
in terms of 3 and afterwards the result in (4.48) to express 


n=1 


CO 
Tene: i (2) 

(HA, HH, 
> oe as )* ot , we finally obtain 


4 
n 
k=1 
n4 4 n3 275 n3 25 n4 


n=1 


an 


n= 


oe 2)e(5 a 3)o(4 7 
= Poe) + =F — Se, 


and the solution is finalized. 


456 6 Solutions 


Having shown this last relation, we are ready to enter the next section and obtain 
the values of the proposed nonlinear harmonic series of weight 7. 


6.40 aig the Harmonic Series of Weight 7, 
2) 
=. 3» with the Weapons of The Master Theorem 


of Series 


Solution Using the relations from the last two sections we get the value of the 
proposed harmonic series of weight 7 which we’ll further use in the extraction 
process of other harmonic series of weight 7. Everything is straightforward as you’ Il 
see! 


If we multiply both sides of (4.52) by —2/3 and then add (4.51) to the result, we 
obtain what we need, 


SHH? 19 
= 5 BE4) = 26 (2)6(5) — 760), 


n=1 


and the solution is finalized. 
Surely, in this section everything went easily and fast since I only used the final 
products of the previous sections (where we had some work to do). 


6.41 The Calculation of Two Good-Looking Pairs - 


Harmonic Series: The Series Ynat i aH i= i a ‘ 


H, 
Mai ge k=l rs and yin 4 >xa ae 


coo «6h 
n=1 q? ae ee 


Solution Due to the evaluation of the series from the previous section we are able 
to extract the values of the first two harmonic series proposed in the current section. 
If for the first two series we'll only use results obtained in the previous sections, for 
getting the values of the last two harmonic series things will change as you’ll see. 


Let’s prove first the following key series relation, 


oo H2HY” 


oA, (OA 1 1 9 27 
» me (>: “) =5 > a 557) 58 (2)6(5) + ZEOEA. 
k=1 


n=1 k=1 
(6.192) 
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Proof To prove the result in (6.192), we recall the identity in (4.21), the case m = 2, 
where if we multiply both sides by H,/n? and then consider the summation from 
n= 1 to ©, we get 


3 3 HO An — £(2) x Ek 3 Ay, Ai; 
n=l \k=1 e+ Ik eer In? 7 n=1 n° n=1 n° i=] i? 
(6.193) 


As regards the left-hand side of (6.193), we change the summation order, and we 
write 


lee) HO Hy 7 lee) lee) HY Hy 
oe (k+I)(k+tn+1)n2} — » d (K+ lk+n+ In? 


k=1 k=1 


n= ( 
n=1 
{reindex the inner Series to start from n= 0 to oo} 


{and let out the term of the inner series for n = 0} 


leo) HY loo) 0° HH | \ 
= epee = K (An + I/a + = 
CO H® [o,@) [oe] HH, 
oto) (See eee 
A= (KA IE+2) Se \S E+ DE+24+ Dat) 
S| S> 
+d (> k+DK+n+DG+ =). ene 
-e—asSsSsa>$S FN nnn ne, 


S3 


Now, for the series S; in (6.194), we consider the identity in (4.21), the case m = 2, 
with n = 1, 


00 (2) 
A, 


S - genera 20-1 (6.195) 


Further, for the series Sz in (6.194), we have 


lee) H® ee) H 
Sy = y° kk s 
ss aa 2 GEDA FEED 
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[e.¢) He oo H, oo He lene) H, 
~ -2 (k + 1)? (> (n+ )-} dX, (k + 1)? (> (n+ wea) 


n=1 


= A, Angi — 1/ +1) On ~ t 
[uci > = @aD? =5 ae -10| 


n=1 n=1 n=1 


{by (3.45), the case n = 2, and also employ the result in (4.21), the case m = 1} 


HO, -1/&4+0? 12 2 + HO ae, - 1/7 + DY 
ai? 3 (k + 1)2 2 > (k + 1)3 


k=1 


{reindex the series and expand them} 


oe) He oe) 00 2 lone (2) 0° (2)\2 

tte. 1.8; 1 (A) 
=1) 200) at oD eee kK pa k3 
k=1 k=1 k=1 


k=1 


{make use of the result in (4.14), the case p = 2, with n — ov, (4.32) and (6.75)} 


z 1 LSP Y 1S Hea 
= 26(2)8 (5) + =F G)EA) 0) 2 ds k3 2m 


make use of the result in (4.48) to express 5 


n=1 n=1 


= Hy Hy | 
as 
n+ 


[e,e) 


9 3 7 H,H? 12 H?H; 
= 56) + 566) — 5604) — PF - 5. 6.196) 


n=1 n=1 


Then, for the last series in (6.194), $3, we make use of the result in (4.21) where 
we set m = 2, and then we write 


00 HO 
EC: (K+ I(k+n+2)(n+ =) 


oe) ioe) HY? 
=a = 1° (> (k+ a] 


n=1 


ie 
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lee) n+1 
n+1 1 Hi 
= ee Lp (oe abe) 


n=1 


co /nt+l 
An+1 
=¢(2 Does ap ae] 


n=1 


{reindex the series } 


=1-10+:0) > -y (> *) 
n=1 n=l i=1 


{make use of the Euler sum in (3.45), the case n = 4, and at} 


{the same time change the summation order in the last series } 


5 Ae i, I 
= 1-62) + 30255) — 56 BVH) — DS (> ) 


i=1 


5 oly: ae aa | 1 
= 1-62) + 30265) — 56 BVH) — DS (3 += +) 


5 SH OH; 
= 1-62) +36 QHES) -— $6“) — VS -S (ca — Hf) 


5 = H; ue 
= 1—5(2) + 36(2)65) — 5864) — ae = — 54) ae = + ae 
{make use of the Euler sum in (3.45), the cases n = 2, 6} 


= 1-2) + 4¢6(2)66) — Teayea) - 46(7) + Be 


© (4) © oH He 
make use of the result in (4.41) to express ) , = in terms of ) 2 ‘ 
n 


n=1 n=1 


2) 


=1-¢@2)+ Ses) = = c(3)5(4) — 4¢(7) + se (6.197) 


n=1 


460 6 Solutions 


Collecting the results from (6.195), (6.196), and (6.197) in (6.194), we obtain 


3 y Ay Hy = 1 ga) + 8¢(2)¢(5) — Taye) 
n=1 \k=1 (A+ 1)A+n+ In? 7 2 ‘ 
1 oe) HH 
5 3 “3 : (6.198) 


=! 


= 


By combining the results in (6.193) and (6.41), we get 


: (7) + 86(2)¢(5) al (3)¢(4) ls Hi Hn” 
gh + HOE) — FECA) — 5) 
oe) H2 oe) H, La 3; 
S10 sys (a 
n=1 * n=1 k=1 k 
{make use of the result in (4.30)} 
_7 5 An [Os i 
= 3S 2E(S) — SECA) d = (> ). 
whence we obtain 
O° A, {<i 1LOwHo 1 9 27 
Dat (Doe) Ge se a OO 
n=l k=1 n=1 


and the proof of the result is complete. 

If we combine the results from (6.192) and (4.53), we get immediately that 

[o,@) 

ye (Fy By 4) = Freep - Sram -ae 
m1 ~ ny 2 a 


n=1 
and the series from point ii) is calculated. 


For the other series, we start with writing that 


[ee 


cae) =D) (>: **) “YF ((3:+3.->)] **) 


k=1 n=1 


He (Sn) Oe (Sh) aH 
-D#(oS)+DB(o4)-yF 


n=1 
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{reverse the order of summation in the second double series } 


-Y#(DS)+DS(OE)-Le 


k=1 n=1 n=1 k=1 k=1 


{make use of the result in (4.32)} 
[o,@) [o,@) n 
Ak H, Ay 5 
=z (>: **) +) (> #) = 667) + E(2)E(S) + 5E3)E4), 
n=1 n=1 k=1 
whence we get 
oo k oo n 
A Ay A, Ak 
>. os (> **) +) = (3 4 = 66(7) — £(2)6(5). (6.199) 
k=1 n=1 n=1 k=1 
If we combine the result in (6.199) with the series from the point i7) calculated 
above, we obtain that 
A, 9 23 
> ag fh gg rg = 10¢(7) + zo QE) = 7S QEA, 


and the series from the point 7) is calculated. 
For the series from the points ii7) and iv), we employ the result in (4.24), where 
multiplying its both sides by H,,/n and then considering the summation from n = 1 


to oo give 
lo) oo AH? Hn 
= 1 &+ Iyn(k+n+1) 


4 
He 52) > Hab 12 A, HO 


2 2 2 
n=1 7 “ 7 n=1 “ : n=1 vy 
(2)\2 ine) 2 Nn lee) n 2 
H, (HH) Bee 1 Ay ee 
D3 amie oe here ae Bee (6.200) 


a 


n=1 n=1 i=1 n= i=1 


For the series in the left-hand side of (6.200) we proceed as follows 


oo oo HH Hn _ oo oo Hy Hy” An 
2S Der ue sae) =e 2 EF nk tnt 


n=1 k=1 


{reindex the inner series to start from n = 0 to co} 


{and let out the term of the inner series for n = 0} 


462 6 Solutions 


©. HAY (A, + 1/4+ 0) 
S&F D+ Da Fk +2) 


ie) (2) lo.) 
> ay 


(k+DEH2) ° & 


> HAY? ° HAY? 3 H, 
(k + 1)(k + 2) a k+1 (n+ l)n+k+2) 
ell $< 


k=1 n=1 
Sy So 
ee) (2) lee) 
Ay A, 1 
+ : 6.201 
d k+1 (Sarees) ( ) 
S3 


For the series Sz in (6.201), we employ the result in (4.21), the case m = 1, and 


we get 


= Ba f= H, 
=) De 
= KET NS FDO Fk+D 
1 2) 1 2 (2) 
1 3 (Hit ee at) (He, — a) (He + Aes) 
2 (k+ 1)? 


k=1 
{reindex the series and expand it} 
ignk. tay it. ieee 
= a + Ds Foe k2 


kS 2 
=1 k=1 k=1 k=1 


oe) 2 172) lore) (2) 
A; A, 1 Ay Ay, 


1 
a2 k3 pe kA 


k=1 k=1 
1 (HH)? 1 Sy? 


pe kK ope k 


k=1 k=1 


{use the series values in (4.32), (6.75), (4.61), (4.66), (4.53), (4.58), (4.65), 
and (4.68)} 
1 


1 1 11 
= 3h + 75 2S) + Zz EOE). 


(6.202) 


Then, for the series $3 in (6.201), we write 
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6.41 
0° (2) /@ (2) 
Ay A, 1 Ay A, 1 
8S = 
: 2 k+1 (Soopers) 3 k+1 (>: aati) 
Spe 2 > HA 
= Eee & (k+ IK +2) 
(2) 1 
7 (His - et) (Ho - a) 
=O) (k+ 1)? 
k=1 


1 (2) 1 
(Hi — Ht) (Ho, 7 ar) A+ 5 
1 


2 (k +193 


{reindex the series and expand them} 


H® 


lee) He lee) 
60 ar oe Hay” = ae +e 
k=1 k= 


=) a6) 
k=1 k=1 


0° (2) oo 2772) 
Hy Hi HH} 
te ge a 
k=1 k=1 


{use the results in (3.45), the cases n = 4, 6, (6.67), (4.33), (4.32), (4.58), and (4.53)} 


93 15 51 
= gl) hy EO) — SOE) — (6.203) 


By plugging the results from (6.202) and (6.203) in (6.201), we obtain 


=($ Help’ Hy \ _ 15 oy « greoye(sy — Prcayeea 
= k+Dnk+n+)) 16° = gee 
(6.204) 


n=1 


Then, for the right-hand side of (6.200), we write 


oo H2 a 3 oo (2) oo (4) 
qs ” Hy 6) An An 1 A, Ay 
A, n 
2£(3) rd, 3 ee ea ee ea ee 
n=1 n=1 n=1 n=1 
HAA Y wwe SH Ith 
y eae Pale 
n=1 i=1 n=1 i=1 


n=1 


{use the results in (4.29), (4.34), (4.33), (4.60), and (4.68)} 


464 6 Solutions 


1 ioe) Hy, n H2 ee) H2 H; 
ae aes ny 3 = 3¢() + Dee) — cee, 
(6.205) 


l 


Hee ee Se : Se 
ae ae p=D (most »? **) 


{make use of the results in (4.29) and (4.61)} 


231 17 
= Feb + UWADES) — FEGEA — nye 


n=1 


whence we obtain that 


Ay ne one: ere 17 
es ar thie hi = FES t BES -— FE@sEA. 


(6.206) 
Thus, by combining the results from (6.205) and (6.206), we obtain that 


n2 
n=1 


[o,@) H,, ek 
poe oy a= = Fe ce SEES) - > 63)64) 


and 


ay | gen Hy | 7 17 
> 5 5) 26 FE AES) + TEBE, 


and the series from the points ii7) and iv) are finalized. 
As an observation, if for the first two points of the problem I considered results 


previously calculated, for the last two points I also used results that are met in the 
next sections. 
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Having finalized these series, we prepare to calculate the harmonic series from 
the next section (where in one of the ways, such series are helpful in the derivation 
process). 


6.42 The Calculation of an Essential Harmonic Series of 
Weight 7: The Series )°-—_, se 


n4 


Solution The following series result is a critical one that will lead to obtaining the 


values of more harmonic series of weight 7 presented in the book (recall the previous 
[o,@) 


identities in terms of 


n=1 


and other series of weight 7). 


For a first solution, we employ the identity in (4.19), where if we multiply both 
sides by 1/n?, and then consider the sum from n = | to 00, we have 


2 
co (nt) oo ( 08 4) 
(oe eo el 
n= n n n= (6.207) 


For the left-hand side of the result in (6.207), we change the order of summation, 
and then we have 


lee) n—1 HY lee) lee) He 
Xe (x | =e ( pS om) 


n=1 \k=1 k=1 \n=k+1 


{reindex the inner series and start from n = 1 to co} 


lee) HO lee) 1 lee) HY? lore) l lee) HY? lee) 1 
=D kB ae 2s kB cee is kK eam 
=] n=1 — n=1 


lee) HY? lee) 1 
2 
2) area 


; = 1 A 
use the result in (6.67) and the fact that a —_—_——_— = — 
a n(n +k) k 


466 6 Solutions 


H (2) oo H® 


FH, 
a + (6@- Hf) 


is 9 = 
= F5B)S4) — 56S) — 3 


k=1 k=1 
can 3 ay H, Hp 
429° =E (60) - HP) = Se@e@ — 52s) -3 3 
k=1 
oo [hag © 7 WO He 0 (2 
HOY ee +27 25°! i 
k=1 k=1 


{use the results in (4.14), p = 2, with n — oo, and (6.67)} 


2 2 3 2 
nue SS Hn Hn gS Hn) 
ae 


7 SO) — FDO) 33 


n=1 n=1 


n 


(6.208) 


[o,@) n H, CO [o,@) H, 
For the right-hand side of (6.207), using that 2 (>: As = Pa p as] 
n n 


n=1 \k=1 n=k 
CO 
a > He (= + ¢(3) -— 1) we write 
~ La 3 \ BB ae i 
k=1 


2 
(2) 
oo 0° (3) © (A, 0 (4) 

Ay A, A, An ( ‘ ) An 

at) te) thy 8 te oe 


n=1 n=1 n=1 n=1 n=1 


{make use of the results in (3.45), the cases n = 3, 6, and (6.79)} 


2 
Hn Hi oo (Hy) 
+> a (6.209) 


n=1 


= 1016(7) — 546 (2)¢ (5) — 46 (3) ¢ (4) >» 


If we combine the results in (6.208) and G 209) and use the identities 
Hy) He 


in (4.44), (4.4 
( ), (4.45), and (4.48) to express the series 3 aT .y 1 and 
n=1 n=1 
(2) 
3 ( a) oe Ent 
in terms of series ~ 7, we conclude that 


n=1 n=1 
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Tintin” _ 2¢(5) + 2¢)¢(4) — 2LeC7 
a = AEDES) + FECA) — ESM): 


lo) 
n=1 


and the first solution is complete. 

For a second solution, the strategy to get the value of the harmonic series relies 
upon the use of the identity in (4.18), where if we multiply both sides of the relation 
by 1/n?, and then consider the sum from n = | to 00, we get 


co /n—-1 H? 
(Sem) 


[o,@) 


oo 27472 (3) (2)\2 n 
Ay Ay An An (An ) 1 Hi; 
Sg ee 
H n H; 
n i 
+25 (3 ). (6.210) 


For the left-hand side of (6.210) we change the order of summation, and then we 
have 


lee) n—1 H? _ lee) H? 
2 Bao) 2 2 Baw 


n=1 k=1 \n=k+1 


{reindex the inner series and start from n = | to oo} 


= LAL Grp 


k=1 \n=1 
ay | Fae | So i 1 ae | fae ees 1 
k k k 
= 3 
ae ae a ) Deraears 2 Saar: 
k=1 n=1 k=1 n=1 k=1 n=1 
OO 772 ioe) I 
2 k 
a 2 k3 >. (n +k)? 
k=1 n=1 
CO 
the result in (4.30) and the fact that > a = Me 
one Lanintkh 


7 5 SH? SH 
= 562205) — 554) —3 9 TF + YB) — HY) 
k=1 k=1 


468 6 Solutions 


(oe) 


42° Em — a) = Fem) -Fe@e -3 Le +2) Ds as 
= k= 


oe) 2 r7(3) oo 2 (2) 
Hy; H, Ay i) ty 
=, k2 +2¢(2) >) k3 ay 


k=1 k=1 


{the values of the 2nd, 4th, and Sth series are given in (4.29), (4.30), and (4.53)} 


29 89 OO 173 a ae 
= 146(7) + FEQES) — TEAS) — 3) ae 
k=1 
CO 773 Ho 
{consider the result in (4.50) to express d a using te and then} 


oo Hea 


{combine the results in (4.46) and (4.53) to express yi 
k=1 


ue sie 


by 3 


He? HY? 


= 3 15 
By = 11¢(7) + 75 2EO) - Peace] 


[o,@) 
using that me 


00 (2) 


= = Sac) + 25¢(2)¢(5) — 696 (7) — 6 a. (6.211) 


Further, for the right-hand side of (6.210), we have 


lee) ce H, lee) (H)2 lee) 1 n H; 
yi es ny - n ya (St 


n 


n=1 n=1 n=1 


Bnen 


i=1 


{the values of the first and the last series are given in (4.53) and (4.55),} 


{and for the penultimate series change the summation order} 


te 
= = Frac) — 136(2)6) — 1567) 4s 2 i 


n=1 n=1 


6.42 The Calculation of an Essential Harmonic Series of Weight 7: The Series. . . 469 


1 65 
HDF #(; :)= 5) £3)o4) = 13¢ (206) — 1567) 


n=l 
[o,@) 


oo (3) oo (2)\2 
An An (A) Hj g) , | 
‘> na Ds aa +20] (GQ) - A +a 
i=l 


n=1 n=1 


3 2 
ius ) 3 (Hi 2 
‘) 


= = Frac) — 136(2)6(5) — 15¢(7) sy 


n=1 n=1 


+2200) > Le - 


n=1 


n 


{make use of the classical Euler sum in (3.45), the cases n = 3, 6,} 


{co ye ne yt -.| 


(Hn) Hn ua 
{a use the result in (4.48) to express ae a in terms of dee 
0° 2) 
= Fee) — 7£(2)£(5) — 18¢(7) + oy (6.212) 


Finally, by collecting the results from (6.211) and (6.212) in (6.210), we obtain that 


H, HY 51 
y a = 2¢(2)¢(5) + — So)¢(4) ><), 


n=1 


and the second solution is complete. 

Now that the present harmonic series of weight 7 has been calculated, we’re 
ready to jump in the next section and start deriving the remaining harmonic series 
of weight 7. 

The solutions provided also answer the proposed challenging question. 


470 6 Solutions 


6.43 Plenty of Challenging Harmonic Series of Weight 7 
Obtained by Combining the Previous Harmonic Series 
of Weight 7 with Various Harmonic Series Identities 
(Derivations by Series Manipulations Only) 


Solution Let’s prepare for a cascade of derivations of the harmonic series of 
weight 7! (surely, this is possible now thanks to the work in the previous sections). 
Essentially, in this section the evaluations of most series will go pretty easily and 
fast as you’ll see below. The solutions provided will also answer the proposed 
challenging question. 


For the pot i), oa the ae 7 ie 46) which we combine with the values of 
H2H 


the series > eee and ee 


n=1 


given in (4.53) and (4.58) to get 


= cae = 9 
yi o(7) 55 2)ES) — 66 (3)5 4). 


i 


n= 


00 (2) 
As regards the point ii), once we know the value of the series > 


, which 


is given in (4.58), and plug it in the identity in (4.41), we obtain immediately the 
desired result 


H, Fin” 9 51 
= = 55 @2)E0) - So(3)¢(4) >¢(0). 


n=1 


ne for the oa iii), considering the identity in (4.50) and the value of the 


series = 


given in (4.58), we have 


[o-@) H? 
3 an <o(7) + 2¢(2)¢(5) — 6354) 


CO 773 
H. 
Next, for the point iv), since we have just calculated the value of the series y —, 


we combine it with the identity in (4.49) which immediately gives 


HA 185 aie 
= = i) +5€Q)E6) = % SONA). 


6.43 Plenty of Challenging Harmonic Series of Weight 7 Obtained by... 471 


We will derive the value of the stated series in v) by combining the value of the 


oo (2) 
: An Ay ee : es ; 
series ) 7s which is given in (4.58), with the identity in (4.45) that gives 
n 
n=1 


ay a aa 
n2 ~ 16 


P) 3 
O71) — 5S QES) — 5S GEO). 


n=1 


The calculation of the series in vi) is achieved by combining the value of the series 
[o,@) 


(2) 

H, 

y 7 given in (4.58) with the identity in (4.44) from which we obtain 
n 


n=1 


Satie” Boy Me ones 4 deaees 
= SEN — SEES) + EEA). 


n=1 


For the series in vii), let’s recall and use the identity in (4.48) that if we combine 
foe) 


with the value of the series > ” 7 given in (4.58), we get immediately the 
n 


n=1 
desired value, 


[ee 


(H)?))2 19 155 
~~ == 5¢(2)¢(5) + 7 FE OEA _ 3 oh): 


n=1 


To calculate the series in viii), we use the identity in (4.20) where if we multiply 
both sides by 1/n? and then consider the summation from n = 1 to 00, we get 


2 
00 /n-l 3 eT ree 00 (H ") ) 
( H; H4 H2Ho 1 n 


a Des ge Sg ae 


n=1 \k=1 n=1 n=1 
1 lee) HY oo 1 n H; 3 lo.) 1 n H? lee) H, n Hy 
roe n3 2 Dus baie Pa. pe 3 ae . 
n=1 n=1 i=1 n=1 i=l n=1 k=1 
(6.213) 


Considering the left-hand side of (6.213), we write 


co /n-l HB 7 lee) oo H3 . oO 00 HR 
2 ae as =) » n3(n — k) =, Dae 


k=1 \n=k+1 


= 2 (ats) 2B k (5) er GEE? 


k n=1 k=1 n=1 


Il 
i 


472 6 Solutions 


=H -y BE (ca-n)-1 Feo - HP) 


k=1 k=1 k=1 


3 p72) 
A Ay 


love) 4 ee) 3 
=> a (¢3) — Hf) Ova + a (6.214) 
=1 


For the second series in (6.214), we apply Abel’s summation with a, = 1/k and 
= H}(¢(3) — H{), and then we have 


> E (- HO) = oH (Hi (g@)- Hf) - Hi (¢@) - H,)) 
k=1 k=1 


— I i. y® ! 
= Bit — 5 fel — Fa €(3) - Beit Gaps 


k=1 


-H},, (¢@) - #2) ) 


{reindex the series, expand it, and carefully rearrange it} 


uP oo 2 


=YattOha-4>) #-4Oy FS oe +6003) 
k=1 k=1 k=1 k=1 k=1 


oo HB oo H4 Hee saa 


OO 442 
+6) > a pe a tlip oy aye 
k=1 c=] =1 


lee) HB 
37 = (¢@)- HP) 
k=1 
{use the results in (3.45), the cases n = 3, 6, (6.80), } 


{(4.29), (4.32), (4.61), (4.62), (4.59), and (4.64)} 


227 = He 
= 106(2)5(5) + 776)¢(4) — S-E) - 3) —* (¢@)— HP), 
k=1 
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whence we get that 


=e @)\ 1 227 
> : (63) day ) = 7 10S (2)ES) + 778 3)E4) — FT). (6.215) 
k=1 


Then, if we plug the result from (6.215) in (6.214), we obtain that 
CO 


Y(Vactg)-be-oLF+y4 


n=1 


H? 


1 227 
=, NOeie@) PTC G A) = “gq 
{the values of the first two series are given in (4.62) and (4.34)} 


lee) ie Ag 
103 15 173 
-y4 +5 (7) 5) §(2)g(5) — SOE. (6.216) 


On the other hand, considering the right-hand side of (6.213), we write that 


2 
00 ph 00 py p72) 00 (4) <2 “ais 
eBay iy ye ey S (PF) 


n=1 n=1 n=1 n=1 n=1 k=1 


S38 ne" 


n= i” n=1 


{the values of the first five series are given in (4.62), (4.53), (4.65), (6.79), (4.55)} 


1319 1 n H; 3 lee) 1 n H2 
Sg ZK) - ac) + ee (3 3 lee (3 4 
1 t=1 


Ll 
n= 1 i= n=1 


{reverse the summation order in the two remaining series} 


1319 i) 3 Seis 
= en — Fran) - Braca+y 4 (2 | Se (5 ) 


i=1 


1319 Hi 1 
= SM - *eQKS) - ac) + » a (ca- HY? + x) 


474 6 Solutions 


gps 1 1319 37 145 
je (co H+ a)=4 55D — ZEAE) — = FBSA) 


00 7, © gy ; 0° 2 © H® 2 173) 
Hor By Boat oy yA yA 


i=] i=l i=1 i=1 i=1 i=l 


{make use of the result in (3.45), the cases n = 3, 6, (4.29), (4.32), (4.64), and (4.59)} 


907 
= = 765M — 106 (2) (5) — sei. (6.217) 


Finally, plugging the results from (6.216) and (6.217) in (6.213), we conclude that 


So Mate” Bey Seanesy 4 Zreanrea 
my) 16° 56 g 76 f(4). 


To obtain the value of the series in ix), we consider the identity in (4.28), the first 
equality, where if we multiply both sides by 1/n and then consider the summation 
from n = | to 00, we get 


co / OO 4 2 p72) (3) (2))2 (4) 
x (5 Hé — 6H2H + 8H. HY + 3(H.”)? — 6H; 
(K+ I(k+n+1)n 


12 wD rer Hy (Hy HAY” 
SF Dee 2 ae ae cD eee 
= n=1 


ao +6) ar a a (6.218) 


For the left-hand side of (6.43), we have 


> > Ht — 6HZHO + 8H, HE + 3(HO) — 6H? 
(K+ W(kK+n-+1)n 


= > H¢ — 6H2H,? + 8m. HO +3) — 6B 
(K+ 1)kK+n+1)n 


_ is (H} — 6H2HO + 8H. He + 3A?) -— 6H) Hes 
7 (k + 1)? 
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—ee 6(Ax41 — 1/(k + 1) (HO, — 1/(k +1)?)) Ay 
(k + 1)? 


IL 


>> (8(Hka1 — 1/(k + DCH, — 1/k + 19) + 30, = 1/ + 1)?)?) Het 
= (k + 1)? 


65 (AG, — 1/(k + D4) Aes 
(k + 1)? 


{reindex the series and expand them} 


be Si. ee AY? 
=u eG - uy zt +2 FH Oe te Ry i 


Hew HEH ac oo H,H® 
k 
ay a oy +3y 8D 
k=1 


2 p73) (4) 
wy oy 


{use the values of the series given in (3.45), the case n = 6,} 
{(4.32), (4.61), (4.62), (4.58), (4.53), (4.66), (4.64), (4.59), and (4.60) } 


H abe 
= Fen) - 4802465) asear(ay + yo hay A 219) 


k=1 


For the right-hand side of (6.43), we have 


1S Ep ae HG? Y . way = APA? 
pay ee ay A ay Ee ay 
n=1 n=1 n=1 n=1 n=1 


oo (4) oo 77 (5) 
A, Ay 24 A, 
ey ELS 
n= n= 


{use the values of the series given in (4.66), (4.59), (4.63), (4.60), and (6.76)} 


3181 126 LHS SO (yy 
= Sh — SE QWECS) - Sac) += ys “egy 
n=1 n= 
(6.220) 


Lastly, if we plug the results from (6.219) and (6.220) in (6.43), we conclude that 


476 6 Solutions 


a = 57 
yi ZE(T) + FEES) + 336(3)C(4). 


a 


n= 


Finally, to get the value of the series in x), we make use of the first equality of 
the identity in (4.27), where if we multiply both sides by H,,/n and then consider 
the summation from n = | to 00, we get 


© (nH 3H” & tt 


~ k k k 
> (. 


n=1 \k=1 
2 3 2 4 
_ Ey egies So HHS 3S HOY? 32 HA” 
4 n2 2 n2 n2 4 n2 2 n2 


n=l n=l n=1 n=1 n=l 
(6.221) 
For the left-hand side of the equality in (6.221), we write 


= ae ee (5 


k k k = 
ap (k+ D(k+n+ Un =| 25 


k=1 \n=1 
= > H} — 3H HY + 2H > Hy, +1/a+1) 
7 k+1 at Dat+k+2) 


(Hp — 3H HO + 2H) Hn 
(K+ D(kK+n+4+1)n 


-»4 — 3H HO + 2H 
nar (k + D(k +2) 


S} 


H} — 3H, HO + 2H 


k k 
+) k+1 ( its) 


S2 


3H. HO +2Ho ( = 1 


(oe) HB 
+> ko k 
= k+1 = (nt 122 +k +2) 


(6.222) 


S3 


The first series in (6.222) is straightforward in view of the identity in (4.27), if 
we setn = l, 
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2 (2) (3) 
eee (6.223) 
= &+)E+2) 


For the second series in (6.222), we write 


3 (2) (3) 
= 3 Hp — 3H +2H,” (= Hn 
= k+1 = EDO TET2) 


{make use of the identity in (4.21), the case m = 1} 


(3) 1 
+ 2(A A = tp?) 


1 \3 1 (2) 1 
(— = En) = 3(As1 _ ea > tp) 


hel k+1 
Heys + Hes _ pee as = fit 2) 
2(k +1) )- 23F. 55 Te 55 Haba k4 a By 


oo (H»2 lee) HOH? oo HAY 


ay Fs ae 
2 E > re SD aa i ie 


Low 3S mA Y 
a » k2 a k2 


k=1 k=1 


{use the values of the series in (6.75), (4.32), and (4.61), } 


{(4.62), (4.58), (4.66), (4.65), (4.63), (4.59), and (4.67)} 


2229 3 Bay 
3 —_ tha fOr) +— ore 6.224 
E+ T5(2)¢(5) + 5 > £(3)¢(4) 2 2 (6.224) 
Lastly, for the series $3 in (6.222), we get 
i > H} -— 3H, HO +2HO (2 1 
k+1 = (at IPQat+k +2) 


ye ee c2) Hes 
~ k+1 k+1 k+2 (+1)? 
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ae) yi —3H HO +2HO Sap - 3H HO +20 
7 (k + 1)2 (k + I)(k +2) 


k=1 


> (H} — 3H, HY + 28°) Aes 
= (k + 13 


{use the results in (6.189), (6.223), and (6.190)} 


H4 H; 0° HH? 
= 6rQe05) +9240) — 122) -6- sy ay 
k=1 


k=1 k=1 


{the values of the series are given in (4.62), (4.61), (4.58), (4.64), and (4.53)} 
= 66 (2)E (5) + 186 (3)¢ (4) — 24¢(7) — 6. (6.225) 


If we collect the values of the series S;, S2, and $3 from (6.223), (6.224), and 
(6.225) in (6.222), we get 


- 103 (H? — 3H HO + 2H) A, 


PO phe te erp ryn Oae 
(k+D(k+n+1)n = FE VA+FECUA+ ZED 


3 3 Hy, (Hy)? 


(6.226) 
n=1 
On the other hand, considering the right-hand side of (6.221), we write 
LSA 3 Hip He ie rg 3 aH? 3 5 AnH 
eet +25 iy ame ame 


n=1 n=1 = 1 n=1 


{use the values of the series given in (4.67), (4.66), (4.59), and (4.60) } 


4875 3 (HY? 
= Pe + sos) + Lees) +5 So Hal” 207 
n 


n=1 


Collecting the results from (6.226) and (6.227) in (6.221), we conclude that 
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An (Aye)? 13 217 
y > EF = 56354) + 226) - —c), 
n 2 16 


n=1 


and the solutions are complete. 

The knowledge on the harmonic series opens the gates to a large panel of 
problems that involve the use of such series. For example, just remember the triple 
integral in the first chapter, in Sect. 1.34, the point i7), where we need to know how 
to handle with the resulting advanced harmonic series (of weight 7). 

The interest in the study of the harmonic series has increased in the last years 
and further investigations and derivations of the harmonic series of weight > 8 have 
been accomplished as seen in [51] and [52]. 


6.44 A Member of a Glamorous Series Family Containing 
the Harmonic Number and the Tail of the Riemann 
Zeta Function 


Solution I submitted the present series to SSMA (School Science and Mathematics 
Association) and was published in May, 2016 issue, the problem 5406 (see [38]). 


Splitting the series directly is not advisable since we have a divergence issue 
[o,@) 


A, 
because, for example, 3 — clearly diverges. Fine! Then, how would we like to 
n 


n=1 
act? Well, we can simply apply Abel’s summation. 


For an elementary solution by series manipulations only, we start by applying 
1 


H, 
Abel’s summation (see (5.1)) with a, = — and by = (3) -—1 
n 


n 


Ae oN tat si) 
where we also use that — 3 (4; + A, ); and then we have 
k=1 


ye c(3)—1 Ph guest 
n 23 n> 


1 1 1 1 w+ HO 
= lim ~(H? HO) eS ve Gteeat 
slim, 5 ( ney (eG) 3 (n+ 13 oe (n+13 


n=1 


0 


2 
1 > H+ He 1 3 (Hn — Wat DP + HO, -1/(n +1? 
a @+1> 2 (n+13 
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{reindex the series and expand it} 


{use the series values given in (4.30), (6.67), and (3.45), the case n = 4} 


7 
= 26(2)6 (3) — 580), 


and the first solution is finalized. 
For a second solution, to calculate the series we first attend a slightly different 
version of it, where if we use the generalization in (4.72), we get 


3 Pe (pay =tac, 2 eee Te, 

vee = — lim x 

n+1 23 n3 4 x9 ax day? ss 
y> 


n=1 


= 2(26(5) — ¢(2)¢(3)), (6.228) 


and the calculation of the limit can be done either with Mathematica or manually. 
The double limit with the Beta function can also be approached with Euler sums 
like that 


ye @)-1 1 1 i” at Biz, y) 
pid ze = im 

n+1 $ 23 n3 4 x90 Ox? dy? a 
y> 


n=1 


1 
{make use of the Beta function definition, B(a, b) = / xo! d- tax] 
0 


1! log?(x) log?(1 — x) 1! log? (x) log?(1 — x) 
= 4 dx = dx 
0 0 


x(1 — x) 4 x 
1 (! log?(x) log?(1 — x) 1 (! log? (x) log?(1 — x) 
+ dx = dx 

4 0 1l-—x 2 0 x 

letx =1-—y 

[o.@) 
H, 1 
{ that ee 7 =5 log*(1 of 


= [oe Bs wees — SS log2(x)dx 
0 : n+1 are 0 


n=1 


Hy = Aner = Vn + 1) An —1/n 
ae) ———_ = 2 —?2 pall eae are 
Gap d (n+ 1)4 DS n4 


n=1 
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Cc 
Ay 
=o ay 
n=l 


n=1 


{make use of the Euler sum in (3.45), the case n = 4} 
= 2(26(5) — ¢(2)¢(3)). 
On the other hand, the series in (6.228) can be written as 


CO 


d Bn (<o 1 ee 3) 
n+1 2° n3 


Ani - Wat) @) I 
im » n+1 (co Any) so (n+ aa) 


n=1 


{reindex the series and carefully expand it} 
oO A® 


oe (¢@-H#P)+ > a +o > 5->D 


n=1 n=1 n=1 n=1 n=1 


=| 4 


{make use of the results in (6.68) and (3.45), the case n = 4} 


A, 15 
== (6@) — #9) + Se - 4¢s@), 
n 2 


n=1 


whence we obtain that 


Z (¢@-H#P)=>° a - (5G) - HY”) = (5) +4¢(2)¢(3), 


n=1 n=1 


where if we finally make use of the result in (6.228), we conclude that 


x Gate +) =22@¢0@) - 2¢65) 
n 23 nn) 2 : 
n=1 
and the second solution is finalized. 
[o) 
The same strategies can also be applied for > Fn c(2)-1 : tee : 
- ve n 2? n2 


n=1 
that appeared in [21, p. 149], where the author reduced the series to the calculation 


of some logarithmic and dilogarithmic integrals (at some point in the past I 
communicated to the author an elementary solution similar to the first one above). 
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6.45 More Members of a Glamorous Series Family 
Containing the Harmonic Number and the Tail of the 
Riemann Zeta Function 


Solution For both series we might like to employ the strategy in the first solution 
from the previous section, which is fast and only requires Abel’s summation 
and elementary manipulations with series. If in the previous section the resulting 
harmonic series were of weight 5, now for the point 7) of the problem we get 
harmonic series of weight 6, and for the second point of the problem we obtain 
harmonic series of weight 7. Passing to the generalized series, if we consider the tail 
with ¢(k), k > 2, then the expected weight of the resulting series is k + 2. 


Let’s make again Abel’s summation (see - 1)) our choice here, where if we set 


Ay 
dy = — and by = £(A) 1 as “i. we have 


1 2 (2) 1 . + Hy” 
= lim -(H2+H ) a a 
slim, 5 ( an (<o 24 apt) +3 ae at 
0 
: Ly at Ha Leh ee 
me? (n+1)4 — 2 (n + 1)4 


n=1 


{reindex the series and expand it} 


i i Be H, 
-jo +e -yS 


n=1 n=1 n=1 


{use the series values given in (4.31), (6.71), and (3.45), the case n = 5} 


5 
= 496 ©» 


and the solution to the point 7) of the problem is complete. 
For the point ii) of the problem, using again Abel’s summation (see (5.1)), where 


H, 
we set dy, = — and by, = €(5) -— 1 ee , we get 
n 2 n> 
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[e.e) 


Ye (o i =) 
n 2 n> 


n=1 


1 1 © A? + HO 
= Ii 5 (a: H,>) 5)—1 as nT 
nee onan o>) 25 = 1)5 % aD (n+ 1)5 


ar 


0 


(n+1)5 2 (n+ 1)5 


n=1 


2 Ly Hi + Hi 12 (Ang — Wnt DP? + HO, - 1/41? 
4 


{reindex the series and expand it} 


{use the series values given in (4.32), (6.75), and (3.45), the case n = 6} 


3 
= 36(2)8(5) + FE GEA) — 667), 


and the solution to the point 77) of the problem is complete. 
For an alternative solution to both points, make use of the result in (4.72). 


6.46 Two Series Generalizations with the Generalized 
Harmonic Numbers and the Tail of the Riemann Zeta 
Function 


Solution The generalization from the point i) in the present section also gives an 
alternative way of approaching the series with the tail of the Riemann zeta function 
like the ones in the last two sections. When we talk about the tail of the Riemann zeta 
function, we may also recall the series representation of the Polygamma function 
(see [58]), since the tail of the Riemann zeta function can be expressed in terms of 
the mentioned function. 


For the point 7) of the problem, let’s note and use that 


1 = pete [ ened ep 
1 . = 2" log? dx, 
LO)=i=,, eae @— Dt d fet Tog? (xd 
(6.229) 
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where I considered the result in (1.2), and then we get 
3 Hp =i 1 1 
n+1 o(p 2P nP 


= Sas ktn-1 1 
ee ei (y's od 


{reverse the order of integration and summation} 


= 1 
= ot ys ~ 03 ea v0) ogMys 


k=1 
[oe 
An n+l 1 2 
= -—1 1- 
| =e i 5 108 (1 — x) 

n=1 

—])P7! 1 p-l 244 — 
a (-—1) / log? * (x) log*(1 tO (6.230) 

2(p — 1)! x(1— x) 


where we note the integral in (6.230) can be expressed in terms of Beta function 
1 
which is defined as B(x, y) = i; Pda) de 
0 
Hence, for p > 2, p € N, we have that 


[o.@) 
Hy, 1 1 Lan apt 
)- — Bix, y), 


1 ne 
ee (cm 2p nP) 2p— Di xo dxP—lay2 


n=1 


and the solution to the point 7) of the problem is complete. 
For the point i7) of the problem we proceed in a similar style. First, if we combine 
the generating functions in (4.6), the case m = 2, and (4.7), we have 


i) 2 
loe2(1 — 
y y"(H2 — He) = EE» y) (6.231) 
=y 


n=1 


Integrating both sides of (6.231), we get 


+1 1 
Hp — HO) = —3 log?( — 2). (6.232) 
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Now, starting as at the previous series, and using the result in (6.229), we write 


ee ba 
= n+l 2P nP 
_ (P'S #2 - A? ais 4 
ae ie ag i vfs "~" log? (x)dx 
n=1 


{reverse the order of integration and summation} 


(-1)?! 
-oonk 3 aa 


{make use of the result in (6.232) } 


1 H® 
xntl = 7 = log?! (x)dx 
=! 


= ae Soxt2 log?! (x) log? (1 — x)dx 
30 -D! Jo FS 


~ 3(p—1)! 


(-1)? [ log?! (x) log3 (1 — x) 
dx 
x(1 — x) 


(<)? ary? 
= lim 
3(p — 1)! x0 axP—lay3 
y>0 


B(x, y), 


and the solution to the point 77) of the problem is complete. 
And now we can prepare ourselves to enter the sections with series involving a 
product of two tails of the Riemann zeta function! 


6.47 The Art of Mathematics with a Series Involving the 
Product of the Tails of ¢(2) and ¢(3) 


Solution Allow me to say this solution is about the art of mathematics! Ok. Why? 
First we see we have now a series with a product of tails of Riemann zeta function, 
and all is multiplied by 1/n. That doesn’t look friendly! A natural impulse would 
be to give it a try with Abel’s summation as we did in the previous sections for 
the series with one tail of the Riemann zeta function, and this is a wise choice [ll 
want to consider. After the application of Abel’s summation there will also result 
two nonlinear harmonic series of weight 6, which happily and amazingly we won’t 
have to compute separately, and this is possible due to an identity generated by The 
Master Theorem of Series! 


486 6 Solutions 


So, we write that 


Yi (co 1 | ats 3) (@ 1 1 ae >) 
n $ 22 n2 $ 23 n3 


n=1 


=. *(¢@) — H)(63) — H), 


n=1 


and applying Abel’s summation, the series version in (5.1), with a, = 1/n and 
= (¢(2) — H\”)(¢(3) — H), we get that 


D6 — ACE) — AO) = Jim Hy CQ) — HE. EG) — HE) 
n=1 ————— 
0 
+ 2 Aa (6) — HEB) — 4) - CQ — HQYCE) - HOD) 
nel 


_~ at (2) 1 7® 1 
= (Host wai) ((6@- nit Gy Dp oy) bo Patt Gaps “) 


- (:@)- #2.) (e@)- #2) ) 


{reindex the series and expand it} 


Hy Hn Ol 
=O 8D pe ote aa = 
n=1 n=1 n=1 n=1 


(3) 0° (3) 09 (2) 
HOLE ODS ae (> = + a 


n=1 n=1 =] n=1 
{the values of the series are given in (3.45), the cases n = 2, 3, 5,} 


{(6.71), (4.14), where we set p = 3 and let n — ov, and (4.40)} 
61 
2 
= ¢°(3) — —¢(6), 
¢°(3) 436! ) 


and the calculation of the series is finalized. 
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Indeed, the fact that we could avoid so easily the calculation of each nonlinear 
harmonic series of weight 6 involved (due to The Master Theorem of Series) is 
almost a dream which shows again that in the area of the harmonic series still 
lie extraordinary ways of calculating them, waiting for us to discover them by 
mathematical efforts, research. 

The solution also answers the proposed challenging question. 

The series version without the factor 1/n, 


[o.e) 


1 1 1 1 
(rm be =) (ro eae =) = 22 £(2)¢(3), 


n=1 


and its generalization, 
= 1 


1 1 1 
» (sw : Vk a) (e+ ! Deel oat): 


n=1 


appeared in the paper Evaluation of Series Involving the Product of the Tail of ¢(k) 
and ¢(k + 1) I co-authored (see [22]). Also, similar series involving the product of 
the tails of the Riemann zeta function may be found evaluated in [26]. 


6.48 The Art of Mathematics with Another Splendid Series 
Involving the Product of the Tails of ¢(2) and ¢(3) 


Solution Once again, allow me to say this solution is about the art of mathematics, 
and it takes into account the challenging question! Compared to the previous series, 
here we have an additional harmonic number, and that also pushes us in the area of 
the harmonic series of weight 7. 


The proposed challenging question gives a special flavor to the problem, since 
we'll want to calculate the series without making use of the values of some difficult- 
to-calculate nonlinear harmonic series of weight 7. 

To calculate the series we’ll employ a slightly different version of the series of 

CO 72 py (2) OO 772 (2) 

: Ay A, : : Ay (6(2) — An ) : : : 
weight 7, n" | which is eee  ., and in the calculations it 
won’t be necessary to know the value of either of these two series. If we apply 
Abel’s summation in (5.1) for the latter series where we set a, = 1/ n? and b, = 

2 
Hy(¢(2) — Hn”), we get 


H2(¢(2) — Hy”) ; (3) p72 (2) 

he ee eS Hy,’ H 2)-—H 
eas n4iG(2) n+v) 

ee 


0 


Me 


n3 


= 
ll 
= 
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+ HCO - H) — Hi. (62) — HY?) 


n=1 


= Dem = 1/(n + 13)(Ang — 1/@ + DP? EQ) — HO, + 1/4 D*) 


H?, (62) — H)) 


{reindex the series and carefully expand it} 


3 2 3 2 3 
AA An Hn Hn) Hn Hn 
= a ale ae 5 
n=1 n=1 n=1 n=1 


2). “ (6(2) — HP) HE - >> ~ — £(2) ae — + 2¢(2) ae + oe a 
n=1 


n=1 n=1 n=1 


3) @) Q) 00 a9 
“oy = oe iy ye 


n=1 n=1 n=1 n=1 


{use the series values in (3.45), the cases n = 4, 6, (6.68), (6.80), (6.75), and (4.32); } 


n 


Hn — A, 
make use of the result in (4.44) to express > —~— a ——., 


{a then use the result in (4.45) to express 3 


n=1 n=1 


2 3 2 
Hi - Y | 


[ee 


ie) (3) (2) 
He as A, de 
=> pe +30 t pe “*Q) A) A® 


n=1 n=1 


—46(7) + 86 (2)6(5) — *63e4) 


Hn Le Sang sg sd 


n2 


{empoy the result in (4.46) to writer 3 s using 


n=1 n=1 


can 7 led sg En 15 9 
=D 2D ER) — PHY + FEQDES) — 563A), 
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that leads to 


SH? ook = Hn”) ee Hite 
aes, Ss sO), eo 


n= 


a 
a 


n= 


ra? 15 e 
_ niin n (2)) 7) ae 
=-) a 25 7 2) = A An” + ZS AEO) — FSGS), 


n=1 n=1 


whence, also considering the result in (4.30), we obtain 


(oe) 


Hn Cn 7h 
= =| $2 — AY’ )H,’ = 26(2)6(5) — 6(3)6 4). (6.233) 


n=1 
Then, in view of the result in (6.233), we write 


y (ca i 3) (:@) eres 5) 
n 22 n2 23 


n3 


= ¥- (ca) - 2°) (2) - H) 


n=1 


n=1 


{the first series is calculated below and the second series is found in (6.233)} 


11 
= TEBE — 2626), 


. = Ay HH) : : 
where the series > — (¢ (2) — ) can be calculated entirely by series manip- 
n=1 ? 
A, 
ulations if we use Abel’s summation with a, = — and bn = 62) - He as in 


I 
the Sect. 6.45. Alternatively, we can also start with the following series version, 


n+1 22 
a then we may write 


= 2 1 1 
d (co 1 _ :): which is given in (4.72), the case p = 2, 
n 


[o.@) 


5 Ay, 
Goad 


n=1 


(c2) - H) 
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SO Anti — Wt) 2) ! 
= n+1 (:@ Batt Gop D2 arn) 


n=1 


{reindex the series and carefully expand it} 


loo) (2) 
= 5 (ca - Hn?) +0 2S +e a 


n=1 n=1 n= 


CO 


- 
1 


{use the Euler sum in (3.45), the case n = 3 and (4.14), the case p = 2} 


= 5° (ea - H) - dee, 


n=1 


whence we get the desired value, 


¥- % (602) — 0) = Zee 


n=1 


and the solution is complete. 
It’s nice to see how beautifully various relations with harmonic series work 
together when properly combined. 


6.49 Expressing Polylogarithmic Values by Combining the 
Alternating Harmonic Series and the Non-alternating 
Harmonic Series with Integer Powers of 2 in 
Denominator 


Solution The sums of harmonic series in this section all lead to polylogarithmic 
values, and to show the equalities hold we might like to combine the result from the 
point ii) in Sect. 1.31 with some generating functions in Sect. 4.11. 


For all three results we might like to employ the identity in (1.59). So, if we set 
m = 3 in (1.59), we get 


n—-1 
x 1 
[ Lis (= i. ) dx = 3 H®. (wee -\ i] (6.234) 


n=1 k=1 
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For the left-hand side of (6.234) we make use of the result in (4.11), and we write 


x n— 
[uws(AQ)e- xe yr! Hp + HP )au 


n=1 


{reverse the order of summation and integration} 


1& H2 +H H24+ 4 
= ae [ ver=3 nln "(6.235 
5) : x > Gap 6235) 


n=1 n=1 
For the series in the right-hand side of (6.234), we apply Abel’s summation in 


: (3) = 1 P 
(5.1), with a, = 1 and b, = H,,~’, { log(2) — = oe | and then we write 


k=1 
lee) n—-1| I 1 
(3) _ yu (3) 
Do Hat = = lim NAy (wee -3 > a] 
a= = 
——— 


lee) i n—l| l 
_ >: = (wee = > Z| ; (6.236) 


where for the last equality I used the result in (4.6), the case m = 3. 


For the remaining series in (6.236), we apply again Abel’s summation in (5.1) 
n—1 


. ‘ 1 
with a, = 1/n* and b, = log(2) — > ey that gives 


k=1 
oo n=1 N oo (2) 
1 1 (2) ! An 


0 


[oe 


Hy 


n2n” 
n=1 


(6.237) 
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If we plug the result from (6.237) in (6.236), we have 
00 n—1 1 I oo He 
(3) = : n 
ya (ee -» cr) = 2Li3 (5) oo. (6.238) 
n=l k=1 n=1 


Collecting the results from (6.235) and (6.238) in (6.234), we conclude that 


[o,2) [o,2) 


(2) oo 2 (2) 
A H® 4 1 o# 1 | HE 
L at = 1 n n 1 n , 
(5) Lt ee n(n+1) rao) nn +1) 
n=l n=1 


n=1 


and the part i) of the problem is complete. 
Passing to the point ii), we set m = 4 in (1.59), and we have 


1 4 oo & n—-1 1 
[ Lig (5) dx = 2 H\. | log(2) — » ora ke (6.239) 


n=1 


For the left-hand side of (6.239) we make use of (4.12), and we write 


| XxX 
ig | —— yy! H} + 3H,H® +2H)d 
i is (4) ax = Lye a3 + 3H He) + 2H))dx 


n=1 


{reverse the order of summation and integration} 


Re i LU} + 3H +202) | ie 
n=1 


[o.¢) 


1 
= ran i ath (HE) + 3H HO +242 (6.240) 


For the series in the right-hand side of (6.239), we apply Abel’s summation 


-1 
in (5.1), with a, = 1 and by, = H® log(2) — > ae , and then we write 
n—-1 = k2k 


N 


le) n—-1 
1 1 
(4) : (4) 
y A) (ie dX er) = om NHAy (ieee y i) 


n=1 


0 


n—-1 1 n—-1 1 
a (x; H® {(2@- Dax)- (ui2\+2 =) (lee! a =) 


n=1 
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oo HY 1 n=1 1 
=> a - (mm -¥ Fr] = 
214s ze y 2 log(2) — x = (6.241) 
2 n3 — K2k YP 


n=1 


where for the last equality I used the result in (4.6), the case m = 4. 
For the left series in (6.49), we apply Abel’s summation in (5.1) with ay = 1/n? 


n—-1 


and by, = log(2) — irs 1k that yields 


[12 
=| - 
— 
= 
o) 

i) 
= 
[S) 
— 
Pal 
ND] re 
>= 
——— 
| 


re N 1 00 (3) 
: ) n 
yaa (ee o> zx] +2 ae 
0 


HO) 
: (6.242) 


n2” 


n=l 
If we plug the result from (6.242) in (6.49), we get 
ia) = a oft\ a He 
d A (ee - dX zs) = 2Liy (5) - d on (6.243) 


Collecting the results from (6.240) and (6.243) in (6.239), we conclude that 


“() 


= AY” 1 n—-1 H, 1 n—-1 
= a get * OD ee 2 De eee DD 


n=1 


ee) 


1 v= | nH 
= du t) n(n + 1)’ 


n=1 


and the part ii) of the problem is complete. 
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Lastly, for the point ii7), we set m = 5 in (1.59), and we have 


n—1 
[ Lis ( -) dx = > H® (ie -) zr] (6.244) 
. k=1 


Now, for the left-hand side of (6.244) we make use of the result in (4.11), and then 


we write 
! x 
/ Lis (=) dx 
0 1 +x 
Px yet is + 6424; + 8H, HO +3 (HO)? + 6H) dx 


{reverse the order of summation and integration} 


ges 1 : 
=5 yey — (Fn + 6H7H® + 8H, H® +3 (1) 2+6HM) [ x dex 


n=1 


1 CO 
nel 


(6.245) 
For the right-hand side of (6.244), we apply Abel’s summation in (5.1) with 


n—-1 


dn = land b, = H®), (tee - > cr) that gives 
k=1 


n—1 
1 1 
(5) : (5) 
: A, J(w@-¥ y ee) = NAy (Wee — > a] 


n=1 


1 
(5) 3 (5) 
dX + Yon (as ico aE) (#2, + =) 
n= 


n—-1 1 I 
(ee . cae) 
oo HS oo 1 n—-1 l 1 
= - = SD Der (ee me > a] = 2 Lis (5) 


k=1 


; (6.246) 


where for the last equality I used the result in (4.6), the case m = 5. 
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Further, for the remaining series in (6.246), we apply Abel’s summation in (5.1) 
n=] 


with a, = 1/n* and b, = log(2) — > PR’ and we get 
k=1 


n—-1 


CO 
] ] an Ho 
ar (ie =2 er] = a (ee ~ Le 
eS 


N oo 77(4) 
1 Hi 
joo 
1 


k=1 k=1 n= 


n=1 


00 (4) 
=>, Ss, (6.247) 


If we plug the result from (6.247) in (6.246), we have 


0° n-1 1 1 0 HY 
(5) = . n 
dX Ay) (ee = 2 zs) = 2 Lis (5) = d nw ‘ (6.248) 


Finally, collecting the results from (6.245) and (6.248) in (6.244), we conclude 


that 
Li (5) 
a\ 5 
= A 1 n—-1 H; 1 = n—-1 Ay 
= Leggett + ao er ar pe a 
1 Pei 1< iene — aa Hele 
te) ae a 6 ou De a3 gee 


n=1 
and the part iii) of the problem is complete. 


If you enjoy such representations with long sums of harmonic series, then there 
is some good news: if in this section the sums yielded polylogarithmic values like 
1 1 1 
Li3 (5) , Lig (5) and Lis (5 in one of the next sections we’ll meet a long sum 
with harmonic series (seven series) leading to ¢(4)! 
The solutions also answer the proposed challenging question. 
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6.50 Cool Results with Cool Series Involving Summands with 
the Harmonic Number and the Integer Powers of 2 


Solution Some of the harmonic series with positive integer powers of 2 in 
denominator ees be prety oe For example, one might possibly find the 


series like ae ont and an ~ rather troublesome, and the relations I propose 


in this cen are meant to facilitate the derivation of such series. Also, trying to 
remain in the perimeter of the real methods is another challenge, especially for the 
last relation where it is required to calculate a tough integral (which happily I already 
calculated in the third chapter). 


For the first sum of series, I invoke the identity 


i: ar (x)d log) : (6.249) 
x” log(x)dx = ; : 
P s (k+ D261 (e+ 1221 


which is proved immediately with the integration by parts. 
Multiplying both sides of (6.249) by —H; and then summing up from k = | to 
Oo, we get 


CO 


O° 1/2 
los) Epa + eat Dae am om = ym f x" log(x)dx 


k=1 


{reverse the order of integration and summation} 
1/2 oo 
=— / log(x) a x* Hydx 
0 
k=1 


{use the generating function in (4.5)} 


= [- log(x) log = x) 5 -a=y [ log(1 — y) log») 4 
0 1-—x 1/2 y 


1 (oe) 
a2 


{reverse the order of summation and integration} 


; oO | 1 1/2 ; 
= "-ligg(y)dy =-Y°—(f — "1 Iog(y)d 
ay =f og(y)dy = 2, (/ [ )o og(y)dy 


n=1 


log(y)dy 
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[o@) 


ae 1 n—1 yt 1 
ae [> Roe! a log(y)dy 


n=1 


a 1 1 
=a log) > pe = ee = = (3) — lox(2) Lin (5 ) -bis (5) 


n=1 n=1 


{use the special values in (3.19) and (3.20)} 


1 
= = 550) ae 3 log” (2), 


and the calculation to the point 7) is finalized. 

I submitted the following sum of series as a problem to The American Mathe- 
matical Monthly, the problem 11921 (see [49]). 

To prove the result with the second sum of series, we employ the simple fact that 


i log? (2) log(2) 1 
ky..2 g g 
1 dx = : 6.250 
[ AE AGE A) (k + 1)2k+1 - (k + 1)22k = (k + 1)32k ( ) 


which is proved by applying two times the integration by parts or by simply making 
use of (1.3), witha = 1/2,n = 2. 

Multiplying both sides of (6.250) by Hy and then summing up from k = | to o0, 
we get 


; oo ish = A 
log ©) Gene ribet + log(2 3 (k + 1)22# ps (k + 132k 


oo 1/2 1/2 oo 
= | x* log?(x)dx = log? (x) ) x Aydx 
k=l 0 0 


k=1 


{use the generating function in (4.5)} 


_ [ log(1 — x)log’(x) | 
0 


1-x 
{make use of the result in (1.28), the case p = 1} 
1 4 
== (54) +1084), 


and the calculation to the point i7) is finalized. The last integral also appears in [17, 
p. 128]. 
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For the last sum of series, we recall the result in (1.18), and using the integral 
there, we write 


[" log? (x) log?(1 — x) 4 
X 
0 


Xx 


» He _ log?(1— x) | 


[o.@) 
na use of the fact that s x Fa 5 
x 


k=1 


1/2 
= =2f ig eas (x)dx 


{reverse the order of summation and integration} 
[o,@) 
A 
=2)) 
a k+1 


{make use of the result in (6.250) } 


1/2 
i x* log? (x)dx 
0 


PA 00 
= log > ie +h aaa (k+ ar 1 +>) a (k+ Ee 1 


k=1 


= = 5505) — 26(2)6(3) — 5 log? (Dé +7 "tog? (2)¢@3) — los” (2) 


1 1 
+4 log(2) Lig (5) + ALis (5) 


and the calculation to the point ii7) is finalized. 
Equipped with these relations, we are prepared to enter the next section where 
we’ ll want the extract the precise values of such series. 


6.51 Eight Harmonic Series Involving the Integer Powers 
of 2 in Denominator 


Solution As mentioned at the end of the previous section, once we are equipped 
with the proper relations, we may extract the values of the series in this section. 
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oo to calculate the series from the point i), we use the result in (4.5), 
at 1- 
3, x” Ay set) = , where if we integrate both sides from x = 0 tox = 1/2, 
we get 


[ee 


1/2 & 1/2 Hy 1/2 log(1 = s) 
Hydx = kK dx = = d 
I ag —_ >f sates aD i ie. 


4 ‘O) 
= -10 5 
) gs 


from which we obtain 


[oe] 
= log’ (2), 
rays ear og 2) 


and the point 7) of the problem is finalized. 
Further, to calculate the series from the point ii), we make use of the series from 
the point 7), and then we write 


ee) 


Hy Ag — Wk +1) 
los (2) = ) 29 
oe) rreayy: ps + 2 


{reindex the series and expand it} 
fo) 
1 Ak 1 
= kok 2) BE = kak — 2Lip (5) 
{make use of the special value of Dilogarithm function in (3.19)} 
(oe) 
Ay 2 
= DT pe ~ 52) + log’), 
k=1 
whence we obtain 

y Ay = 1 (2) 
f~ kak 2. eh 


and the point ii) of the problem is finalized. 
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Next, to get the value of the series from the point ii7), we plug the value of the 
series from the point 7) in the relation in (4.74), and then we immediately have 


[oe 


1 am 1 1, 
5 log?(2) + 22 a Tee = gh + zh O), 


whence we obtain 


ee ay ee) 
Gaipe 4a ge 


k=1 
and the point ii7) of the problem is finalized. 


Jumping to the next series from the point iv), we make use of the series from the 
point iii), and then we write 


oe) 


1 ee a Ae Ae — 1/k +0) 
g50)— 31082) = Dye 72 ee pa 


{reindex the series and expand it} 


k k , 
=2 2 =2 =~ -2L = 
dX 2k B 2k d eye (;) 


{use the special value of Trilogarithm function in (3.20)} 


1 
-2)) os - 763) + log(2)g(2) — = 3 log’ (2), 


whence we get 


~. At 
ye ae =O - 5 loai2¢(2), 


k=1 


and the point iv) of the problem is finalized. 
Then, to calculate the series from the point v), we combine the values of the 
series from the points 7), iii) and the identity in (4.75) that lead to 


1 
F log'(2) + 5 log(2)5(3) + > = 5 (s4) + loz*@2)), 


ae Dah 
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from which we obtain 


= 1 
2 (k+ a =4 (< log(2)¢(3) + > 5 log a), 


k=1 


and the point v) of the problem is finalized. 
Next, for the part vi) of the problem we make use of the result from the point v), 
and we write 


1 = Ae A Ae — 1k +0) 
i (e- log(2)¢(3) + 5 5 log ‘@) = ae PL (k + 13241 


{reindex the series and expand it} 


Ak 1 k 
= ys Ka2k 2 ) Kk = a Kak 2 Lig (5) 5 
whence we obtain 
y PE =) iG (2)¢(3) + ; log*(2) + Li : 
2 32k ~ 8 ge 24 °F oho? 


and the point vi) of the problem is finalized. 
Further, the result from the point vii) is straightforward if we combine the 
relations in (4.74), (4.75), and (4.76) that give 


[o.@) 
beer: 49k 
ra =a 


1 1 1 1 
= FeSO-7 lose + log? (2)g (3) — 3 log? (2)¢(2)—¢ (2)¢(3) + x0 log? (2) 


1 1 
+2 log(2) Lig (5) + 2Lis (5) , 


which finalizes the point vii) of the problem. 
Finally, for getting the value of the last series, we manipulate the previous series 
and write 


1 
765) - 7 loa(2)s (4) + log? (2)¢(3) — 5 log’ (2)6(2) — €(2)E3) + 59 oe ) 


1 1 = Hy Aes — 1/(k +1) 
2 log(2) Lig ( = ) + 2Lis ( = ea rey— 
+2 log(2) Lig (5) + 2Lis (5)- ~ (kt DAD » (4 D2 
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{reindex the series and expand it} 


~ 1665 1 i oe(2)2(4) 4-2 1oe2(2)£(3 1 og3(2)2(2) 2 e(2)¢(3 ae 
= 99S —g los(2oA)+5 log’ (2)6 (3)— = log’ (2)5(2)— 58 (2)6 3) + Fe log’ 2) 


~ifl fl 
+ log(2) Lig (5) + 2 Lis (5) , 


and the last part of the problem is finalized. 

The second, third, and fourth series together with similar versions of them are 
given in [15]. A different approach of calculating the last series may be found in 
[34] and [62]. Also, for another strategy of calculating such series, you may see the 
approach in [35]. 


6.52 Let’s Calculate Three Classical Alternating Harmonic 
. _ 1 H® 
Series, 7% ,(-1)" 1, O* (-1)""1=5, and 


_1 
ia i 


Solution In this section we step in the area of the alternating harmonic series, and 
don’t be surprised to find they are hard nuts! For example, let’s remember together 
the non-alternating version of the second proposed series we met in more places, 


oo 77 (2) 
A, 
that is y = qt. which is simply straightforward with using the sum 
n 
n=1 


in (4.14), but things change if adding (—1)”~! in the summand, and getting a 
solution seems to be a more difficult task. 


Also, if you recall Sect. 3.52, there we needed the alternating harmonic series 
from the first point during some of the calculations. 
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Let’s try to reduce the first series to a convenient integral form. Then, we write 


ee) 


ye Df 4 = pa, 1)"- Min fs "1 log? (x)dx 


1 Pf = 1 f!losd log? 
= a log*(x) )\(-)" "| Ande = / Se ee 
2 Jo 


4 2 Jo x(1 +x) 
1 f! log(1 + x) log? (x) 1 f! log(1 + x) log? (x) 
= dx dx 
2 0 Xx 2 0 1 + x 
q Ih 


7 1 1 
= Fe) — 7 lose) + 5 5 log? (2)g(2) — 7 ee" (2) — 2Lig (5). 


where the integrals /; and /> are calculated below. 
So, for the integral J; we get 


1 


1] 1 loe2 1 00 n— 
h ~ / og ( +x) og (x) dx = i log? (x) Sei = 
0 0 n 


Xx 


n=1 


ee) 


C1 1 < oC os 1 7 
a, x"! log*(x)dx = 2 9 \(-1) 1 = gh). 


n=1 


Then, for the integral /, we have 


[ log(1 + x) log? (x) 
h= 
0 


1 : 2 2 
aes = al (log*(1 + x))‘ log*(x)dx 


{apply the integration by parts} 


ae is log(x) log?(1 + oF 
xX 
x=0 0 


eae 2 
= — log’ (x) log*(1 + x) 
2 x 


——— 
0 


{make the change of variable x = y/(1 — y) and then expand the integral} 


7 he log? (1 — Yay +f log? (1 — Yay [- log?(1 — y) los) ay 
0 1- y 0 y 0 1— y 


i log?(1 — y) log(y) 5 
0 y 
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1/2 Jog2(1 — y)1 1 1 f)/7 lo — 
use that / 08 a! y) 08(Y) ay — log’ (2) + / og’ ( 35 

0 1- y 3 3 0 y 

2 f'/? lod — 1/2 Joo2(1 — y)1 
- / og” ( ay | og?(1 — y) 080) ay eee log*(2). 

3 Jo y 0 y 12 

- --—— ass 0 5s 

b I, 
(6.251) 


Then, for the integral /3 in (6.251), we write 


af MEO, -([ [is 
: 0 1/2 


I log? (1 —y) : log? (1 = eo 2 log? (z) 1/2 log? (z) 
= dy dy = dz dz 
0 y 1/2 y 90 1l-z 0 1-z 


1/2 © 


1 [o.@) 
= Mopeds — 2"! log? (z)dz 
[ a ds 


n=1 n=1 


{reverse the order of summation and integration} 


oO Al 00 1/2 
= >| 2"! log? (z)dz — By 2"! log? (z)dz 
n=1 0 n=1 0 


{make use of the result in (1.3)} 


= >» ys aT +6108) —az +308 20) <a tog Os oT 


n=1 n=1 


= log*(2) — 6¢(4) + 6 Lig (5) + 6log(2) Liz (5) + 3 log? (2) Liz (5) 


{use the special values in (3.19) and (3.20)} 


1 21 1 
as log* (2) — > log? (2)¢(2) + — q los(2)¢ 3) — 6¢(4) + 6 Lig (5) . (6.252) 
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Next, for the integral 4 in (6.251), we integrate once by parts that gives 


1/2 ] 2 i= l 1 1/2 
= fo Rw ay = 5 | dos*(yy tos? - yay 
0 y 0 


y= a e 


ee log?(1 — 
=5 g°(y) log*(1 — y) 


1 1/2 loo(1 — y) log” 
2 1-y 


{the value of the remaining integral is given in (1.28), the case p = 1} 
1 
= 5 log*@) - 7 5 (6) + log*(2)) = 7 = (log" 2) -¢(4). (6.253) 


The last integral also appears in [17, p. 128]. If we plug the values of the integrals 
from (6.252) and (6.253) in (6.251), we get 


ne E log? (x) log(1 + x) ay 
0 1 +x 


on : 7 15 i 
= ¢ log*(2) — log?(2)g(2) + 5 log(2)¢(3) — Te(4) + 4Lia( 5). (6.254) 


and the calculation to the series from the point 7) is finalized. 
Further, to solve the second point of the problem, we combine the result in (1.53) 
with the value of the series from the previous point. Therefore, we write 


3 log(x) Lig(*) pe +n— 
-Rea= [ 14% -fE(Ee !) "2 Tr ee 


{reverse the order of summation and integration} 


a na : 
ae _1)k- (Sa aie kt hogar) = Je 1‘ (> nn aa) 


k=1 


_ lore ¢ 0° 1 1 2 
= xe) (> (a2 — kk +n)? k2n(k =n) 


=o a eth SC H,”) 23 yi 


k=1 nai k=1 
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He 


) 
== 304 D- hee PHC Dee 


{use the value of the series from the point 7) } 


7 ‘ fee i 71 
= 3¢(4) — 5 log(2)¢ (3) + log*(2)¢(2) — 6 log*(2) — 4 Lig (5) 


HY 


+e yi a 


from which we obtain that 


HY? 


Ye 1k 1 Ae 


1 7 1 
Te log*(2) — log? (2)¢(2) + = 7 lose) — “(4 +4Lig (5). 


and the calculation to the series from the point 7) is finalized. 
Next, to solve the last part of the problem, we write 


[e,e) 


s 1) Es = 2 vem [ x"! log(x)dx 


n=1 
1 [oe] 
=f log(x) )\(-1)"x""! Aydx 


n=1 


{make use of the generating function in (4.7)} 


1 1 2 
= / OE) ott nyo Taide / a UE SORE 
9 xU-+x) ; r 


1+x 1+x 


Xx 


+ fete, [eee tng, [ORD a, 
0 0 0 
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and since for the last integral we have 


1 an x=1 
/ EUR) 4 ostiaed ost ALES 
0 1+x x=0 
te 
0 
+f log(x) log?(1 +*) 0 i log(l + x) Lix(=x) | 
0 x 0 x 
: [ log(x) log? (1 re) [ log(1 +x) Li(-%) | 
7 0 x 0 x 
1 2 x=1 
~ I See) 4 Gea | = 22m 
0 x 2 16 


x=0 


1] log?(1 
+f og(x) log” ( Te 
0 


xX 


then we obtain that 


oo 2. 1 se 1 2 
yen = log(x) Li2(—x) de log(x) log*(1 + x) 4s 5 £(4). 
n 0 0 16 


x 1l+x 
n=1 Na a ee 
Ji Jo 
(6.255) 
Now, to calculate the integral J; in (6.255), we write 
1 : 1 oo n—-1 
] Lig(— 
jr i log(x) Lia(—x) 5 _ i log(x) ree =x 
0 x 0 n 
n=1 
CO CO 
— |)" 1 | n—-1 7 
= ( / x"! log(x)dx = > ( : = ~¢(4). (6.256) 
n=l = 0 n=l a 8 


For the integral Jz in (6.255), we make the change of variable x = a that 
=) 


yields 


" Jog(x) log?(1 + x) '/? log?(1 — y) log(y) 
n= dx = dy 
0 1 + x 0 1 =) 


ic log3(1 — y) ; 
y 
0 l—y 


1 4 1 ie 3 / 
= Flos) - + i: (log3(1 — y))' log(y)dy 
0 
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{apply the integration by parts} 


1B ca 
= gat opa =| oe ES) iy 
12 0 y 
1 7 ai 
= 5 los) - 5 log? 2E(2) + J log(2)¢(3) — 2¢(4) + 2Lig (5): (6.257) 


where the last integral is calculated in (6.252). 
Collecting the values of the integrals Jj; and Jz from (6.256) and (6.257) 
in (6.255), we obtain that 


oo 2 
H. 
n—1“**n 
Deve 
n= 


ees a (2) 3424 7(2) | A= O14 (5) 
= a6" gees 7 08 g D8 Mas }s 


and the series from the point ii7) is finalized. 
It’s worth mentioning that as I did for the series from the point i7), one can 
establish a nice relation between the SES from the point 7) and the series from the 


ss H, # 3 
point iii), that is yx yr ye ‘Wim 7 = 654). and then reduce 
n 


n=1 
all to the calculation of a iegantainic atest that we further attack with simple 
algebraic identities as I acted for some logarithmic integrals at the beginning of the 
chapter Integrals. As I’ve recently found, the last mentioned harmonic series relation 
comes from the work by P.J. De Doelder in [17]. 


6.53 Then, Let’s Calculate Another Pair of Classical 
Alternating Harmonic Series, m2 (-1)" 1 and 


-14H, 
we (-ayt 1 


Solution The journey through the realm of the alternating harmonic series contin- 
ues in this section. In the following I’1l try to provide with a solution to the proposed 
series which relies on the real methods exclusively. 


For example, in the first chapter, in Sect. 1.40 we met a nice integral where we 
also needed the alternating series from the second point in order to finish it. 

The solution to the first part of the problem is obtained immediately if we use the 
integral result in (1.13), 
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1 = log*(1 +x) Ct ax _4yn-lyn An 
teas [ =2 fd prt 


n—l An n n—l An 
2558 1) hfs Bad soe 1) EY 


n=1 n=1 


a, net Ang — 1+ 0 
=2) y (n + 1)2 


n=1 


{reindex the series and expand it} 


= 1 = Ay 3 = Hn 
= 2) eI 2D = 8) 2 ye 
n=1 n=1 


n=1 


whence we obtain that 


Sept Hn _ 5 
LGD = 360s 


n=1 


and the calculations to the point 7) are complete. Note that in the solution I used the 
An 
Next, for the series from the point il), we write 


[o,@) 
simple fact that log?(1 — x) = 2 Sy gee 


CO 


= H, 1 1 

re = 2 "ty [ x" og (x)dx 
n 0 

n=1 n=1 


ae = 1 f! log(l + x) log? (x) 
ae 1 3 1)" n—-l yy dx = i‘ d 
al og? (x) 0 (-1)"x"! Hyd ah aa x 


n=1 


6.258 
6 1+x 6 ( ) 


~ 


xX 


1 f! log(1 + x) log? (x) 1 f! log(l +x) log? (x) 
= dx dx 
0 0 


q h 
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To calculate the first integral in (6.258), we start with the integration by parts 
that gives 


he [ log(1 +x) log?(x) 5 
0 


1 1 
= = ah (log?(1 + x))! log? (x) dx 


n=l 2 / log?(1 + x) log? (x) 
dx 
0 


= Sel + x) log?(x) 
2 wae 2 


a 
0 


x 


3 i log?(1 + x) log?(x) 
5 dx 
0 


Xx 


{make the change of variable x = 2 
—y 


y 
log’(1 — y) lo al ) 
3 pip g PEN Ty, _, [1 log? — y) logy) 
__ dy =3 dy 
0 0 


y) (l—y)y l-y 
I 
3 [- log’(I1—y), 3 [- log’ (1 — y) log?(y) 
= dy dy 
2 Jo y 2 Jo y 
-e_———KS. _— 
I4 Is 
3 [- log?(1 — y) log?(y) 
soe dy 
2 Jo l-y ‘ 
Ig 
1/2 Jog3 (1 — y) log(y) 3 f'/? log*(1 — y) 
44 i dy ; dy. (6.259) 
0 y 2 Jo l-y 
i 1/5 log? (2) 


Applying the integration by parts for the integral J3 in (6.259), we have 


1/2 1og3(1 — y) log(y) I 
a fo SERA R Ray =—F [dost — y9V togrdy 
0 l-y 4 Jo 


are i log*(1—y) | 
y 


© Jog5(2) + <1 
= (0) ara & 
4 Jo y a8 a 


ae 
5 log"(1 — y) log(y) 
y=0 
a 
1/4 1og> (2) (6.260) 
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As regards the integral [4 in (6.259), let’s make the change of variable | — y = z, 
and then we obtain 


= i bes») diye [ log'@ 4. -([ oes log* Oa: 
0 y 2 1-z 


1 log*(z) 1/2 log*(z) 1 © 
= dz dz= z"—! Jos*(z)dz 
i 1-z [ 1-z i, » B® 
n=1 
1/2 2 
= ae Mog*(z)dz 


{reverse the order of summation and integration} 


oO Al oO 1/2 
= ay 2"! log*(z)dz — >| 2"! log4 (z)dz 
n=1 0 n=1 0 


{make use of the results in (1.2) and (1.3)} 


| oo 4 fore) I 
_ 4 2 
= 24 ) a — log’ (2) ) a — 12log* (2) ) jin 


n=1 n=1 n=1 n=l 
ar | = J 
—24 log(2) d aoe ape Ee 


5 3 : 1 2 ‘ 1 
= 24¢(5) — log>(2) — 4 log3(2) Lip (5) — 12 log?(2) Liz (5) 


. (1 fl 
—24 log(2) Lig (5) — 24 Lis (5) 


{use the special values in (3.19) and (3.20)} 


21 
= 24¢(5) — se (2)¢(3) + 4 log? (2)¢ (2) — log? (2) 
—24 log(2) Lig (5) = 9A Tie (5) (6.261) 


For the integral J¢ in (6.259), we make the change of variable 1 — y = z, and 
we get 


I -[" log*(1 = y) log") , -[ log?(z) log*(1 — z) 
7 y= dz 
0 l-y 1/2 z 


_ ([ [) log” (z) log?(1 — z) dee a log? (z) log?(1 — z) a | 
0 0 Zz 0 Z 
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=f log oes pa - Is = ai tn 2" log*(z)dz — Is 


CO 


- Hy og pe tot 
ae >» G+pr 


{reindex the series and expand it} 


A, ae | 
ey nt 2s ee 
{make use of the classical Euler sum in (3.45), the case n = 4} 
= 86 (5) — 46 (2)6(3) — Js. (6.262) 


Further, for the integral /7 in (6.259), we integrate by parts, and we have 


1/2 l 3 i‘ ] 1 1/2 
af ECR RE ay = 5 [doen lost = ody 
0 0 


y 2 
It: 8 § tals 3 
= 5 log’() log"(1 — y) +516 
y=0 
- 
—1/2 log? (2) 


{make use of the result in (6.262) } 
= 12¢(5) — 6¢(2)¢(3) -— 5 log8(2) _ sls (6.263) 


Collecting the results from (6.260), (6.261), (6.262), and (6.263) in (6.259), and 
then using the value of the integral /5 which is given in (1.18), we get 


1 3 
ie i SEER Gee ©) 5G OVC). C2) 
" 1+x 16 


Lastly, for the integral Jy in (6.258), we write that 


1 3 
Z -| log(1 + x) log OD ax -f{ ye 1)"- 1d ae (x)dx 
0 


x 
n=1 


(oe) 


= Devt f x"! Jog? (x)dx = Sui. = _*® 565) (6.265) 
n Jo n> 8 , 


n=1 n=1 
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Hence, by plugging the results from (6.264) and (6.265) in (6.258), we conclude 
that 


[e.e) 


gat Pn 59 1 
xe) = 3950) — 5526), 


n4 


n=1 


and the calculations to the point ii) are complete. 
In the mathematical literature, a generalization that covers both points is known, 


n—-1 


~ ees 1 1 


and a beautiful solution to it may be found in [6] (the strategy by elementary series 
manipulations, as shown in the paper, is elegant). It would be interesting finding 
more ways of deriving such series since they seem to be pretty resistant. 

As a final note, remember that thanks to the mentioned series generalization I 
was able to calculate the generalized integral from the first chapter, in Sect. 1.10. So 
good to know it! 


6.54 A Nice Challenging Trio of Alternating Harmonic 
. 1 H® 1 W®) 
Series, po. (-D)" 1 =-, Prey (-D" =, 


(4) ~ 
and 70° ,(—1)"71 fa 


Solution AA, I think I met the non-alternating series versions of the first two pro- 
posed alternating series in one of the previous sections! Yeah, the non-alternating 
series versions of the first two proposed series have already been included in 
Sect. 4.21. Now, how about the strategy of attacking the alternating versions ? Well, 
I think I might like to create a system of two relations with the series from the 
points 7) and ii), and then extract each series. If you enjoy the calculations of series, 
prepare for an exciting, enjoyable round! 


In order to get the values of the desired series, we make use of the result in (1.4), 
where expressing the harmonic number in terms of Digamma function, since H, = 
w(n+1)+ y, differentiating twice with respect to n and then returning to the 
generalized harmonic numbers, we get 


: n—-1 2 1 1 Ay He HY? 
x"~! log? (x) log(1 — x)dx = 2¢(3)- + 262) -2— -2-4- -2—. 
0 n n n 


n n 
(6.266) 
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Using the identity in (6.266) where we multiply both sides by eis /n and 
consider the sum from n = | to ov, we get 


n—-1 
n—-1* n—-1*% 
fe 1) ge (x) log(1 — x)dx = [ de os 


x log? (x) log(1 — x)dx 


[ log(1 — x) log?(x) log(1 + x) 4 
— Xx 
0 


Xx 


fl = Hn 
= 22) °C pe 4 +200) ae 22a er 


n=1 n=1 
H H® 


2c Se ayo 


{make use of the result in (4.89)} 


Z Pte! Ae mat Ay” 
= 526) (5) 20% a ay Da 


n=1 


whence we get that 


00 Q) 00 ©) 
H, H, 
—| f4n —| fn 
Oe Te 
n=1 n=1 
1 i log(1 — x) log?(x) log(1 + x) 4 
X 
2 


7 59 
= 75253) — 3560) 


x 


{make use of the generalized integral in (1.19), the case n = 1} 
11 
= SAE) — ¢(5), (6.267) 


and we have obtained a first relation between the first two alternating harmonic 
series. 
To get a second relation between the first two harmonic series, we might like to 
make use of the Cauchy product of two series (see [25, Chapter III, pp. 197—199]), 
[o,@) [o.@) 


the version which states that if ~~ dy and >, by, are absolutely convergent, then we 


n=1 n=1 
have 


(> ) (>: ) = 3 (> out] ; (6.268) 


n=1 
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n [oe 


ft asa x x" 
Now, considering Liz(x) = 2 — and Li3(x) = > —z and applying the 
n n 


n=1 n=1 
Cauchy product formula in (6.268), we get 
oe) x ioe) zn ioe) n I 
Lin (x) Liz (x) = a —|= ss —— 


n 


_ SS ntilar 1 1 1 
rao ray tpt? a =r pet ht tL Bar 


n 
1 
“LG a eee 

H® I 3 (3) 1 


= — H ee eee 
1 1)2 y ntl (n+1)3 
—6 nti fh Ant at 3 n+l me htt atl de at 
i = + (nt+14- Ds (n + aie d (n + 1)? 


n=1 


{reindex the series and expand them} 


=6 3 n Hn” c — 10Li : 6.269 
se — + ys poe 2 is(x) (6.269) 
If we plug x = —1 in (6.269), and use the result in (4.89), we obtain a second 


relation between the first two alternating harmonic series, 


He = H® 21 a7 
337 yrs 3 pa yt “a = $253) — TES). (6.270) 


n=1 


Finally, by combining the relations in (6.267) and (6.270), we conclude that 


Ye pyr Bn = 2208) — 58) 
8 32 


and 


Seay = Feeney — Ae) 
> = ae 4° f(3) - 30° ; 


n=1 


and the solutions to the points 7) and ii) are complete. 
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Returning to the Cauchy product of two series as in (6.268), and using the version 


in the Mertens’ theorem (see [18, pp. 82—83]), with both series converging, and at 
[o,@) 


n 
least one converging absolutely, where we consider Li4(x) = > = and — log(1 — 
n 


n=1 


— Lig(x) log(1 — x) = (> =) S *) ae (> mt] 
k=1 


n=1 


n n 


CO n 
3 y 1 e 1 3 I 
_ n+l 
7 aril os knee & (n-k+ 1+ 4 " <= Pn 1? 


n n 
1 1 
+ Basie tL Bas 7 


i-ay i= a ~ ey, 7 
_) peti n+l rs ntl n n+ a ntl n n+1) 
ys te + 1)4 d (n+1) yz (n+ 1)? 
oo (4) 
+1 (n+1)4 
a ttl iv 
d n+1 


{reindex the series and expand them} 


HY 


ae ee ce 


n=1 n=1 n 


Hy? oo H 4) 
n 


xt 
=1 


—SLis(x). (6.271) 


If we plug x = —1 in (6.271), combined with the values of the series from the 
points 7), ii), and (4.89), we conclude that 


n— as 
He 1) = 26(5) — 56) =e " tog(2)5(4) 


n=1 


and the solution to the point iii) is complete. 

It’s so pleasant to see the power of the real methods when wisely combining some 
simple results. The first alternating harmonic series together with other alternating 
series versions of weight 5 may be found in [62] too. Also, alternating harmonic 
series of various weights (including the weight 5) are given in [4, 6, 20, 54]. 
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6.55 Encountering an Alternating Harmonic Series 
of Weight 5 with an Eye-Catching Closed-Form, 


_1 H2 
Gs a 


Solution Having derived in the previous sections a few key alternating harmonic 
series, we are prepared now to take a new beautiful challenge with an apparently 
daunting alternating harmonic series (involving the squared harmonic number!). 


One of the useful results we might like to employ can be obtained by combining 
the generating functions in (4.6), the case m = 2, and (4.7) that immediately gives 


[ee 


yo x" (H = #®) eee) (6.272) 


1-x 
n=1 


Now, in (6.272) we replace x by —x, multiply both sides by log*(x)/x, and then 
integrate from x = 0 to x = 1, and we have 


[ Ye 1)"x"~! log? (x) (HP — H,?) = DC I" (HR - H) 


1 
x i x"! Jog? (x) dx 
0 


[o,e) [o,e) 


(2) (2) 2 
05 jy Bn = An =e =o ( 1)"- = a a 


n=1 n=1 n=1 


[ log? (x) log?(1 + x) [ log? (x) log?(1 + x) 
— dx = dx 
0 0 


x(1+ x) x 
q 
[ log? (x) log? (1 +x), (6273) 
0 1 +x . 
Ih 


For the integral [, in (6.55), we write that 


Xx 


1 2 2 n 
ii -|/ EAE CD gr =2 f Ye yr + —— Hh log2(x)dx 
0 


{reverse the order of summation and integration} 
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n— Ay, n n— Ay, 
ye i ch fs log ade = 4 C 1) Poesi 


n=1 n=1 


Ay, 1/+ 1) 
=4 1 n—1 +1 — 
ye +e 


n=1 


{reindex the series and expand it} 


= 1 = H, 15 = Hy, 
=40 C'S 4 Cpt = Ft) 4 


n=1 n=1 n=1 


{make use of the result in (4.89)} 


29 
=26(2)63) — = 60). (6.274) 


Further, for the integral [> in (6.55), we make the change of variable x = y/(1—y), 
and then we have 


Bs [se @eedes See [° log*(1 = y)(log(y) = log( = y))* 5 
a I+x . l—y 


-[" oe en ed log?(1 = y) log?) 4, 
0 ey ae 
'/? log3 (1 — y) log(y) Fe 


1— 
0 y 
{for the middle integral combine the results in (6.262) and (1.18)} 


4 
= = F145 5 log’ (2)g (2) — "tog? (2)6(3) = 262)6) + 75 oe" 2) 


1/2 _ 
4 og(2) Lis (5) atis (5) 2 i log" A= Y1280)4, 
0 = 


'/? log? (1 — y)1 1 
{imegrating by parts, / og" i ») 08(Y) ay = log? (2) 
0 —y 


1 f!/ lost — 
2 / gz" ( Pay| 
4 Jo y 


7 
= = S16) +5 5 lox’ (2)¢(2) — "tog? (2)§(3) — 2¢(2)6(3) — 39 SO) 
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1 1 1 £}/? logt( — 
—4log(2) Lig ALis / eS 
2 2) 245 y 


{the value of the last integral is given in (6.261)} 


4 
= 75 log” (2) — + log’ (2)¢(2) + "tog? (2) (3) — = 65) — 26(2)E(3) 


+ 8log(2) Lig (5) + 8 Lis (5) (6.275) 


Plugging the results from (6.274) and (6.275) in (6.55), we get that 


[ log? (x) log?(1 + x) 
0 x(1+ x) 


4 
= = 518) "tog? (2)¢(3) + 5 los? (2)6 (2) + 46 (2) (3) — 75 oe" (2) 


— 8 log(2) Lig (5) — 8Lis (5) (6.276) 


es if we consider in (6.55) the value in (6.276) and the value of the series 
(2) 


Ay, 
ot 1)"— es which is given in (4.90), we obtain the desired value 


n=1 
— gale 
Len a 
7) 5(2) — (2) B)-= (5) +21 2) 3) —21 "OQE@) 
= 75 log 3 $26 ae z los" (2)6 3 log? (2)s 


1 1 
+4 log(2) Lig (5) + 4Lis (5) , 


and the solution is finalized. 
oo 2, 


H, 
For an alternative way of establishing a relation between yen —_ aud 
n 


n=1 


He 
De 1)"— ae make use of the identity in (4.16). A slightly different series 
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2 


CO 

: n—-1 A, n : . : 

variant, xe 1) @+D? from which we can get the given series may be found 
n 


n=1 
in [54]. The value of the alternating harmonic series may also be found in [62]. 


6.56 Encountering Another Alternating Harmonic Series 
of Weight 5 with a Dazzling Closed-Form, 


3 
0° _1H 
nC b" a 


Solution Let’s make use of the result in (1.6) where if we multiply the opposite 
sides by (—1)"”~!/n and then consider the summation from n = 1 to 00, we get 


fore 3 for) (2) 0 (3) 
yen H _, A», _A, 

(—1)" 1 3 2b. 3 y (-1)" 1 a “fs ) » 1)" 1 a 
n=l n=1 n=1 


{the value of the last series is given in (4.91)} 


= H3 = H,H® 3 21 
= _4yyn-l en n—1 *4n*in os 
= CD ee Bt OO Ft 


n=1 n=1 


if log? (1 — x) log(1 + x) 
= dx 
0 


Xx 
1 
{use the algebraic identity, A°B = gltA 4 By =(A= By S8AR)} 


{where we consider replacing A by log(1 — x) and B by log(1 + x)} 


peti 
1p! log4( — x) (gl Vee 
dx + dx 
8 0 x 8 0 x 
! log(1 — x) log3(1 
+f og( x)log'(. +) 4. 
0 


xX 


{the values of the first two integrals are given in (3.27) and (3.28)} 


1 _ 3 
_ c+ [ log(1 — x) log3(1 +a 
0 


Xx 


16 


oo n+l 
{make use of the identity, log?(1 + x) = 3 yon" at (H? — H,”), which is} 
n 


n=1 


{ obtained by integrating and combining the identities in (4.6), with m = 2, and (4.7)} 
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69 Bae ch H2 — HY” 69 
= ge +3 f Len x" log(1 — x) a dx = 75615) 
nr, H? - crest n— A? An+1 
BoC 9 ge i [ie leat — de = F509) +3 1) eae rye 


i a te? 69 nat Ang — 1/@ + DP Ans 
oe) (n+1)2 768) + 3D ” (n+ 1)? 


n=1 


= Fn (AO, — 1/(n + 1)?) 
n—-1 +1 n+1 
aa) (n+ 1/2 


{reindex the series and expand them} 


2 


= n— An n— n— a 
=a Vee 6 age aye i= 


n=1 n=1 


= H> 69 
n—1**n 
aD Pt ee O) 


n=1 


{the values of the first two series are given in (4.93) and (4.89)} 


4, 5 OM. 6 21 165 
= 5 log (2) — 4log”(2)¢ (2) + ae (2)¢(3) — 7 FE) = 76 §) 


1 Finn’ = H3 
24 log(2) Lig ( = ) + 24L 1"7! pyr-) An 
+24 log(2) is(5) + is(5 )+3y (=1) =39 a? 


n=1 


from which we obtain that 
°° 3 
H, 
n—1**n 
aS aaa 
n= 


a4 5(2) — log3(2) (2) +21 (2) a (2) (3)-2 (5) 
—5 0B NS g 08 Ns joe a 


1 1 
+6 log(2) Lig (5) + 6Lis (5) ; 


and the solution is finalized. 

3 
n=1 (n + yy 

the given series may be found in [54]. The value of the series is also given in [62]. 


[o,@) 
A slightly different series variant, ve ii from which we can get 
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6.57 Yet Another Encounter with a Superb Alternating 


2) 
Harmonic Series of Weight 5, De (1 


Solution The technique to employ here reduces to establishing a relation between 
the series to calculate and the alternating series from the previous section. Recall- 
ing and using the identity in (1.5), where we multiply the opposite sides by 
(—1)""!H, /n and then consider the summation from 1 = | to 00, we get 


3, ys ay yr 


n=1 


oo 1 1 
=Sev ts, | ( i: (xy) og? = xy) dx 
ua] 0 0 


{reverse the order of integration and summation} 


1 1 oo 
=) (/ l=) LM Hayy tay) 
0 0 


n=1 


-[ [tae _ 
Jo \Jo xy(1 + xy) ? 


' Jog?(1 — x) Liz(—x) 1 f! log?(1 — x) log?(1 + x) 
dx dx 
0 x 2 Jo 


[o.@) 


1 
=o ham a ea 
0 


HyHy” 
n2 


(6.277) 


Xx 


For the first integral in (6.277), we employ the identity in (1.5) and write 


1] 2 1 Lin(— 1 oo n 
| og? (1 — x) Lio( ar = f log2(1 x yr — dx 
(0) x 0 n 


n=1 


{reverse the order of summation and integration} 


n CO ¢_4yyn 2 (2) 
= 1) - log? — dx = 5° CP (2% ) 
n n 


n=1 n=1 


HY 


-y 1 He oy yr 4 


n=1 


{make use of the results in (4.93) and (4.90)} 
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= = ¢(5) — 2 og?2)¢(3) + $ log’(2)¢(2) + $¢(2)¢3) — = log5(2) 
= 6° a7 g 3 08 g 4 g 15 °8 


— 4log(2) Lig (5) — 4Lis (5) : (6.278) 


Finally, if we plug the results from (6.278), (1.16), and (4.94) in (6.277), we 
conclude that 


2 
Sen at , 
n2 


n=1 


= (5) — 21 *(2) (3471 3(2) (+2 (2) @)-21 (2) 
=—¢ qos 2s 3 los" (2)é rade 75 108 


8 
{1 {1 
—4log(2) Lig (5) — 4Lis (5) ; 


and the solution is finalized. 
To get another relation between the two series, one might exploit the result 
o° 3 
log? (1 — 
in (6.23) to get and use > x"(H? — 3H, H® +2H®) = — 
—x 


n=1 
The value of the alternating harmonic series may also be found in [62]. 


6.58 Fascinating Sums of Two Alternating Harmonic Series 
Involving the Generalized Harmonic Number 


Solution Both sums of series in this section can be beautifully related to integrals 
from the first chapter. Rather than trying to calculate each series separately, I might 
like to find a way to evaluate both of them at once, for each point of the problem. 
So, how would we like to nicely do it? 


For the part i) of the problem, let’s combine first the results in (4.6), the case 


oo 2 
log*(1 — 
m = 2, and (4.7) to get ) x (A = aD) = where if we replace x 
—x 


n= 
by —x and then divide both sides by x, we have 


oo 2 
_ log*(1 + x) 
—))"x"-!(9?— W@)a -e Ps 6.279 
2 yx ( n n ) x(1 +x) ( ) 
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Multiplying both sides of (6.279) by log?(1 — x) and then integrating from x = 0 
to x = 1, we obtain 


[ 3a 1)" (#3 - A Ee Ml Iog2(1 — x)dx 


n=1 


{reverse the order of summation and integration} 


Pe 1)" (#2 - i) [ x" Jog2(1 — x)dx 


n=1 
{employ the integral result in (1.5)} 


[ee 


nF, — (HYP pee) n— i ( 
3 1) z = 2 1) a> 1) 


n=1 


Le 


dx 


7 [ log?(1 — x) log?(1 + x) 
Jo x(1+x) 


Mtoe" (1 =x) los? (1 ++x) 'Jog?(1 — x) log?(1 + x) 
— dx dx 
0 0 1 +x 


x 


{the values of the integrals are given in (1.16) and (1.17)} 


1 
= 2¢(@)—1159)+ 5 log? (2)¢(2)— > log? (QeEB)+5 5 loe(2)¢(4)— = los*2) 


1 1 
+4 log(2) Lig (5) + 8Lis (5) , 


and the part i) of the problem is finalized. 

The curious reader might be interested in finding the closed-forms of these series 
separately, and this can be obtained pretty fast with the previous results in hand. A 
useful relation can be built by using the identity in (1.7), where if we multiply both 
sides by (— 1)"—! and then consider the summation from n = 1 to oo, we are led to 


(2) oo 


n— fs n—-1 HH, ita jl = n—1 (HY? 
x 1) Dy ey = ee 


n=1 n=1 n=1 


' logt(1 — 
og ( %) ay 


oo HY 
= 6 1 n—|**n i 
x ) n 0 1+x 


n=1 
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00 (4) L not 
l—-x=y = A, 1 / log (y) 
= 6 1)” d 
) (-)) — y 


= 2Jo 1—y/2 
9 21 . (1 
= Ah) Flee) — P20) 24 las (5) , (6.280) 
where to get the last equality I used the geometric series and the result in (4.92). 
log*(1 — 
To get another relation, we use the series representation of os =) given at 


—x 
the end of the solutions to the Sect. 4.10, where if we divide both sides by x, then 
replace x by —x and integrate from x = 0 to x = 1, we get 


0° 4 lore 2 17(2) 0° (3) 
HA, AY H, A, HA, 
1)?! n 6 1)"7! noon 8 =| n—| **n**n 

) (—1) 7 ) (=1) ral ) (-1) — 


n=1 n=1 n=1 


a asnet Ee) 
a 


n=1 


x (4) 1 1.64 
_,A, log’(1 + x) 
= 6 1 n—1 n / d 
Du ) n o xUd+x) . 


n=1 


(4) 
x/(lt)= y see 1y"- 1a _ [- wet Yay 
0 


n=1 


= 24Lis (5) + 24 log(2) Lig (5)- 4 log? (2)¢(2) + — = + log” (2)¢ (3) 


21 9 
= ee@)o@) 126) — Fo )e) + log? (2), (6.281) 


where for the last equality I made use of the results in (4.92) and (6.261). 

To obtain a last useful relation that makes possible the extraction of the remaining 
alternating harmonic series of weight 5, we need a clever approach, and differentiate 
the relation in (1.5) with respect to n, then multiply both sides by (—1)"~!H,, and 
consider the summation from n = | to oo that leads to 


(oe) 


H2 oo HB H, H 
2a Cyr'4 1 5 6a) 9% te a a ee a iia 


n=1 n=1 n=1 n=1 


0° (3) lone) 2 py) 
A, A, AYA, 
2 1 n—| **n**n 2 1 n—1**n**n 
y (-)) ; 2 ‘ ) _ 


n=1 


{use the results in (4.5), (4.7), (4.94), and (4.95)} 


15 
= log? (2)¢(2)— rs Q)EB)—F loxiye4)—26(5)+ Fe)EB)— + los? (2) 
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oe) 


ie (3) 
2 1og(2) Lis ( 5) 2Lis(5) 25 ( pyr! Han 25 (eh ae 
n 


n=l n=1 


2 
Aen 
n 


_ i log? (1 — x) log(x) log(1 + x) si [ log?(1 — x) log(x) log(1 + x) i 
0 0 


x 1+x 
(6.282) 
‘ 27, _ il 3 2 3(1-x 
Since we have log*(1 x)logi +x) = log’ (1 — x“) — log 
6 1l+x 


—2 log? (1 +x) }, then both integrals above can be reduced to simpler integrals. For 


example, with the logarithmic identity above, the variable change (1 —x)/(1+x) = 
y for the integral with log? (1 — x)/(1 + x)), and some rearrangements of the 
resulting integrals, we get for the first integral in (6.282) that 


! Jog*(1 — x) log(x) log(1 + x) 1 f! xlog?(x) log(1 — x?) 
dx = dx 
0) 0 


x 3 1— x? 
1 f'1 log’ (1 — x? 1 (! log?(x) log(1 — 
rn i; og(x) log? = x°) | i og” (x) log( *) ay 
6 0 x 3 (0) 1-x 
1} log? (x) log(1 + x) 1 f! log(x) log’(1 + x) 
+ dx dx 
3 Jo 1+x 3 Jo x 


{in the first two integrals make the change of variable r= y} 
and for the last two integrals make use of the integration arts 
d for the | integral ke f the integration by p 
1 (! log?(x) log?(1 + x) 13 f! log?(x) log(1 — x) 
dx dx 
2 Jo x(1+ x) 48 1-—x 
{make use of the result in (6.276) } 


2 
= ag (2) — 5 lox’ (2)(2) + 7 "tog? (2)§(3) — 705) 7 562503) 


+4 log(2) Lig (: + 4Lis (5) : (6.283) 


1 1493 1 © 
l log(dl — 
where above I also used tha f ee et dx = i y x" Hy, log? (x)dx 
0 


1-—x 
0 n=1 


<= ow Ans W/O tl 
= Pa x" log?(x)dx = Dora i = ps aoe: = 


n=1 


CO 
H, : 
6 ~~ aa —6 3 5 = 6(2¢(5) — ¢€(2)¢(3)), and for the last equality I also used 


n=1 n=1 
the result in (3.45), the case n = 4. The integral in (6.283) is also given in [SO], 
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and a solution using the same starting strategy that exploits the algebraic identities 
is given in [33]. 

For the other integral in (6.282), we use the same algebraic identity as before, 
together with the variable change (1 —x)/(1+.x) = y for the integral with log? ((1— 
x)/(1 + x)) and some rearrangements of the resulting integrals, that gives 


i log? (1 — x) log(x) log(1 + x) 4 1 i log? (x) log(1 + x) 4 
x = xX 
0 1+x 3 0 1+x 


1 (! log(x) log3(1 + x) 1 ¢! (1 —x) log? (x) log(1 — x?) 
/ dx / dx 
0 0 


3 1+x 1 — x2 


(1 — x) log(x) log3(1 — x?) 
dx 


+ 
6 Jo 1— x? 


{integrate by parts the first two integrals, and in the last} 


{two integrals make the change of variable r= y} 


1 f!logt(1 +x) 1 f! log?(x) log?(1 + x) 
= dx dx 
0 


~ 12 Jo > 2 % 
| ee 
dx 
24 0 x 
1 f! log(1 — x) log? (x) 1 f! log? — x) log(x) 
dx + dx 
96 Jo iz 24 Gd —x).jfe 
ee 
dx 
96 Jo (1 — x)/x 
121 


15 21 2 
= 76 §*) = 7g Eee aoe 3 lo” (2)$(3) — 5 3 log” (2)¢(2) 


—3¢(2)C(3) — ih ) — 2log(2) Lig (5) — 2Lis (9 ; (6.284) 


where in the calculations I used the results in G. om) and (6.274), and 
' log = x) log*(x) | =| xno! 
x 


Xx 


— log? (x)dx = 


the facts that / 
0 


Bes me (1 — x) log(x) 
oe Lf, Mogs(x)dx = De 3 = 6¢(5), [ Gax Jz dx = 


n=1 n=1 


at 
0M Fade ap B(a, b) = 186¢(5)—90 log(2)¢ (4) +84 log” (2)¢ (3) —24 log? (2) ¢ (2) — 
log(1 — x) log? (x) | 4 
dx = 


3 
=a B(a, b) = 372 
xz «1/2 Ba°0b agp 


78¢(2)¢(3) and then [ 
0 
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— 180 log(?2)¢H) — 126¢(2)¢(3). For the last we integrals, we may also combine 
log(1 
et) and yx" — 3H, H® + 2H) = 
n=1 n=1 


log? (1 — x) 


the facts that x"H, = — 


together with results of The Master Theorem of Series like (4.21), 


the case. m = I, and (4.27), and reduce everything to computing limits in terms of 
Polygamma function. The limits above can be done either manually or with the aid 
of Mathematica. 


Now, if we plug the results from (6.283) and (6.284) in (6.282), we get 


HAH & HH? 1 1 
a pyre ot ey = 5 log? (2)5(2) — 5 log’ (2)¢(3) 


n=1 


35 167 ae 
— 7 log(2)t4) + tO) + 2-660) = {5 [8 (2) 


16 
8 ( ) Lig (5) 15 2)" (6. ) 


At this point, combining the results in (6.280), (6.281), and (6.285) and the 
main result of the point i) of the problem, we are able to extract the rest of the 
alternating series of weight 5, which is a beautiful moment! Note that besides the 
two series we wanted to calculate, we get two more series as a bonus of the strategy I 
employed! 

So, we obtain that 


[e.e) 


n—1 A 
poe Geen 


n=1 


3 11 
= = 5, 0e (2) — + log’ (2)6(2) + 7 log? (2)6(3) + J log(2)¢(4) — 665) 


- FEDEE) + 4log(2) Lig (5) + 8 Lis (5) (6.286) 
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then, 
0° (2) 
Yep ee 
n=1 i 


__ log? (2) 
5 


Brass 29 259 5 
3 log” (2)¢(2) + 7 less) = Teo + gf SG) 


1 1 
+ 8 log(2) Lig (5) + 16 Lis (5) : (6.287) 
next, 


2 77) 
ge 


Ye 1) 
7 ee ieee 3 
= glow(2)5(4) — 5 log?(2)g(3) + = log’ (2)E2) + 56(2)E3) 


1 1 
5 log? (2) — 21log(2) Lig (5) . 


and finally, 


oo (3) 
AA, 
y 1 n—| **n**n 
( ) n 


n=1 


1 3 49 
= = Glog’ (Dea+s 3 los” (2)5(3) — 7G lose) + we) = iE) 


log’) _ 9 ata (t)— aris (2 
20 Be OND Ng}? 


and the derivation of the last alternating series of weight 5 is complete. 
[o,@) 


1 1 
To solve the second part of the problem, use that Ho, = > — and 
ay k wn+k 
ale ae 1 - 
(2) : 
Ay, = > (a _ accu) and then we write 


k=1 


ye 1"! wey yy"! tap -y 1)"- (3 +a) 
am) 
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_wal(< ha 1 1 1 1 ) 
oar PE! kn3— (Qn +k)n3 ” ae (2n + k)2n2 


= ay 2 4 owe bn! 1 
paey (= petm)) =? n2 Lp 


=1 k=] 


[o,@) CO 1 
—4 ( iy? 
>a Parcs: 


oe) lore) 1 
= (4) +4)° (dora | logos] 
n=1 \k=1 
5 = = n—-1 1 k+2n-1 
= sea) +4 [ oS xe) eae log(x)dx 
A=1 \k=1 


3 ! ¥ log(x) Liz (x) 
= 3 +4 | 4 


{make use of the result in (1.56), with n = 1} 
37 
= 2G? + —¢(4), 
a 6a$ | ) 


and the part ii) of the problem is finalized. 
Alternatively, one may start with the Cauchy product (see [33, Chapter II, 


cy 00 (2) 
. 307-571)) of (Li > that leads i diately to 2 jel We 
pp ]) of (Lig (x))* that leads immediately to ba. 3 7 72 


n=1 


1 = H. 
5 (Line)? + 6Lig(x)), and then the sum of series becomes yoep! — + 
He 
n=1 
ee) He 
xe iy a = —R{2((Lig (i))* +6Li4(i))}, which leads to the value obtained 
n 
n=1 


above. 


6.59 An Outstanding Sum of Series Representation of the 
Particular Value of the Riemann Zeta Function, ¢ (4) 


Solution For this section I chose a curious sum with harmonic series which is 
derived with the help of an application of The Master Theorem of Series. | won’t 
try to calculate each series separately, but I'l] approach all the series at once. 
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We might like to make use of the first application of The Master Theorem of 
Series in (4.21), the case m = 1, where if we replace n by 2n and then consider the 
summation over both sides from n = | to 00, we get 


2 
1s Gia)! LS ne, x(s- Hk 
4 n2 4 ne & (k+ D(ik+2n+ Dn 


n=1 n=1 n= 


{split the inner series according to k odd and even} 


_1< Ak “(<< Axx 
“> (Sash) 2) (Laat) 


{reverse the order of summation in both series } 


LO( Met Ax = 1 
ae Nao 
ty (es) bes (Sacco) 


k=1 \n=1 


1 ae 1 x Fox ~ 1 
ee —___________ } 6.288 
=i Bier ay (Se) oan 


Now, for the inner series in (6.288), we write 


CO [o) 
y 1 > 1 1 
(2k +2n + 1)2n ~ Ok +1 = 2n 2n+2k+1 


n=1 
1 3 1 1, I 
DLE \ On Ant 1 Intl In+2k+1 


ee 3 1 1 a 1 
— Ok+L A“ \2n 0 Qn + +r res 2n + 1+ 2k 


1 


1 —log(2 1 : 
= g2) > 
2k +1 2+ 1 2+) 


Cee ae ee 
ae ay RE) ie a +1 


1 An A log(2) 
= + ; (6.289) 
(2e+1)2 2k+1 22k+1) 2k4+1 
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If we plug the result from (6.289) in (6.288), we get 


1 (Aon)? HY? 1S Ay (Hon — 1/(2n)) 
(oe yee oe “ 


n2 
n=1 n=1 n=1 


Or, Fan 1 4 Ady A, log(2) 
= 2n+1 (Qn+1)2 2n+1 2(2Qn+1) 241)’ 


[o,@) 
7, 5 
where using the simple fact that > = = rise multiplying both sides of the 
n 
n=1 
relation above by 32/5 and then rearranging the series, we conclude that 


64) 


8 Ann 64 (Hm)? 64 An 
ge ae + Sats 2 Gn+ 


8 (Hy)? 32. AnH, 64 Abn eee 7 
] p n ; 
5 Qu gl 5 UG t1P 5 22) Gare ae 2 


n=1 n=1 


and the solution is complete. 
Surely, an alternative to this approach is to simply try to calculate every single 
harmonic series, and there would be some work to do! 


6.60 An Excellent Representation of the Particular Value of 
the Riemann Zeta Function, ¢(4), with a Triple Series 
Involving the Factorials and the Generalized Harmonic 
Numbers 


Solution Well, here we are ...at the last section of the present chapter and at the 
same time at the last section of the book, where I prepared a special representation 
of ¢(4) with factorials and harmonic numbers! 


The magic behind the solution is simply based on writing the Gamma function 
expression in terms of a product with Beta function, 
I (a1) I (a2) +++ In) 
I'(aj +a. +-+-+4an) 
_T@r@ Ta@ta)l@  Ta@tat:::+an-1)lG) 
(a, +a) I(a, +42 +43) (a, +42 +-+-+4n) 
= B(a, a2) - B(ay + a2, a3) --- B(ay + a2 + +++ + Gn—1, Gn), (6.290) 
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which is a simple idea that can be used for obtaining many wonderful results. 
Recently I found the present result is also given in [42, Chapter 1, p. 11]. 


Setting n = 3, a, =i, a2 = j, and a3 = x, in (6.290), we get ee = 
rG+j+x) 
B(i, j)-B@ + j, x), and then we have that 
CO [o.@) oO feel 
i) (jr 
yy | sy | Be Be HES 


i=l \j=1 aM TJ +x) t=) \j=l 


lee) lee) 1 1 
= ai ame (eae 3 tame (/ Wil" — wt) 
ga? . 


{reverse the order of integration and summation} 


1 1 ~ [ee) 
-|/ u(l — u)*7} [Ler Youd =n) | de | du 
0 0 i=l j=l 


1 1 
=} nay (/ : ar) a 
0 90 G-—ut)\d—-—ul —2)) 
wht UT a a=p)*) 
2-—u o \l-ut l-ud—?t) 


iq si Mog — W) ay pi ' yt! Jog(v) 
— 2 du 
—2 0 1 +uvu 


ie use of the result in (1.10) which we differentiate once} 


1 ay (* (1) 1l+x 
=5(v (5) v ( ; )). (6.291) 


Differentiating two times with respect to x the opposite sides of (6.291), 
replacing x by k and then considering the summation from k = | to o, and 
changing the summation order, we get 


S(S(STOPMIO( eT: eT 
d, (Oper (te Ay_1) Fey pt 2) 


_— ps ye DIG -—Di\k- 1D! 
_ G@+j+k—1)! 


k=1 


2 2 
x | (Ais j+e—1 — Api)? + a 17 se 
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N 


kK) _,@(itk))\_! | ete) ef 
(5) ¥ ( 2 azine a) VAG 
_!; 3) (1 @ (1tN))\_ 4 
= 3m, (v (5) ¥ 2 = 4, 


where in the calculations above I used the Polygamma function reflection formula, 
m 


(-D"vyMd-x — vo) = oe cot(zx), with m = 3 and x = 1/2, to get 
Xx 


w® (1/2) = a+, and then the asymptotic expansion, VI) = a + O(1/x*), 
as x — ©, which is obtained by differentiation from the asymptotic expansion 
of Digamma function (see [1, p. 259], [42, Chapter 1, p. 22]), and the solution is 
complete. 

Having arrived at the end of the book I remember I closed my Preface with 
writing Let’s start the journey in the fascinating world of integrals, sums, and series 
and have much fun! Now it would be the time to ask you if you enjoyed the journey 
in the fascinating world of integrals, sums, and series I proposed in this book! Hope 
you had a pleasant time with reading my book! 


Cheers! 


Cornel Ioan Valean 
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